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In this paper, we present our studies on current-voltage characteristics due to tunneling in
nonuniform and asymmetric multiple quantum well (MQW) structures. First, the transmission
coefficient is calculated by solving the Schrödinger equation with the piecewise-constant potential
approximation and by considering the effects of nonuniformity and the asymmetry of layer
dimensions and band-offsets. Then the tunneling current through the structure is calculated as a
function of bias for different structural combinations of the MQW structure. The configurations
C 2011 American Institute of Physics.
suitable for some applications are indicated in the results. V
[doi:10.1063/1.3553391]

I. INTRODUCTION

Nanostructured devices have received a great deal of
attention from researchers because of their ultra-small
dimensions and improved functionality.1 The tunability of
the effective bandgap by energy quantization gives rise to
novel electronic and optoelectronic properties.2,3 Many such
quantum effect devices are already commercially available.
Multiple quantum well (MQW) structures have been used in
making functional devices such as resonant tunneling diodes
(RTD) and resonant tunneling transistors (RTT), quantum
cascade lasers (QCL), quantum well infrared photodetectors
(QWIP), quantum confined Stark effect modulators, etc.
QCLs are preferred for broadband tuning,4–6 RTD and RTT
for multivalued digital logic and negative resistance devices,7,8 QWIP for night vision, noninvasive medical diagnosis, environmental pollution monitoring,9–14 etc. Tunneling
in finite superlattices, high field domain formation in superlattices, and sequential resonant tunneling phenomena in
multi-quantum well superlattices have already been investigated.15–17 The importance of the use of an InGaAs/GaAs
superlattice-based structure for an InGaP/GaAs superlatticeemitter bipolar transistor to satisfy the requirement of low
turn on voltage and power consumption has recently been
studied.18 The necessity of incorporating a superlattice to act
as an electron blocking layer to achieve temperature stable
characteristics of an InGaN blue LED is made clear.19 A
reduction of the dark current in QWIP is one of the challenging tasks and thus the impact of barrier height, i.e., device geometry and doping concentration on the performance
of QWIP is studied.20 Therefore, MQWs have recently been
a topic of immense interest to researchers, with the objective
to search for new materials and designs for the best performance of MQW based devices. The areas of interest include
tailoring the effective bandgap and energy state positions to
achieve a low turn-on voltage for circuit applications, blocking of electrons for the temperature stable characteristics of
a)
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optoelectronic devices, and enhancing the photocurrent to
dark current ratio in QWIPs and many other applications.
Most of the previous studies were based on the symmetric
and uniform MQW structures. In some cases, it has been seen
that asymmetry may improve the performance of
MQW based devices. The enhanced slope efficiency of
electro-absorption modulators,21 high electric-field-sensitivity
electro-absorption,22 and photoluminescence in the deep
ultraviolet region23 can be realized using asymmetric quantum wells.
In this paper, we investigate theoretically the effect of
asymmetry and nonuniformity of the layer thicknesses and
potential barriers on the transmission coefficient and current
transport properties of MQW structures. The sections are
organized as follows. The transmission coefficient and current density are calculated in Sec. II. In Sec. III, results
obtained from the computation are discussed. Finally, a conclusion is given in Sec. IV.
II. THEORY

We consider the conduction band diagram of a multiple quantum well structure shown in Fig. 1(a). The barrier
and well layers are assumed to be undoped. One of the contact regions is serving as an emitter and the other as a collector. The collector is biased at positive voltage with
respect to the emitter, the band bends downwards to the
right, and electrons tunnel through barriers from the emitter
to the collector resulting in the current through the structure [Fig. 1(b)]. The energy states in the quantum wells
descend due to a potential drop across the layers of the
MQW structure. Tunneling is determined by the penetration of the wave functions of electrons through the barriers.
To calculate the energy states and electron transmission
probability through the barriers, we need to solve the timeindependent Schrödinger equation for each layer of the
MQW structure. For example, the Schrödinger equation for
region II (the leftmost barrier) under the biased condition is
given by,
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and
ai ¼



2m*eei
h2

1=3

;

