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Solitary waves in two-dimensional dusty plasma crystal: Effects of weak
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It is shown that in the presence of weak magnetic field, the dust lattice solitary wave in
two-dimensional 共2D兲 hexagonal dusty plasma crystal is governed by a gyration-modified 2D
Korteweg-de Vries equation due to the action of Lorentz force on the dust particles. Numerical
solutions reveal that only for weak magnetic field an apparently single hump solitary wave solution
exist. But, for strong magnetic field dust lattice solitary wave becomes unstable showing repetitive
solitary hump of increasing magnitude with time. © 2010 American Institute of Physics.
关doi:10.1063/1.3361162兴
The Coulomb complex 共dusty兲 plasma consists of a finite
number of charged microparticles, i.e., charged dust grains
interacting via a shielded strong Coulomb potential and confined by external forces 共e.g., of electrostatic nature兲. The
interaction potential is believed to be of the Yukawa type. In
thermodynamic equilibrium, this complex 共dusty兲 plasma is
characterized by the Coulomb coupling parameter ⌫ which is
defined as the ratio of the electrostatic potential energy to the
thermal energy between two neighboring dust particles. The
system is called weakly coupled when ⌫ Ⰶ 1, whereas the
system is called strongly coupled when ⌫ ⬎ 1. The interesting feature is that ⌫ ⬎ ⌫cr 共critical value兲 Ⰷ1, the system is in
solid state and form ordered crystalline structures which is
known as dusty plasma crystal.1–3 This dusty plasma crystal
supports wave modes such as longitudinal and transverse
dust lattice wave 共DLW兲.4–6 In the absence of an external
magnetic field, the linear wave propagation characteristics as
well as nonlinear structures such as Mach cones,7,8
solitons9–13 and also shock14–16 were extensively studied experimentally and theoretically in one-dimensional 共1D兲 as
well as in two-dimensional 共2D兲 dusty plasma crystals.
However, the magnetic field plays an important role for
many complex 共dusty兲 plasma environments. The influences
of an external magnetic field were investigated for oscillations in 1D particle chain in a crystals.17 Recent theoretical
investigations18,19 predict the existence of “upper-hybrid dust
lattice wave,” “lower-hybrid dust lattice wave,” and the coupling of these two modes in presence of a constant external
magnetic field in a 2D hexagonal dusty plasma crystal due to
the Lorentz force acting on the dust particles. In this brief
communication, the effects of an external weak magnetic
field on quasilongitudinal dust lattice solitary wave in 2D
dusty plasma crystal are reported.
The dusty plasma consists of electrons, ions, and small
particles of solid matter i.e., the dust grain with 共constant兲
negative charge Q and 共constant兲 mass md. A single layer
2D hexagonal lattice structure is considered 共Fig. 1兲.
In the unperturbed situation, the particle coordinate is

共xs = ⌬共n + m / 2兲 , y s = m冑3⌬ / 2兲, where ⌬ is the interdust
distance, i.e., lattice spacing and s = 共n , m兲 denotes a pair of
integers such that s = 兵共0 , ⫾ 1兲 , 共⫾1 , 0兲 , 共1 , −1兲 , 共−1 , 1兲其. The
constant external magnetic field Bជ 共=B0ẑ兲 of field strength B0
is pointing perpendicular to the particle layer.
The following assumptions are made to formulate the
problem and to find the explicit final results:
共i兲

共ii兲

共iii兲
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In the presence of strong magnetic field, charged dust
grains, electrons, and ions are magnetized. However,
for a very low frequency 共兲, long wavelength, longitudinal motion with  Ⰶ k⬜Vte共i兲 and k⬜e共i兲 Ⰶ 1
关where k⬜ is the longitudinal wave number, i.e., wave
number perpendicular to the direction of magnetic
field, Vte共i兲 and e共i兲 are the electron 共ion兲 thermal velocity and electron 共ion兲 gyroradius兴, the electron
共ion兲 polarization effect is insignificant and the electrons 共ions兲 are rapidly thermalized along the Z axis to
establish a Boltzmann response. Therefore, it is assumed that the interaction potential between
each particle is the usual Debye–Hückel interaction
potential 共Yukawa potential兲. The corresponding
interdust force between the sth and śth particle is
ជ ś,s共=−ⵜ
ជ r 关Q2 exp共−rś,s / D兲 / 40rś,s兴兲, where ⑀0 is
F
s
the permittivity of free space, rś,s = 兩rជś,s兩 = 兩rជś − rជs兩, and
D is the plasma Debye Length, which is assumed to
be constant.
In strongly coupled complex plasma, the charged and
magnetized dust grains also interact with each other
due to induced magnetic dipoles via a dipole magnetic
force.20,21 However, it is found21 that in the presence
of a weak magnetic field, there exist experimental
situations, where electrostatic Yukawa force dominates over the magnetic force. Therefore, dust-dust
interactions due to magnetic force are neglected in
comparison with the Yukawa force.
Experimental observation and 2D molecular dynamics
simulation7 reveal that the nearest neighbor approximation is well justified for 2D monolayer hexagonal
dusty plasma crystals for lattice parameter
© 2010 American Institute of Physics
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共=⌬ / D兲 ⱖ 2.1. Therefore, it is assumed that  ⱖ 2.1,
so that the dust particles in this monolayer 2D hexagonal crystal 共Fig. 1兲 interact with their six nearest
neighbor.
To incorporate the effects of a weak magnetic field on
nonlinear quasilongitudinal DLW, it is assumed that
the dust cyclotron frequency cd共=QB0 / md兲 is small
compared to the dust lattice frequency L共=CDL / ⌬兲
but
⫽0,
where
CDL
i.e.,
cd / L Ⰶ 1,
= 冑Q2e−共2 + 2 + 2兲 / 4⑀0mdD is the dust lattice
speed in the nearest neighbor approximation.9,11

