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Summary
A simple method based on Chebyshev technique is reported to predict the normalised group delay and modal
dispersian in single-mode optical fibers having arbitrary
index profiles with examples of step and parabolic index
cores. This method contains formulation of a linear relation of K!(W)/KO(W) with 1/W over a wide and practical range of W values, relevant to single-moded guidance in such fibers. Comparison with the exact numerical results shows that the proposed technique estimates
the dispersion parameters excellently.

1 Introduction

lised propagation constant W. The coefficients of the
power series are found from the solutions of simple algebraic equations obtained for different suitable
Chebyshev points [10].
In this communication, we report the applicablity of the
Chebyshev technique to predict the normalised group
delay and modal dispersion for weakly guiding singlemode graded index fibers in a simplified manner.

2 Theory
For weakly guiding fiber, the refractive index profile is
expressed as

One of the important parameters characterising a single) = n?[l-28f(R)],
mode fiber is its modal spot size from which one can
= n 2'
(1)
predict accurately the modal dispersion, bending loss etc
[1—4]. Further, of various recently proposed definitions
of spot size, Petermann II spot size [5] is specially conHere n, is the refractive index on the axis of the core
venient to predict the normalised group delay and modal
and n2 is the refractive index of the cladding. We have
dispersion. An accurate knowledge of the transverse field
also
ä = (n^ - Àæ)É2ôß\, R=r/a where a = core radius, f(R)
of the fundamental mode propagating in such fibers is
defining
the shape of the profile; for graded index fiber,
essential for evaluating the modal spot size. In order to
it
is
given
by
solve the scalar wave equation for an arbitrary index profile and obtain the fundamental modal field thereof, one
either resorts to numerical techniques or uses approxif(R) = R q ,
R<1
(2)
mate methods [6,7] except in the case of step index profile where analytic solution is known. The variational
techniques involving single parameter [8] as well as two
q being the profile exponent and its value being °° for
parameter [9] trial functions approximating the fundastep index fiber and 2 for parabolic index fiber.
mental mode of graded index fibers have been reported
The field \|/(R) for the fundamental mode in the core is
and it has been shown that the two parameter approxigiven by
mation interprets the propagation characteristics more
accurately than the single parameter approximation. All
these analyses, however, involve complicated computaAddress of authors:
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R*

The normalised modal dispersion parameter (b2) is
(Vb) and is expressed by [6, 7]

RdR

along with the boundary condition
WK,(W)
=Ã~ K 0 (W)

(4)

The fundamental modal field in the cladding is expressed as
4>(R)=K 0 (WR).

b22 = 2 —
dV

ß«ß-À
I-

i J UR;
·*·

dR

ç

(10)

Again, using the value of ø in (10) we can express b2
as

(5)

We have shown [10] in the appendix how \|f(R) is found
by the Chebyshev technique employing the linear relation of K,(W)/Ko(W) with 1/W for values of W appropriate for single-mode behaviour of the fiber.
The normalised group delay (bi) can be expressed in
terms of the modal field ø and the normalised propagation constant b (= W2/V2) as [6, 7],

dVVV
^4ç + T2WC(WC +2T5 - WCT52)Y

(H)

T 3 +2T 4 +T 2 (T 5 2 -l)

The first derivative with respect to V in (11) is carried
out numerically in order to calculate the normalised
dispersion parameter.

dR

b1, = —
dV

2

(6)
dR

It may be interesting to note that [5]

J'

dR

dRj

(7)
z

dR

where wd is the normalised Petermann II spot size.
Using the value of ø given by (A8) of appendix in (6),
we get [11, 12]
_W C 2
}1

t

2 (4T 1+ T 2 W C (W C+ 2T 5 -W C T 2 ))

~Ø 'Ø

T 3 +2T 4 +T 2 (T 5 2 -l)

(8)

where Wc is the value of W obtained by the present
Chebyshev technique and

3 Results and discussions
In order to check the validity of our formulation for normalised group delay and dispersion parameter, we compare our results with the exact results in case of step index
fiber and also with the available exact numerical results
for the parabolic index fiber as well. In Table 1 we have
presented the values of b| found by our technique along
with the available exact values [5] for a step index fiber.
It is seen that for V = 1.4, the error is maximum with a
value of 0.91 % and for V = 2.4, the error is minimum
with that of 0.09%. In Fig. 1, the solid curves represent
the variations of b[ and b2 with normalised frequency V
for a step index fiber [13] whereas the values obtained
by our model in the single-mode range are represented
by crosses. It is clearly seen from Fig. 1 that the values
predicted by our model agree excellently with the exact
ones. Similarly, for parabolic index fiber the variation
of b! and b2 are plotted against V in Fig. 2, where our
values, the exact numerical ones [1] and those based on
Gaussian approximation for the field [1] are presented
by crosses, solid and dashed lines respectively. We see
that Gaussian approximation which is taken to be sufficiently reliable for parabolic index fiber is not suita-

