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An attempt is made to obtain the complete set of solutions of Einstein's equations for a nonstatic
charged dust distribution with a comoving system of coordinates and the most general plane
symmetric metric, i.e.,
ds2 = exp [2u(x,t)] dt 2

-

exp [2v(x,t)] dx 2 - exp [2w(x,t)] (dy2

+ dz2).

The field equations have been reduced to a single ordinary differential equation which is
integrated in a particular case.
PACS numbers: 04.20. Jb, 02.30.Hq
R~

1. INTRODUCTION
If some matter distribution flattens in the form of a disk,
the likeliest symmetry it will have is plane symmetry. Since
in the universe there is no dearth of such flattened cosmological objects, study of matter distribution with plane symmetry has some relevance. Charge-carrying incoherent matter
in the form of dust is our concern here. Since it has already
been established 1 that plane-symmetric incoherent dust distribution in equilibrium is not possible in general relativity,
we seek solutions of Einstein's equations for a nonstatic
charge-carrying dust distribution with the most general
plane-symmetric metric given by
ds 2 = e2u(x,rldt2 _ e2v(x, r1dx 2 _ e2,*,r)(dy2 + dz2)

(1)

and
(t,x,y,z)=(XO,x l ,x 2,x3).

Some particular solutions of this type were previously reported by one of the present authors.2,3 The present paper is
an attempt to obtain the complete set of solutions of the
above type for a comoving frame, i.e.,
vO=

(go~)1/2

= 41Tp - F01Fol>
R OI = 2[w(w' - u')

+ (w' -

(3c)

w'zi)] = 0,

(3d)

and the Maxwell equations for the same to
FOI = C(x)e -(u+v+ 2w ),
41Tl7 = C '(x)e -

(v

+

(4a)

2w l,

(4b)

wherep is the mass density, uis the charge density andF/l. Vis

the electromagnetic field tensor whose only nonvanishing
componentsareFo l andF 10 due to symmetry of the problem.

(A dot indicates differentiation with respect to t and a prime
indicates differentiation with respect to x.)
Equations (3) and (4) provide the complete set of equations to be solved. However, to simplify the calculations we
make direct use of conservation laws as follows.
From (1) and (2) T/l.V;v = 0 gives
FOI = _ (p/u)u'e -(u+2v)

(5)

and conservation of mass gives
(6)

e " + 2Wp = const.

u
=e-

=e- 2U [w+2w 2 +w(zi-u)]
- e - 2V[W" + 2W,2 + w'(u' - v')]
=R~

}

(2)

and

v /l. = 0 for Il = 1,2,3.

From (4b) and (6), (p/u) must be a function of x and hence
C 2(x) = (p/u)2A 2(X),

(7)

where A (x) is some function of x. From (4a), (5), and (7),
u'e(2w-v l = -A (x).

(8)

From (3d) and (8),
(w'

2. FIELD EQUATIONS

R g = e- 2U [if + 2w + ii + 2zii - Ii(zi + 2w)]
- e- 2v [u" + u'(u' - v' + 2w')]

(3a)

= - 41TP

R] =
=
610
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Ii) = 0,

which on integration gives

Equations (1) and (2) reduce the Einstein field equations
for a charged dust to

+ FOlFop
e - 2u [if + zi2 - lizi + 2ziw]
- e - 2v[U" + 2w" + U'2 + 2W,2 41Tp + FOlFol ,

+ u') + (w' + u')(w -

v'(u'

+ 2w')]
(3b)

w'

+ u' = B(x)e("-W),

(9)

where B (x) is some function. From (8) and (9)

+ A (x)e(v- 2w).
Using (4b), Eq, (3a) - Eq. (2b) + 2xEq. (3c) gives
e - 2U(4w + 6w 2 - 4uw) - e - 2V(2w'2 + 4u'w')
w' = B (x)e(v- w)

(10)

= 2C2e -2w.

(11)

Putting w' and u' from (8) and (10) into (11) and integrating,
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±e

w=

U

{

[A 2(X) _ C 2(xll e - 4w + D (x)e - 3w

+ B 2(x)e - 2w j'"

(12)

where D (x) is some function. Similarly, using (4b), (6), and (12), Eq. (3a) - Eq. (3b) - 2 X Eq. (3c) gives
.
{[A '(x) ± C'(x)C(x)lA (x)]e-(u+2W) +B'(x)e-(v+2W) + [C 2(x) -A 2(x)]e- 4W - [D(x)l2]e- 3w j
u- ±
e- U{ [A 2(X) _ C 2(x)]e- 4w + D(x)e- 3w + B2(x)e- 2w jIl2
From (10), (12), andaw/ax = aw' / at one sees that the negative sign must be taken in ± C '(x)C (x)/A (x) in the above expression
for V, i.e.,
v= ± {[A '(x)-C'(x)C(x)lA (x)]r(u+2w) +B'(x)e-(u+ 2W ) + [C 2(x)-A2(xlle- 4W - [D(x)l2]e- 3w j
(13)
2
4W
e- U{ [A 2(X) _ C (x)]e- + D (x)e - 3w + B 2(x)e- 2Wjll2
and further
2B (x)[A (x)A '(x) - C (x)C '(x)]

= A (x)[D '(x) -

2A (x)B '(x)].

