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The synchronization behavior of coupled chaotic discontinuous maps over a ring network with
dynamic random connections is reported in this paper. It is observed that random rewiring
stabilizes one of the two strongly unstable fixed points of the local map. Depending on initial
conditions, the network synchronizes to different unstable fixed points, which signifies the
existence of synchronized multistability in the complex network. Moreover, the length of
discontinuity of the local map has an important role in generating windows of different
synchronized fixed points. Synchronized fixed point and synchronized periodic orbits are found in
the network depending on coupling strength and different parameter values of the local map. We
have identified the existence of period subtracting bifurcation with respect to coupling strength in
the network. The range of coupling strength for the occurrence of synchronized multistable
spatiotemporal fixed points is determined. This range strongly depends upon the dynamic rewiring
C 2015 AIP Publishing LLC.
probability and also on the local map. V
[http://dx.doi.org/10.1063/1.4928740]
In this paper, our motivation is to investigate the dynamics of network of coupled chaotic nonsmooth maps with
random rewiring as they differ significantly from the
properties of coupled continuous maps. Spatiotemporal
synchronization of coupled continuous maps has already
been discussed by several authors. Synchronized spatiotemporal fixed point occurs in a lattice when every site of
the lattice attends the same value that remains fixed in
time. Here, we consider discontinuous maps looking at
their special properties not present in continuous maps.
For the discontinuous map, the point of discontinuity separates the basins of attraction of the two fixed points. In a
discontinuous map, single fixed point may appear or disappear while they can appear or disappear only in pairs
for continuous maps. There exists an unstable fixed point
between two stable fixed points in a smooth map, while
this is not required in a nonsmooth one. We find the existence of synchronized multistable behavior and stable
synchronized high periodic orbits that are unique for this
kind of maps. Both analytically and numerically, we
study the stability criterion of the synchronized fixed
points of the network. Also, we are looking for the role of
length of discontinuity in generating windows for different synchronized fixed points.

I. INTRODUCTION

Several networks of the real world consist of time
varying topologies, where the edges connecting the nodes
can vary with time. Networks with time-varying topology
can occur in biological systems, social networks, computer
networks, spread of epidemics, etc.1 To mimic real life
a)
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situations in which time varying nonlocal connections exist
along with dominant number of local connections, a model
was proposed by Watts and Strogatz.2 Poria et al.3 considered a ring lattice of n vertices with nearest neighbor interactions and then each regular link was randomly rewired with
probability p in every time step and they investigated the
spatiotemporal dynamics of a ring network of coupled chaotic logistic maps, with varying degrees of randomness in
coupling connections. Poria et al.3 had shown that strict
nearest neighbor coupling does not allow any spatiotemporal
fixed phase, while the smallest degree of random rewiring
has the effect of creating a window of spatiotemporal
synchronization in coupling parameter space. Gade and Hu
showed that synchronous chaos can be stabilized in a lattice
with small-world connectivity.4
In recent times, the dynamics of piecewise smooth maps
has received much attention because a large number of
systems of practical interest, e.g., power electronic circuits,
systems involving relays, mechanical systems with impacts
and stick-slip oscillations, cardiac dynamics, walking robots,
etc., are modeled by such maps.5–7 Phase space of a piecewise smooth map can be partitioned into countably many
regions within which it is smooth. The simplest discontinuity
induced bifurcations are border-collision bifurcations.5,8
Extensive investigations on the spatiotemporal behavior of
coupled map lattice of continuous maps over ring topology
have been done.9–11 In contrast, coupled discontinuous maps
have received far less attention even though many practical
dynamical systems have been shown to be modeled by piecewise smooth maps with discontinuity at the boundary. Hasler
and Maistrenko12 have investigated the synchronization
behavior of coupled chaotic skew tent maps. Pattern formation in a network of tent maps was investigated by
Hauptmann et al.13 Collective motions in globally coupled
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tent maps with stochastic updating were studied by Morita
and Chawanya.14 However, the spatiotemporal dynamics of
coupled discontinuous maps over a dynamic random network
is still unexplored. The network of nonsmooth maps has
applications in many other engineering systems, e.g., gear
pairs.15,16 Predominantly unexplored challenges in synchronization of network of nonsmooth maps can be found in neuroscience applications, where the switching manifold sends
any trajectory of integrate-and-fire or resonate-and-fire models to the same point of the phase space. Network of piecewise linear continuous maps has been used to explain the
transition from long to short periods (alternates) in electrochemical waves in the heart17,18 (linked to ventricular fibrillation and sudden cardiac death). Synchronization behavior
in a lattice of piecewise linear maps with regular and random
coupling was reported by dos Santos et al.19 The partial and
complete periodic synchronizations in coupled discontinuous
map lattices with nearest neighbor coupling are discussed by
Ke-Li et al.20
The phenomenon of multistability has been found in
almost all areas of science and nature. The human brain,
power grids, arrays of coupled lasers, and the Amazon rainforest are all characterized by multistability.21 Design of
multistable systems in a time varying network is a major
challenge for nonlinear science.
Our motivation in the present work is to investigate the
spatiotemporal synchronization of coupled one dimensional
discontinuous map over a time varying random network. The
role of the discontinuity of the local map in generating different synchronization windows for the lattice is reported. In
the field of network of smooth dynamical systems, many
results have been derived under certain smoothness assumptions. Therefore, it is worth investigating the spatiotemporal
synchronization behavior of a network of nonsmooth maps.
In this context, we investigate that to what extent networks
of nonsmooth dynamical systems have different dynamical
behavior than their smooth counterparts. Moreover, the existence of multistable synchronized states in the considered
complex network is identified. This paper is organized as follows. In Section II, the model we are concerned about is discussed. In Section III, analytical results and numerical
simulations are presented. Finally, we draw conclusion in
Section IV.