(5)

where ki is the wave vector in the ith region. The final propagation matrix in Eq. (4) relating the coefficients of the wave
functions in the leftmost and the rightmost regions of the
whole MQW structure is used to calculate the transmission
coefficient (=) using the relation,
=¼

1
jP11 j2

;

(6)

The current density due to electrons incident from the left
(JL) is determined by the Fermi-Dirac distribution function
and transmission coefficient.15,25
" ð

#
ð1
h2 ks2
dkx hkx
d2 k~
h2 kx2 
JL ¼ e
f ECL þ
; EFL
þ
=ðkx Þ 2
2m* 2m*
ð2pÞ2
0 2p m*
(7)
FIG. 1. (a) Conduction band (CB) diagram of an unbiased uniform MQW
structure (e.g., Al0.5Ga0.5As/GaAs has a CB offset of 0.5 eV), (b) biased MQW
structure, (c) transmission coefficient vs energy of the uniform MQW structure
with the number of wells (NW) as a parameter. The barrier width is fixed (0.8
nm), the well width is fixed (8 nm), and the barrier height is fixed (0.5 eV).



2 d 2 w
h
þ ½V0  ee1 L1  ee2 ðx  L1 ÞwðxÞ ¼ EwðxÞ; (1)
2m* dx2

where, 
h is the Dirac’s constant, m* is the effective mass of
electrons, wðxÞ is the wave function of electrons, V0 is the barrier potential of the unbiased structure, e is the electronic
charge, ei is the electric field in the ith region, Li is the x-axis
coordinate of the interface between the ith and (iþ1)th region
and E is the total energy. In the y-z plane, the electron motion
is free. The general solution of Eq. (1) gives the wave function
in a layer (e.g., the ith layer) under an electric field as follows,
wi ðxÞ ¼ CAiðfi Þ þ DBiðfi Þ;

(2)


1=3
1i ¼ 2m eei =h2
ðx þ E=eei Þ;

(3)

and

24

where Ai and Bi are Airy functions, C and D are constants.
Applying the boundary conditions (continuity of w and
1 dw
) at the interfaces, we can relate the wave functions in
m* dx
^ 25
the neighboring regions by the propagation matrix (P).
"

#1 2
4

eik1 L1 eik1 L1
P^ ¼ ik L
e 1 1 eik1 L1
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e
an1

and
Eð~
k Þ ¼ ECL þ

h2 kx2 h2 ks2
þ
2m* 2m*

(8)

where, ECL is the bottom of the conduction band on the
left side, ks is the wave vector in the y-z plane, EFL is the
Fermi energy on the left side, vx ðk~Þ is the velocity factor
(hkx =m*) along the direction of electron tunneling. We can
also similarly calculate the current density due to the electrons arriving from the right (JR). The net current density
(J) in the device is the algebraic sum of the current due to
electrons impinging on the barrier from the left and right
directions.


ð1
dkx hkx
h2 kx2
=ðkx Þn2D EFL  ECL 
J¼e

2m*
0 2p m
 

ð1
dkx hkx
h2 kx2
;
(9)
=ðkx Þ n2D EFR  ECR 
e

2m
0 2p m
where, EFR and ECR are the Fermi energy and the bottom
of the conduction band in the right contact region, respectively. The component of energy due to motion along the
x-direction is
E ¼ EC þ

h2 kx2
;
2m

(10)

Now, the density of electrons in a subband (n2D) is given by
n2D ðEF  EÞ ¼




m  kB T
EF E
;
ln
1
þ
exp
kB T
ph2

(11)

where kB is the Boltzmann’s constant, T is the temperature,
and EF is the Fermi energy. After mathematical simplifications Eq. (9) becomes
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½n2D ðEFL  EÞ  n2D ðEFR  EÞ=ðEÞdE

(12)

ECL

In a practical situation, up to Fermi energy all the levels are
filled by electrons. So, the upper limit of the integration in
Eq. (12) needs to be changed accordingly for numerical computation. The above equation shows that the tunneling current depends on the transmission coefficient, which again
depends on the relative position of the subbands in neighboring wells of the multiple quantum well structure. The transmission coefficient is based on the accurate method of

calculation using the propagation matrix approach. Thus,
Eq.(12) gives the accurate nature of the tunneling currents.
A simplified form of Eq. (4) is obtained first by dividing
each layer into a large number of segments and then assuming the piecewise-constant potential in different segments.
This method had also been adopted earlier by other
authors.26 In our analysis, the increment in length is made
very small, so the error due to discretization is very small.
The boundary conditions are applied at the interfaces
between the different segments. After several steps of calculation, we arrive at the following expression for the propagation matrix:

3
#1 2 ik21 L1
eik21 L1
e
4 k21 ik L
k21 ik21 L1 5
P^ ¼ ik L
e
e 21 1 
e 1 1 eik1 L1
k1;m
k1 ; m
"
#

1 eik22 ðL1 þdÞ
eik22 ðL1 þdÞ
eik21 ðL1 þdÞ eik21 ðL1 þdÞ
k22 ik22 ðL1 þdÞ
k22 ik22 ðL1 þdÞ :::
 ik21 ðL1 þdÞ
e

e
e
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k
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2 21
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ikn Ln1

1
ikn Ln1
e
e
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e
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e
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"
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where d is the length of each sub-region and kij represents the
wave vector of the jth sub-region of the ith region given by
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2mi ðE  Vij Þ
;
(14)
kij ¼
h2
where mi* is the effective mass of the electron in the ith
region and Vij, the potential of the jth sub-region of the ith
region. The above propagation matrix is used to calculate the
transmission coefficient and current density using the formulas mentioned earlier.
III. RESULTS AND DISCUSSION

Using Eq. (6), the transmission coefficient is computed
and plotted versus energy for single well, double well, and
five well structures as shown in Fig. 1(c). The peak in the
transmission coefficient for a single well structure indicates
resonant transmission, when the incident energy aligns with
an energy state in the well. Sharp peaks indicate the presence
of discrete states in the well. For two-well structures, two
close peaks at the low energy position indicate the splitting
of the lowest energy state due to the interaction between the
two wells. When the number of wells is five, more closely
spaced peaks are found in the lowest energy position. Thus,
as the number of wells increases, spacing between the split
energy states decreases to form a quasicontinuous miniband.
The miniband formed from the coupled higher excited state
spreads over a broader energy range [Fig. 1(c)].
However, the coupling between the wells depends on
the barrier width separating the wells in the MQW structure.
The effect of the barrier-to-well width (B/W) ratio on the
transmission coefficient is shown in Fig. 2. In all cases, the
well width is kept constant. In this paper, the current density

(13)

is converted to a dimensionless quantity by dividing it with
ðem*ðkB TÞ2 =2p2 h3 Þ. It can be seen that as the barrier-to-well
width ratio increases, the spread of the miniband shrinks,
and the separation of the miniband increases [Fig. 2(a)]. For
a large barrier-to-well width ratio the miniband turns to a
single sharp transmission peak [Fig. 2(a)]. The variation of
spread in miniband as a function of B/W ratio is shown in
Fig. 2(b). It can be seen that the spread decreases with an
increase in the B/W ratio. Additionally the spread of the
higher miniband increases more rapidly than in the ground
state as the B/W ratio decreases. In the following paragraphs,
we study the effects of structural nonuniformity and asymmetry on the current-voltage characteristics of multiple
quantum well structures. As similar experimental studies are
not found in the literature, we have compared our model
with experimental data on a single-well double-barrier structure reported in Ref. 27 where the structure has a 5 nm well
width, an 8 nm barrier width and a 0.4 eV barrier height. The
experimental results27 show the first two current peaks for
positive bias at  0.19 and  0.79 V. Using our model for
the similar structure, the corresponding peaks are obtained at
0.2 and 0.75 V. Thus, the model results are in good agreement with the experimental data.
The effect of barrier -to- well width ratio on the current
density versus voltage characteristics of a uniform and symmetric five-well structure is shown in Fig. 3. In parts (i), (ii),
and (iii) of the figure, the results are shown for different
barrier-to-well width ratios. The conduction band gets tilted
and the energy levels decrease due to the applied bias so the
relative position of the energy levels in the adjacent quantum
wells changes. An appropriate bias can align the ground state
of one well with the excited state of the next well and resonant tunneling is also possible in this case. The miniband
starts at a lower energy for a smaller barrier-to-well width
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FIG. 3. Current density vs voltage plot of uniform MQW structure (number.
of wells ¼ 5) with the barrier-to-well width (B/W) ratio (i) 0.16, (ii) 0.48, and
(iii) 0.8. The well width is fixed(5 nm) and the barrier height is fixed(0.5 eV).

