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A Simple Method for Studying Single-mode Graded Index Fibers
in the low V Region
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Summary
Based on a simple series expansion method involving
Chebyshev technique, we predict the cladding decay
parameter (W) and the fundamental modal field inside
the core as well as cladding in case of single-mode graded index fiber in the low normalised frequency (V) region. The method involves formulation of linear relationship of K1(W)/K0(W) with 1/W for a few intervals
of W, where W < 0.6. With examples of step and parabolic index fibers we show that said predictions by our
simple formalism agree excellently with the available
exact results. Thus the accuracy of our formalism is established.

1 Introduction
Single-mode optical fibers have emerged as the most
important broad band transmission media for telecommunication. Such optical communication systems are
operated in the wavelength range from 1.3 to 1.6 µm.
This is so since optical fibers made of silica are
characterised by extremely low attenuation loss
(~ 0.2dB/Km) at the wavelength 1.55 µm while the
material dispersion vanishes around the wavelength
1.31 µm. Study of single-mode graded index fibers in
the low V region is of tremendous importance in the light
of its application as a directional coupler which involves evanescent field coupling. For derivation of fundamental mode for a single-mode graded index fiber, one
has to employ either numerical techniques or approximate methods excepting the case of step index fiber
where analytical solutions are available. The application of variational technique involving single parameter
[1] and two parameter [2, 3] Gaussian trial functions for
the fundamental made of graded index fiber has shown
that only the two parameter approximation can predict
the fiber characteristics excellently over a wide
single-mode range. Still the two parameter variational
technique lacks accuracy in the low normalised frequency (V) region. However, the variational technique
involving Gaussian-exponential-Hankel function [4, 5]
provides accuracy over the entire single-mode range
including the low V region. These analyses, however,
involve extensive computation. Hence prescription of
simple but accurate expressions of fundamental mode
for graded index fiber is still proliferating in literature.

An accurate but simple power series form of fundamental
mode of graded index fiber based on Chebyshev technique has been reported recently [6]. This method is
based on linear formulation of K1(W)/K0(W) with 1/W
in the range 0.6 ≤ W ≤ 2.5 Thus the method has not
quantified graded index fiber characteristics in the low
V region, namely V< 1.4 for step index and V < 1.9
for parabolic index fibers. However the excellent predictions of graded index fiber characteristics over a
wide single-mode range by the said Chebyshev formalism have motivated us to extend the analysis in the low
V region. Further, from the study of data and graph given
in [7], it is apparent that in order to prescribe a linear
relation of K1(W)/K0(W) with 1/W where W < 0.6, one
has to choose a few small intervals of W.
In this communication, we report formulation of linear
relationship of K1(W)/K0(W) with 1/W by least square
fitting technique for a few small intervals of W where
W < 0.6. Using those relations, we predict cladding decay
parameter W and field inside the core as well as cladding for graded index fiber by Chebyshev formalism.

2 Analysis
The refractive index profile of a graded index optical
fiber can be expressed as

(1)
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where R=r/a, ‘a’ being the core radius; δ = (n12 – n22)/(2n12)
with n1 and n2 being the refractive indices of the core
axis and the cladding respectively. Here, f(R) defines the
shape of the refractive index profile and in case of a
power-law profile, it is given by

(10)
The expression for ψ(R) given by (9) is employed in (3)
to obtain the following three equations corresponding
to the three Chebyshev points given in (10)

(2)
‘q’ being the profile exponent whose value is ∞ for step
index fiber and 2 for parabolic index fiber.
For a weakly guiding fiber, the fundamental modal field
ψ(R) inside the core is the solution of the scalar wave
equation
(11)

(3)
Further, using (9) and (6) in (4) we get
together with the boundary condition

(12)

(4)
where V[= k0a(n21 – n22)1/2] and W[= a(β2 – n22k02)1/2] are
the normalised frequency and cladding decay parameter respectively with k0 and β being the free space wave
number and propagation constant respectively.

a0, a2, a4 and a6 given by three equations of (11) and (12)
will lead to non-trivial solution provided

The fundamental modal field in the cladding is given by

(13)