To write the equation of motion under the action of weak
ជ 共ś , s兲, where
external force, let us assume that rជś,s = rជś,s共0兲 + D
ជ 共ś , s兲 is the
rជś,s共0兲 is the relative equilibrium position and D
relative displacement of the sth lattice under the action of
this weak force. If dl共s兲 and dt共s兲 are, respectively, the
x̂-direction 共longitudinal兲 and ŷ-direction 共transverse兲
ជ 共ś , s兲兵=关dl共ś兲 − dl共s兲兴x̂
displacement components, then D
+ 关dt共ś兲 − dt共s兲兴ŷ其. Therefore, due to the above assumptions
共i兲–共iii兲, the equation of motion of the sth particle in the
x̂-direction and ŷ-direction are as follows:

 dt
2dl 共兺s⫽śFs,ś兲x
=
+ cd
,
t
 t2
md
 dl
2dt 共兺s⫽śFs,ś兲 y
− cd
=
,
t
 t2
md

3 共2兲
dt = ⑀2d共1兲
t + ⑀ dt + ¯ .

共3兲

Also, because of the assumption 共iv兲 and for the perturbation
consistent with Eqs. 共2兲 and 共3兲, the following scaling is
assumed:

)

FIG. 1. Elementary single layer hexagonal 2D crystal centered at 共n , m兲
with lattice spacing ⌬. The quasilongitudinal wave propagation vector
makes an angle  with the x-axis.

共iv兲

共2兲

where ⑀ is a small parameter that indicates the magnitude of
the rate change and ⌳ is the wave velocity. It is to be noted
that for such a quasilongitudinal wave, the transverse displacements have a higher-order smallness than the amplitude
of longitudinal displacements 共dt = ⑀dl兲 and thus the dependent variables 共dl , dt兲 are expanded in powers of ⑀ in the
following way:
2 共2兲
dl = ⑀d共1兲
l + ⑀ dl + ¯ ;

Z

 = ⑀3Lt,

共1兲

where s , ś 苸 兵共0 , ⫾ 1兲 , 共⫾1 , 0兲 , 共1 , −1兲 , 共−1 , 1兲其. The first
term on the right-hand side 共RHS兲 of both equations in Eq.
共1兲 are, respectively, the X and Y components of the Yukawa
force, whereas the second term on RHS of both equations
arises as a result of the Lorentz force acting on the dust
grains due to the magnetic field 共=B0ẑ兲.
To study the propagation characteristics of small amplitude nonlinear quasilongitudinal DLW, the reductive perturbation technique is adopted and the following stretched coordinates are introduced:

cd
= ⍀⑀2 ,
L

共4兲

where ⍀ is of the order of unity, i.e., ⍀ ⬃ O共1兲. To consider
the continuum approximation, it is assumed that the characteristic scale length L 共the typical scale length of the wave
form兲 is much larger than the lattice spacing ⌬ so that
s = 共n , m兲 can be considered as quasicontinuous variable 共coordinate兲. Expansion of D共ś , s兲 in Taylor’s series retaining
the terms O共⌬ / L兲4 12,13 in the nearest neighbor approximation and substitution of Eqs. 共2兲–共4兲 in Eq. 共1兲 yields the
following relations in the lowest order of :
9 2
;
⌳2 = CDL
8

 d共1兲
2d共1兲
2d共1兲
l
t
l
冑
+
2⍀
.
=
2


  

共5兲

Finally, the usual perturbation analysis yields 关keeping the
terms O共⑀5兲兴, the following 2D Korteweg-de Vries 共KdV兲
equation with a term due to the gyration of dust particles
under the action of Lorentz force,

冋

册

u
 3u
3  2u ⍀ 2
 u
− ␣u + ␤ 3 +
2 = 冑 u,


  
4 冑2  
2
where d共1兲
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冑 冋

册
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,
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192冑2

共6兲

.