state variable denoted by xn(i) is defined which corresponds
to the physical variable of interest. The evolution of this lattice, under standard nearest neighbor interactions, in discrete
time n þ 1 is given by
xnþ1 ðiÞ ¼ ð1  Þf ðxn ðiÞÞ þ


xn ði þ 1Þ þ xn ði  1Þ : (2)
2

The strength of coupling is given by . This is clearly a bidirectional coupling scheme. The local on-site map is chosen to
be fully chaotic. Now, we will consider the above system
with its coupling connections rewired randomly in varying
degrees and try to determine what dynamical properties are
significantly affected by the way connections are made
between elements. In our study, at every update, we will connect a fraction p of randomly chosen sites in the lattice to
two other random sites, instead of their nearest neighbors as
in Eq. (2). That is, we will replace a fraction p of nearest
neighbor links by random connections. That is, with probability p, the dynamical equations of the system are
xnþ1 ðiÞ ¼ ð1  Þf ðxn ðiÞÞ þ


xn ðnÞ þ xn ðgÞ ;
2

(3)

where n and g denote random sites in the network. The case
of p ¼ 0 corresponds to the usual nearest neighbor interaction, while p ¼ 1 corresponds to completely random coupling. This coupling scheme varies with time; at some time
step, it may be unidirectional and in some other time, it may
be bidirectional. In Fig. 1, the networks having different coupling connections among the nodes for different probabilities
of rewiring are displayed.
The effect of varying coupling strength on the synchronization behavior of the network is investigated keeping
rewiring probability p fixed. The role of the gap of discontinuity of the map on the synchronization behavior of the
lattice is reported. In addition, we investigate the effects of
different types of random initial conditions on the synchronization behavior of the lattice.

II. MODEL

Specifically, we consider a one dimensional ring of
coupled one dimensional discontinuous maps proposed by
Jain and Banerjee.5 Local map at every site is of the following type:
xnþ1 ¼ axn þ l for xn < 0
¼ bxn þ l þ c for xn > 0;

(1)

a, b, l, c are real numbers, c being the length of discontinuity. The map has wide variety of dynamics, including chaos
for different sets of parameter values. The sites are denoted
by integers i ¼ 1, 2, … N, where N is the linear size of the
lattice. On each site, a nonsmooth map with discontinuous

FIG. 1. Coupling connections among the nodes of a lattice for different
rewiring probabilities. (a) p ¼ 0, (b) 0 < p < 1, and (c) p ¼ 1.
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FIG. 2. (a) Unstable fixed points of the map are shown. Here, the length of
discontinuity is the length of AB. (b) Chaotic attractor for a ¼ 1.2,
b ¼ 1.3, l ¼ 0.4, c ¼ 1.0 is shown.