Table 1: Values of normalised group delay b, for step index fiber

V

+4A2A4 / 3 + 3A2A6 / 2 + 12A4A6 / 5
T 2 =(1 + A 2 + A 4 + A 6 ) 2
T 4 = A 2 / 2 + A4
+ A2 A4 / 4 + A2 A6 / 5 + A4 A6 / 6
T 5 = 1.034623 + 0.3890323 /W c .

(9)

bj (Found) b! (Exact) [5]

Error

1.4

0.764

0.771

1.6

0.917

0.913

0.91%
0.44%

1.8
2.0

1.012

1.006

0.60%

1.070

1.065

0.47%

2.2

1.105

1.102

0.27%

2.4

1.125

1.124

0.09%
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Fig. 1 : d(Vb)/dV and V d (Vb)/dV versus V for the fundamental mode
of weakly-guiding step index fiber (x our theoretical results based on
Chebyshev technique;
theoretical results [13])

ble as to predict the normalised group delay and modal
dispersion over the single-mode region of practical interest. On the other hand, our simple method based on
Chebyshev technique predicts results which agree nicely with the exact numerical ones in case of parabolic
index fiber.
Further, it may be relevant to mention that we have not
presented any data in the low V region, namely for V <
1.4 for step index and V < 1.9 for parabolic index fibers,
since our method is based on a linear approximation of
K,(W)/Ko(W) with 1/W in the interval 0.6 < W< 2.5.
However, observing the excellent predictions of our
model for intermediate and high values of V up to respective cutoff values, if one feels interested to extend
the analysis in the low V region for single-mode fibers,
one has formulate the linear relationship of
K,(W)/Ko(W) with 1/W for a few intervals of W where
W < 0.6. Such study will be reported shortly.

Journol of Optical Communications

Fig. 2: d(Vb)/dV and V d2(Vb)/dV2 versus V for the fundamental mode
of weakly-guiding parabolic index fiber (x our theoretical results based
on Chebyshev technique;
theoretical results [1];
theoretical results based on Gaussian approximation [1])

6 Appendix
Remembering that \)f(R) in case of fundamental mode
is an even function of R, ø(0) is nonzero and ø'(0) is
zero, we can approximate \|/(R) in terms of a Chebyshev
power series as [14, 15]
j=M-l

(Al)
j=0

The Chebyshev points are given by [15]

(A2)
For simplicity of calculations we take Ì = 4 [10] whereby we get

(A3)

j=0

4 Conclusions
We present a simplified analysis to investigate the normalised group delay and modal dispersion parameter for
single-mode graded index fibers. The analysis is based
on a linear formulation of Ki(W)/Ko(W) with 1/W over
a long and practical range of W values appropriate for
single-mode guidance in graded index fibers and also
approximation of the fundamental modal field by Chebyshev power series. With examples of step and parabolic index fibers, it is shown that the results predicted by
the proposed method agree excellently with the available results justifying the accuracy of our model.

and the corresponding Chebyshev points for Ì = 4 are
obtained from (A2) as
R 1 = 0.4338, R 2 =0.7818 and R3 =0.9749.

(A4)

The three values of R in (A4) and expression for ø in
(A3) are employed in (3) to get three equations as [10]
a 0 (v 2 (l-f( Ri ))-W 2 )
+ a 2 (4 +

R 2 (v 2 (l-f( R i ))-W 2 ))

+a 4 (l6R 2 +R?(v 2 (l-f(R i ))- W 2 ))
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+a6(36R? + Rf(v

2

(l-f( R i ))-W 2 )) = 0

i = l,2,3 imply the three equations.
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By least square fitting procedure for the interval 0.6 <
W < 2.5 we get [10]
K
, , = 1.034623 + 0.3890323 / W.
K 0 (W)

(A6)

Using (A3) in (4) together with (A6) we get
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( A7)

Clearly W for a given value of V can be found from the
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