energy levels at the outer wells are positioned at a lower
energy compared to the middle well. Thus current conduction initiates at lower bias [Figs. 4(ii) and 4(iii)] than uniform
structure [Fig. 4(i)]. The structure with well width decreasing
outward and energy levels lying at higher energy near contact ends, [Figs. 4(iv) and 4(v)] shows conduction initiates at
a larger bias. Magnitudes of different peaks differ due to the
variation of the electron transmission coefficient at different
biases. The current density peaks at the lowest voltage
results from the alignment of the ground state of one well
with the ground state of the neighboring well. In another situation, when the ground state of one well is aligned with the

FIG. 2. (Color online) (a) Transmission coefficient vs energy plot of uniform MQW structure (number of wells ¼ 5) with the barrier-to-well width
ratio (B/W) as a parameter. The well width is fixed (5 nm) and the barrier
height is fixed (0.5 eV). (b) Spread of the miniband vs barrier-to-well width
ratio of the uniform MQW structure (number of wells ¼ 5). The barrier
height is fixed (0.5 eV).

ratio. So, the tunneling current is available at a lower bias.
With the increase in barrier-to-well width ratio, the current
density at low bias becomes quantized with consequent
improvement in the peak-to-valley ratio. However, the quantized current at low bias disappears when the B/W ratio is
large [Fig. 3(iii)]. This quantized conduction is useful for
implementing filtering or switching action.
Now we investigate the effect of nonuniformity or
asymmetry of layer thicknesses and barrier heights on the
current-voltage characteristics of the MQW structures. Here,
we consider nonuniform but symmetric MQW structures of
different well widths keeping the barrier widths and heights
constant [Fig. 4]. The results are shown for the well width
increasing outward and for the well width decreasing outward slowly from the center. In the nonuniform structure
with the well width increasing outward from the center well,

FIG. 4. Current density vs voltage for MQW structure (number of wells ¼
5) with (i) uniform structure (barrier width ¼ 2.4 nm, well width ¼ 5 nm,
and barrier height ¼ 0.5 eV), (ii) well widths increasing outward from the
center (values ¼ 6, 5.5, 5, 5.5, and 6 nm), (iii) well widths increasing outward from the center (values ¼ 6.4, 5.7, 5, 5.7, and 6.4 nm), (iv) well
widths decreasing outward from the center (values ¼ 3, 4, 5, 4, and 3 nm),
(v) well widths decreasing outward from the center (values ¼ 2.6, 3.8, 5,
3.8, and 2.6 nm). In each case, the barrier width is fixed (2.4 nm) and the
barrier height is fixed (0.5 eV).
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FIG. 5. Current density vs voltage for MQW structure (number of wells ¼ 5)
with (i) uniform structure (barrier width ¼ 2.4 nm, well width ¼ 6 nm, and
barrier height ¼ 0.5 eV), (ii) well width decreasing toward the right
(values ¼ 6, 5.5, 5, 4.5, and 4 nm), (iii) well widths increasing toward the
right side (values ¼ 3, 4, 5, 6, and 7 nm). In each case, the barrier width is
fixed (2.4 nm) and the barrier height is fixed (0.5 eV).

higher state of the adjacent well, then the current also starts
to conduct at low bias.
The results for asymmetric MQW structures are shown
in Fig. 5. The current-voltage characteristics of the structure
with well widths decreasing toward the right contact [Fig.
5(ii)] yields a quantized current band at a slightly lower bias
compared to the symmetric structure [Fig. 5(i)]. However,
current conduction initiates at a relatively higher bias in the
asymmetric structure with well widths increasing toward the
right (collector end) [Fig. 5(iii)]. Both types of asymmetry
shows an early onset of continuous current.