(5)
By least square fitting over the interval W ≤ 0.6, we
formulate K1(W)/K0(W) as below

where

(6)
where the values of α and β are found for some short
intervals by the least square fitting technique and these
have been presented in Table 1.
Taking into consideration that the fundamental modal
field ψ(R) is an even function of R and ψ(0) is nonzero,
we can express ψ(R) in terms of a Chebyshev power
series as [8, 9]

(14)
with i being 1, 2 and 3
and

(7)
The Chebyshev points are given as [9]
(8)

(15)
W for a given value of V can be found by solving (13).
Again, any three of the four equations given by (11) and
(12) can be employed to evaluate the constants a2j
(j = 1, 2, 3) in terms of a0. Thus the field inside the core
and cladding can be expressed as

Following [6] we approximate (7) by taking M = 4 when
we obtain
(9)

(16)

and the corresponding Chebyshev points are found from
[8] as

where A2j = a2j/a0, j = 1, 2, 3 and Wc is the value of W
found by the present formalism.
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In case of a step index fiber the above values for field
are compared with the exact analytical values given as

Table 1: Values of α and β for different ranges of cladding decay parameter W

(17)
For graded index fiber, the comparison in this context
is made with the available exact numerical results. Here
U is a normalised propagation constant being equal to
(V2 – W2)1/2

3 Results and discussions
In order to verify the validity of our formalism, we first
estimate the values of cladding decay parameter W for
different values of normalised frequeny V in the low V
region. We compare our results with the exact analytical results [10–13] in case of a step index fiber and also
with the exact numerical results [12, 13] for a parabolic index fiber. In Table 1, we present different values of
α and β for different short intervals of W when W < 0.6.
In Table 2, we present the values of W obtained by our
method as Wc and compare it with the available analytical values [10–13] for step index fiber. It is found that
the values predicted by the present formalism are extremely accurate within an accuracy of 0.560 %. In Table
3, we present the values of Wc and W in case of parabolic index fiber for some typical values of V where V<
1.9. It is seen that our simple technique provides accuracy within 1.279 %. Further, one can predict fundamental modal field by employing (16) provided it is normalised in terms of a0. Accordingly in Figs. 1(a), 1(b)
and 1(c) the variation of normalised fundamental mode
ψ(R) for step index fiber with normalised radius R is
depicted for three typical low values of V. ψ(R) found
from (16) is presented by solid line while exact ψ(R)
obtained from (17) is presented by crosses. In each case
our predictions match excellently with the exact ones.
In case of parabolic index fiber, we also present the variation of normalised ψ(R) with R in Figs. 2(a), 2(b) and
2(c) for three different low values of V. Here also the
values obtained by the present method and the simulated exact ones are represented by solid lines and crosses respectively. In case of parabolic index fiber, we also
find excellent agreement between our formalism and the
simulated exact ones in this context. Further, it is relevant to mention in this connection that the Chebyshev
technique [8] estimated the first higher order mode
cut-off frequency for step and parabolic index fibers within an accuracy of 0.17 % and 1.17 %, respectively. In
this regard our simple formalism seems to be quite consistent with the work [8] in predicting cladding decay
parameter and fundamental modal field in case of step
and parabolic index fibers.

Table 2: Values of Cladding decay parameter W for single-mode step
index fiber in the low V region

Table 3: Values of Cladding decay parameter W for single-mode parabolic index fiber in the low V region

meter as well as field both inside the core and cladding
for single-mode graded index fibers. Taking step and
parabolic index fibers as examples, we show that the
results predicted by our simple theory match excellently with the available exact results. Such excellent predictions in the low V region should favour these simple formulations being employed in the study of such
fiber characteristics, particularly for devices involving
evanescent field coupling.
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4 Conclusion
A linear variation of K1(W)/K0(W) with 1/W is formulated for a few intervals of W, where W < 0.6. With this
relation as the kingpin, we employ Chebyshev technique
in order to estimate accurately the cladding decay para-
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Fig. 1: Variation of normalised field ψ with normalised radius R for
single-mode step index fiber having (a) V = 0.4, (b) V = 0.8 and (c)
V = 1. 2

Fig. 2: Variation of normalised field ψ with normalised radius R for
single-mode parabolic index fiber having (a) V = 0.9, (b) V = 1.3 and
(c) V = 1.7
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