(14)

From Eq. (12) and (13)
v

-de I

= P (x,w)e + Q (x,w),
V

dw x=const
which is equivalent to
V

e = exp

[f P(x,w) dW]( f Q(x,w)exp [ - f P(x,w) dW] dw + R (X)},

but the special case of B (x)/A (x) = const can be solved as
follows

where R (x) is a function of x, and
[C 2(x) -A 2(X)] - !D(x)e W
_
,
P(x,w) [A 2(X) - C 2(x)] + D(x)eW+ B2(x)e2W
_
Q(x,w ) -

(15)

3. SOLUTION FOR A SPECIAL CASE

[A '(x) - C(x)C'(x)!A (x)] +B'(x)eW
[A 2(X) - C 2(x)]e- 2W +D(x)e- W+B2(X)

Now it can be checked through direct substitution that
all the equations of(3) and (4) are satisfied by Eqs. (10). (12),
(14). and (15) combined. Of these equations, Eq. (15) is already in the integrated form, (14) can be regarded as a definitionofD (x) for preassigned A (x),B (x), and C (x), and (12)can
be regarded as a definition of u. Thus we are left with Eq.
(10), where u is given by (15) and D (x) by (14) for arbitrarily
assigned A (x), B (x), and C (x). However, solving (10) where
e v is given by (14) and (15), seems to be an impossible task,

Take

B (x)

= kA (x),

(16)

where k is a constant. Here, from (8) and (9),

-dWI

+ 1 +kew=O,

du t=const
which on integration gives
e -w+k=e u ,

(17)

where the arbitrary fUnction of t arising in the integration
has been absorbed in e u. This is possible due to Eq. (1). Equation (17) reduces Eq. (12) to

(18)

Using (16) one can integrate (15) to get
k 2[A 2(X) - C 2(X)] = D (x) - 2kA 2(X)

+ I,

(19)

where I is an arbitrary constant.
We shall now show that if w is defined by (18) and u by
(17), A (x), C (x), and D (x) are connected by (19), and u is defined through (10), then that provides the complete set of
solutions for the special case B (x)!A (x) = const which is under consideration here. That Eqs. (10), (17HI9) are necessary for the present case has been shown already. That they
are sufficient to provide a solution can be seen as follows.
Equations (17) and (18) together ensures (12). Equations
(10), (12), and (19) together with the consistency condition
611
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aw/ax = aw'/at give (13). For the present case, (19) is equivalent to (14); (12) and (13) together ensure (15). Thus when
(16) holds, Eqs. (10) and (17H19) together are sufficient to
ensure (10), (12), (14), and (15), which in turn are sufficient to
ensure that all the field equations are satisfied.

4. CONCLUSION

Therefore, in summary, the coupled Einstein-Maxwell
equations for a nonstatic charge-carrying dust distribution
in a comoving frame with the most general plane symmetric
metric (1) reduces to Eq. (10), where u and u are given, respectively, by(12)and(15),andfurtherA (x),B (x), C(x),andD (x)
U. K. De and D. Ray
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are connected by (14). The complete solution has been possible only when B (x)1A (x) = const, in which case the solution
is given as follows, w is given by (18), u by (17), v by (10), and
A (x),B (x), C(x), andD (x) satisfy (16)and(19). A special case
of this solution was previously reported by one of the authors
in the case B (x) = O.
Although the equations have been completely integrated for B I A = const, the resulting equations still appear to be
too involved for physical conclusions to be drawn. However,
the fact that a class of exact solutions of Einstein's equations
for the metric (1) has been obtained seems to be significant,
because, although an extensive literature exists for the solu-
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tions for Einstein's equations for the plane symmetic metric,
dSl = e 2u(x,1 l(dt 2 - dx 2) - e 2u,ix,1 l(dy2 + dr), which is a special case of (1) for u = v, very few solutions are known for the
metric (1). The present paper may open up some possibilities
in that direction.
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