FIG. 7. Current density vs voltage for MQW structure (number of wells ¼ 5)
with (a) (i) uniform structure (barrier width ¼ 2.4 nm, well width ¼ 5 nm,
and barrier height ¼ 0.8 eV), (a) (ii) barrier heights decreasing toward the
right side (values ¼ 0.8, 0.7, 0.6, 0.5, 0.4, and 0.3 eV), (b) (i) uniform structure (barrier width ¼ 2.4 nm, well width ¼ 5 nm, and barrier height ¼ 0.3
eV), (b) (ii) barrier heights increasing toward the right side (values ¼ 0.3,
0.4, 0.5, 0.6, 0.7, and 0.8 eV). In each case, the barrier width is fixed (2.4
nm) and the well width is fixed (5 nm).

FIG. 6. Current density vs voltage for MQW structure (number of wells ¼ 5)
with (i) uniform structure (barrier width ¼ 2.4 nm, well width ¼ 5 nm, and
barrier height ¼ 0.5 eV), (ii) barrier heights decreasing outward from the
center (values ¼ 0.3, 0.4, 0.5, 0.5, 0.4, and 0.3 eV), (iii) barrier heights
decreasing outward from the center (values ¼ 0.1, 0.3, 0.5, 0.5, 0.3, and 0.1
eV), (iv) barrier heights increasing outward from the center (values ¼ 0.9,
0.7, 0.5, 0.5, 0.7, and 0.9 eV), (v) barrier heights increasing outward from
the center (values ¼ 1.1, 0.8, 0.5, 0.5, 0.8, and 1.1 eV). In each case, the barrier width is fixed (2.4 nm) and the well width is fixed (5 nm).

The effect of barrier height variation on the current versus voltage characteristics of the nonuniform but symmetric
MQW structure is shown in Fig. 6. The structure with the
barrier height decreasing outward from the center [Figs. 6(ii)
and (iii)] supports the continuous current transport starting at
a lower bias than in the case of the uniform structure
[Fig. 6(i)]. The current-voltage characteristics of the MQW
structure with the barrier height increasing outward from the
center [Figs. 6(iv) and (v)] shows the onset of current conduction at higher biases. The smaller the difference is
between successive barrier heights [Fig. 6(iv)], the better the
blocking of current flow is for a wide range of voltages.
Thus this type of structure may help in reducing the dark current of a MQW intersubband photodetector.
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We investigate the current density versus voltage characteristics of another type of asymmetric MQW structure
with variable barrier heights in Fig. 7. The structure with the
barrier heights decreasing from the emitter end to the collector end [Fig. 7(a)(ii)], displays the current band at a lower
voltage compared to the symmetric structure [Fig. 7(a)(i)].
The structure with barrier heights increasing from left to
right, [Fig. 7(b)(ii)], shifts initiation of the current transport
to higher voltages compared to that in Fig. 7(b)(i). Hence,
the MQW structure with a small conduction band offset can
exhibit quantized conduction characteristics when it is asymmetric in dimension.
IV. CONCLUSION

The miniband formed due to the coupling of ground
states in neighboring wells spreads over a narrower energy
range than due to the coupling between the higher states.
The spread of the minibands decreases and the spacing
between two minibands increases as the barrier-to-well
width ratio is increased. The nonuniform MQW structure
with well widths increasing outward from the center well
provides a low turn-on voltage for current transport compared to the symmetric structure. If the ground state of one
well is resonant with the higher state of the adjacent well,
then first current peaks can also be seen at low bias. This
type of structure can be used for a low-power electronic
switch in circuit applications. The nonuniform structure
with barrier heights increasing outward from the center
yields a very small magnitude of current density at a relatively larger bias. Even a continuous current of an insignificant magnitude begins to flow at larger bias. Hence, the
MQW structure with barrier heights increasing outward
from the center is suitable for blocking current conduction
over low bias ranges. This structure is thus preferable to
keep the dark current low over a wide range of applied positive voltages in quantum well intersubband photodetectors.
This study focuses on how the tunneling current depends on
the choice of different kinds of structural nonuniformity and
asymmetry of the multiple quantum well structure using
only undoped layers. The presence of doped layers may perturb the potential profile, thus affecting the transmission
coefficient and hence the tunneling current. Therefore, to
deal with a more generalized situation, the structures with
doped layers should be considered.
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