共7兲

The above Eq. 共6兲 shows that in the absence of cyclotron
frequency, i.e., for ⍀ = 0, the usual 2D KdV equation is recovered which represents a completely integrable Hamiltonian system and thus possesses the following traveling
wave solution in the form of a single planar soliton,
u共, , 兲 = − N sech2 冑N共fN − k − k兲,

共8兲

where f is the frequency, k and k are the wave numbers
such that k = k tan ,  is the angle that the wave makes
with the X-axis and k2 = ␣ / 4␤. Also k, k, and f are related
by the relation
N共f − 4␤k3 兲 −

3k2

4k冑2

= 0,

共9兲

where N is the maximum amplitude of the soliton and width
of the soliton is proportional to 共1 / 冑N兲. For ⍀ ⫽ 0, Eq. 共6兲 is
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FIG. 2. Numerical solution of Eq. 共6兲 in the wave frame  for  = 10°.
The curves are ⍀ = 0 共solid兲, ⍀ = 0.001 共dot-dashed兲, ⍀ = 0.01 共dash兲, and
⍀ = 0.1 共dot兲.

not a completely integrable system. However, a traveling
wave solution of the gyration-modified 2D KdV Eq. 共6兲 can
be obtained by numerical method. First, Eq. 共6兲 is transformed to the wave frame  = fN − k − k, reducing the
nonlinear partial differential equation Eq. 共6兲 to the following pair of coupled nonlinear ordinary differential equation:
d2u 共fNk − 3k2 /4冑2兲
␣u2
⍀2
=
u
+
+
v;
d2
␤k4
2␤k2 ␤k4 冑2

d 2v
= u.
d2
共10兲

Integration of the above pair with respect to  yielding the
traveling wave solution as shown in Fig. 2 is obtained by
Runge–Kutta–Fehlberg method subject to the initial conditions u , du / d , v , dv / d → 0 as  → −⬁ 共for actual numerical
computation: u = 0, du / d = −10−4, dv / d = −10−4兲. For ⍀
= 0 共solid curve in Fig. 2兲, the usual KdV soliton is obtained.
For weak magnetic field 共⍀ = 0.001兲 an apparently quasistable solitary wave structure is observed in the dot-dashed
curve; as  increases the solitary structure becomes repetitive
with gradually increasing magnitude, i.e., the dust lattice
solitary wave slowly becomes unstable. On the other hand,
for strong magnetic field, no stable solitary wave structure is
observed in dash 共⍀ = 0.01兲 and dot 共⍀ = 0.1兲 curves in Fig. 2
and the solitary wave rapidly becomes unstable.
Finally, to analyze the physical assumptions, the typical
laboratory plasma conditions are considered: Te = 3 eV 共electron temperature兲, Ti = 0.03 eV 共ion temperature兲, Td
= 0.03 eV 共dust temperature兲, B0 = 2 T, mi = 6.69⫻ 10−26 kg
共ion mass兲, a = 0.1 m 共dust grain radius兲, md = 6.33
⫻ 10−18 kg and ⌬共=2.1D兲 = 100 m. Orbital motion limited theory for dust charging equation gives zd = 500 共number
of charges residing on dust grains; Q = −zde兲 for dusty plasma
parameter z̄共=zde2 / 4⑀0aTe兲 = 2.4. These yield ⌫ = 120共Ⰷ1兲
so that the dust grains are in ordered, crystalline state.
The other plasma parameters are L = 3.44⫻ 103 rad/ s,
cd = 25.31 rad/ s, d = 1.18⫻ 103 m 共dust gyroradius兲, e
= 2.07 m, and i = 56 m. For long wavelength limit
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共k⬜⌬ Ⰶ 1兲, it is chosen that k⬜⌬ = 0.1 which estimate k⬜d
= 1.18, k⬜e = 0.002共Ⰶ1兲, and k⬜i = 0.06共Ⰶ1兲 implying both
electron and ion polarization effects due to magnetic field are
insignificant, whereas dust polarization is significant and
thus justifies the assumption 共i兲. Moreover, the magnetic field
will not significantly affect the charging of the dust grains as
a / e共i兲 Ⰶ 1, i.e., the curvature effect of the trajectory of an
electron 共ion兲 impinging on a dust grains can be neglected.22
For the specified plasma parameters, one can easily see that
between the two neighboring dust grains, the ratio of the
magnitude of Yukawa force to the maximum magnetic
force21 is ⬇4.1 implying that Yukawa force dominates over
the magnetic force. Thus one can neglect the dust-dust interactions due to magnetic force in comparison with the
Yukawa force that justifies assumption 共ii兲. The ratio of dust
cyclotron frequency to dust lattice frequency cd / L = 7.4
⫻ 10−3 implying cd / L Ⰶ 1, but ⫽0 that justifies the assumption 共iv兲 as well as the scaling 关Eq. 共4兲兴.
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