III. RESULTS

In this section, we shall do linear stability analysis of
synchronized spatiotemporal fixed points of the random
network.
A. Stability analysis

We start with analyzing the dynamics of network of
coupled chaotic discontinuous maps mentioned in Eq. (1).
The individual map is chaotic for a ¼ 1.2, b ¼ 1.3,
l ¼ 0.4 and for c  0. The map has two fixed points

p
6
N
6
6 ð1  pÞ  þ p
6
2 N
J¼6
6
..
6
6
.
4
 p
ð1  pÞ þ
2 N
2

ð1   Þd þ

 p
ð1  pÞ þ
2 N
p
ð1   Þd þ
N
..
.
…

where d ¼ df ðxÞ=dxjx and x* is the spatiotemporal fixed
point. We assume that the sum of fluctuations of the random neighbors is zero. Therefore, the eigenvalues of the
Jacobian matrix J are given by ½ð1  Þd þ ð1  pÞ cos kh,
where h ¼ 2p
N and 1  k  N. Now, the synchronized spatiotemporal fixed point will be stable if all eigenvalues of J
lie inside the unit circle (centred at origin) in the complex
plane. Therefore, the stability condition is given by

x1 ¼ l=ð1  aÞ and x2 ¼ ðl þ cÞ=ð1  bÞ one positive and
one negative and both are unstable fixed points since slope
lies outside the interval [1, 1]. For l < c; x1 exists, while
for l > 0; x2 exists and for c < l < 0, both the unstable
fixed points exist. The type of discontinuity of the local map
together with unstable fixed points and chaotic attractor of
the map are presented in Fig. 2.
Now, the linear stability analysis of synchronized spatiotemporal steady state in random diffusively coupled network
of chaotic discontinuous maps is presented here. Stability
analysis of synchronized spatiotemporal fixed point for
dynamic random network is relatively complicated since it
will involve diagonalization of random matrices. To calculate
the stability of the synchronized fixed point, we will construct
an average probabilistic evolution rule for the sites, which
becomes a sort of mean field version of the dynamics (following Ref. 9). We assume that the total contribution due to k randomly chosen neighbors is khxðtÞi. In our case, k ¼ 2. Now,
the averaged out evolution equation for any site i looks like

xnþ1 ðiÞ ¼ ð1  Þf ðxn ðiÞÞ þ ð1  pÞ xn ði þ 1Þ þ xn ði  1Þ
2
N
X
p
xn ðjÞ
þ
N j¼1
where p is the probability of being coupled to random sites.
In this case, the Jacobian matrix for the system is given by
the following equation:

p
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jð1  Þd þ ð1  pÞ cos khj < 1 for all 1  k  N. This condition will be satisfied if jð1  Þd þ ð1  pÞj < 1 and
jð1  Þd  ð1  pÞj < 1 hold together. Some simple calculations are done to find the stability condition of the
synchronized fixed point of the dynamic random network.
The conditions for stability of synchronized positive and
negative fixed points of the lattice are given in the following equations, respectively, as






ð1 þ bÞ ð1 þ bÞ
1b
1b
<  < min
;
; 1 for b < 1;
;
max
1bp p1b
1bp p1b

max



(4)




b1
b1
bþ1
bþ1
;
;
; 1 for b > 1;
<  < min
b1þp bþ1p
bþp1 bþ1p

(5a)

(5b)
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ð1 þ aÞ ð1 þ aÞ
1a
1a
;
; 1 for a < 1;
;
<  < min
1ap p1a
1ap p1a

(6a)




a1
a1
aþ1
aþ1
<  < min
;
;
; 1 for a > 1:
a1þp aþ1p
aþp1 aþ1p

(6b)

max

max



Accordingly, the stability conditions for the positive and
negative fixed points of the map (with a ¼ 1.2, b ¼ 1.3)
are given by
0:3
<  < 1;
0:3 þ p
and

0:2
<  < 1:
0:2 þ p

(7)
(8)

Therefore, regular nearest neighbor coupling p ¼ 0 gives
null range of stability of the synchronized fixed points. For
completely random connections, the ranges become largest
in size, e.g., 0.23 <  < 1 and 0.166 <  < 1 for positive and
negative fixed points, respectively. There is a range of coupling strength where synchronized positive or negative fixed
point becomes stabilized depending on initial conditions. In
this range, the network shows multistable behaviour. We
0:3
determine that in ½0:3þp
; 1, multistable synchronized fixed
point exists.
B. Simulation results and analysis

We have chosen lattice size as 100 as the network size
has no effect on the synchronization properties of the model.

First, the network is taken as completely random network
(i.e., p ¼ 1). In Fig. 3, we have drawn the bifurcation diagram
of the network with respect to coupling strength for different
gaps of discontinuities of the local map with positive
(Figs. 3(a), 3(c), 3(e)) and negative (Figs. 3(b), 3(d), 3(f))
initial conditions. The parameter values of the local map are
taken as a ¼ 1.2, b ¼ 1.3, l ¼ 0.4. We observe that for
c ¼ 1.8 and with positive initial conditions, the lattice has
stable synchronized spatiotemporal fixed point. It stabilizes
into the positive fixed point of the local map (Fig. 3(e)). On
the contrary, starting with negative initial conditions, it synchronizes first to positive fixed point for  < 0.8 and then to
the negative fixed point (Fig. 3(f)). These results show that
the network has multistable behavior. Then for c ¼ 1.0 with
positive initial conditions, there is a small window of coupling strength for which the lattice has synchronized negative fixed point but for higher values of coupling strength,
it again stabilizes into positive synchronized fixed point
(Fig. 3(c)). In contrast, for negative initial conditions, the lattice has synchronized negative fixed point for weak coupling
and again for 0.7 <  < 1 (Fig. 3(d)) together with synchronized positive fixed point for intermediate coupling strength.
For slightly smaller value of c, the window of synchronized
negative fixed point becomes larger and synchronized

FIG. 3. Bifurcation diagrams of
coupled discontinuous map lattice with
a ¼ 1.2, b ¼ 1.3, l ¼ 0.4, p ¼ 1
with positive initial conditions for (a)
c ¼ 0.55, (c) c ¼ 1.0, (e) c ¼ 1.8 and
with negative initial conditions for (b)
c ¼ 0.55, (d) c ¼ 1.0, (f) c ¼ 1.8 are
presented.
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positive fixed point window becomes smaller for positive
initial conditions (as seen in Fig. 3(a) for c ¼ 0.55). Starting
with negative initial conditions, the lattice fully synchronizes
to negative fixed point (Fig. 3(b)). Consequently, we found
multistable synchronized state here also. Interestingly, we
notice that c ¼ 1.0 behaves as a boundary between two
reverse characters.
We now analyze the behavior of the network for positive
initial conditions. In this case, synchronized negative fixed
point is obtained if after n iteration
 steps, xnþ1(i) < 0 for all i,
i.e., ð1  Þðbxn ðiÞ þ l þ cÞ þ 2 xn ðnÞ þ xn ðgÞ < 0 holds,

2ðbxn ðiÞþlþcÞ
holds. Taking
which implies, 0 <  < xn ðnÞþx
n ðgÞ2ðbxn ðiÞþlþcÞ
a ¼ 1.2, b ¼ 1.3, l ¼ 0.4, the range of , in which,
synchronized negative fixed point can be observed, becomes

<

1:3xn ðiÞ þ 0:4  c
¼ 1 ðSayÞ:
1
1:3xn ðiÞ þ 0:4  c þ xn ðnÞ þ xn ðgÞ
2

If 1.3xn(i) þ 0.4  c > 0, then 1 must be a positive number; that means, c < 1.3xn(i) þ 0.4 < 1.7 as 0 < xn(i) < 1
holds. Thus, starting with positive random initial conditions
for c < 1.7, first synchronized negative fixed point is
obtained up to 1 and then positive fixed point gains its stability. Similarly, if 1.3xn(i) þ 0.4  c > 0 holds then c < 0.4
and if c > 1.7, then 1.3xn(i) þ 0.4  c < 0 for any positive
xn(i). Let us take, 1.3xn(i) þ 0.4  c ¼ u, u > 0, which gives
u
> 1:
>
1
u  xn ðnÞ þ xn ðgÞ
2

This is not possible as 0 <  < 1. So, we can draw the conclusion that starting with random positive initial conditions and
c > 1.7, it is not possible to get synchronized negative fixed
point. Again, with c < 0.4, it is not possible to get synchronized positive fixed point as l < c here. Therefore, the range
of c for getting synchronized positive and negative fixed
point simultaneously is 0.4 < c < 1.7.
Starting with negative initial conditions, positive
synchronized fixed point is obtained if after n iterationsteps,
xnþ1(i) > 0 holds for all i, i.e., ð1  Þðaxn ðiÞ þ lÞ þ 2 xn ðnÞ

FIG. 4. Bifurcation diagram of coupled discontinuous map lattice with (a)
a ¼ 1.2, b ¼ 1.1, l ¼ 4, c ¼ 5, p ¼ 0.5 and (b) a ¼ 1.2, b ¼ 1.1, l ¼ 10,
c ¼ 12, p ¼ 1 for positive initial conditions. (b) is showing period subtracting bifurcation.

positive initial conditions, we get synchronized period 2 for
p ¼ 0.5 (Fig. 4(a)), whereas for a ¼ 1.2, b ¼ 1.1, l ¼ 10,
c ¼ 12 and positive initial conditions different periodic
orbits, in particular, period-7, period-8, period-13, etc.,
(Fig. 4(b)) have been identified with variation of coupling
strength in case of fully random rewiring. Period subtracting
bifurcation is observed here in Fig. 4(b). These bifurcations
occur due to the discontinuous nature of the local map. In
Fig. 5, for a ¼ 1.2, b ¼ 1.1, l ¼ 1.5, c ¼ 4, and positive

2ðaxn ðiÞþlÞ
þxn ðgÞg > 0 holds, which means, xn ðnÞþx
<
n ðgÞ2ðaxn ðiÞþlÞ
< 1 holds.
Taking the above mentioned parameter values,
synchronized positive fixed point yields the range

>

1:2xn ðiÞ þ 0:4
:
1
1:2xn ðiÞ þ 0:4 þ xn ðnÞ þ xn ðgÞ
2

If, 1.2xn(i) þ 0.4 > 0, i.e., xn(i) > 0.33 then  > 1. So,
starting with negative initial conditions lying in 0.33
< x0(i) < 0, we always reach the negative fixed point regardless the value of c. These observations are in good agreement
with the numerical simulation results. Only some small deviations coming from the effect of random connections are
discernible.
Numerical simulations are presented for some other map
parameters. For a ¼ 1.2, b ¼ 1.1, l ¼ 4, c ¼ 5 with

FIG. 5. Bifurcation diagrams of coupled discontinuous map lattice with
a ¼ 1.2, b ¼ 1.1, l ¼ 1.5, c ¼ 4 and positive initial conditions for (a)
p ¼ 0 (b) p ¼ 1 are plotted.
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plotted with all positive initial conditions for different p
values in Fig. 7(i) and for different c values in Fig. 7(ii).
Basin sizes of synchronized states for the lattice for positive
fixed point and negative fixed point with all positive random
initial conditions are drawn separately in Fig. 7(iii). Basin
sizes for mixed initial conditions (with 97% negative) are
shown in Fig. 7(iv). The basin size equal to one implies complete synchronization and basin size less than one denotes
partial synchronization or no synchronization. It is observed
from these two figures that basin size of synchronized fixed
point depends on initial conditions; accordingly, multistable
nature of the dynamic random network is obvious.
IV. CONCLUSION

FIG. 6. Bifurcation diagrams of coupled discontinuous map lattice with (a)
a ¼ 0.5, b ¼ 0.6, l ¼ 0.4, c ¼ 5, p ¼ 0; (b) a ¼ 0.5, b ¼ 0.6, l ¼ 0.4, c ¼ 5,
p ¼ 0.5; (c) a ¼ 1.5, b ¼ 2.0, l ¼ 1.0, c ¼ 1, p ¼ 0.4; (d) a ¼ 1.5,
b ¼ 2.0, l ¼ 1.0, c ¼ 1, p ¼ 1.0 and positive initial conditions are
depicted.

initial conditions, synchronized period 2 orbit is noticed for
p ¼ 0, i.e., synchronized periodic orbits are observed for a
long range of coupling strength even for nearest neighbor
interaction. However, we get synchronized period 2 and
period 1 orbit for p ¼ 1. Getting synchronized period 2
behavior even for nearest neighbor coupling is typical for
this kind of network. Fig. 6 depicts the bifurcation diagrams
of the network for different rewiring probabilities with
slightly different sets of parameter values of the local map.
Period adding bifurcation is observed here due to discontinuous nature of the local map.
We have evaluated the basin sizes of the synchronized
spatiotemporal fixed points numerically. Basin sizes are

The synchronization behavior of coupled discontinuous
maps over a dynamic random network is investigated and it
is observed that random rewiring of connections of the lattice
of nonsmooth maps leads to spatiotemporal synchronization
of the system. Moreover, it is clear that stability of the
synchronized steady state of the network is highly sensitive
to the coupling strength as well as rewiring probability and
the length of discontinuity of the local map. Furthermore, the
synchronization behavior of the coupled map lattice (CML)
with positive initial conditions is significantly different from
the dynamics of the CML with negative ones. This establishes the existence of synchronized multistable behavior in
the complex network. We have shown analytically the existence of synchronized multistability in the network, which
are in good agreement with our numerical results. Therefore,
we have successfully design synchronized multistable states
in a time varying complex network which is totally new
result in the literature of coupled map lattice. Another key
observation is that the synchronized high periodic orbits

FIG. 7. Basin sizes of synchronized
fixed points for coupled discontinuous
map lattice are drawn with (i)
a ¼ 1.5, b ¼ 1.2, l ¼ 0.4, c ¼ 1.4
for (a) p ¼ 0, (b) p ¼ 0.01, (c) p ¼ 0.5,
(d) p ¼ 1.0 all having positive initial
conditions; (ii) a ¼ 1.2, b ¼ 1.3,
l ¼ 0.4, p ¼ 1 for (a) c ¼ 0.55, (b)
c ¼ 1.0, (c) c ¼ 1.8 with all positive
random initial conditions; (iii)
a ¼ 1.2, b ¼ 1.3, l ¼ 0.4, p ¼ 1,
and c ¼ 0.75 for (a) positive fixed point
(b) negative fixed point with all positive random initial conditions; (iv)
a ¼ 1.2, b ¼ 1.3, l ¼ 0.4, p ¼ 1,
and c ¼ 1.0 for (a) positive fixed point
(b) negative fixed point with mixed
(97% negative) initial conditions.
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appear for some sets of parameter values of the local map.
This network has period subtracting as well as period adding
bifurcation with respect to coupling strength due to discontinuous nature of the local map. This kind of behavior has
not been identified for any other maps beforehand. To our
knowledge, the phenomenon of synchronized multistability
and period subtracting bifurcation has no counterpart in complex network of smooth dynamical systems. We have presented the results for completely random network and for
some special sets of parameter values because most of the
other cases are qualitatively similar to the dynamics of CML
of smooth continuous maps or non smooth continuous maps.
Our study may be useful to uncover the basic mechanism
behind multistability of many real world systems. We can
conclude that not only we can stabilize any nonsmooth spatiotemporal interactive physical system using random rewiring but also controlling the gap of discontinuity, coupling
strength, map parameters, and initial conditions, we may
synchronize the entire system to orbits of required period.
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