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Abstract
The traditional model-driven methods are not much efficient to predict the viscosity of nanofluids accurately. This study
presents a novel approach of using physics-guided deep learning technique for predicting viscosity of water-based
nanofluids from large dataset containing both experimental and simulated data of spherical oxide nanoparticles Al2O3,
CuO, SiO2, and TiO2. Further, this study introduces a novel methodology of combining deep learning methods and
physics-based models to leverage their complementary strengths. To the best of the author’s knowledge, theory-guided
deep learning prediction model was never used to predict viscosity before. The theory-guided deep neural networks
(TGDNN) model is trained by minimizing the mean square error (MSE) and regularization terms using Adam optimization
technique. The investigations reveal that the values of R2 , RMSE, and AARD% are, respectively, 0.999868, 0.001143, and
2.198887 on experimental testing dataset. The TGDNN model learns non-linear relationship among the input variables from
the training data. Additionally, the results show that the proposed method performed better than the other well-known
existing theoretical and computer-aided models to predict the viscosity in wide range with high level of accuracy.
Keywords: deep learning; hybrid physics data; neural network; nanoparticles; nanofluids; viscosity

Abbreviations
μbf :
ρ:
ϕ:
d:
T:
AARD:
AI:
DNN:
HPD:
MLP:

Viscosity of base fluid
Density of nanoparticle
Particle volume fraction
Size of the nanoparticle
Temperature
Average absolute relative deviation
Artificial intelligence
Deep neural networks
Hybrid-physics-data
Multilayer perceptron

MSE:
R2 :
ReLU:
RMSE:
TGDNN:

Mean square error
Coefficient of determination
Rectified linear unit
Root mean square error
Theory-guided deep neural network

1. Introduction
In recent years, nanoscience and nanotechnology are applied across various fields including both medical and engineering, which are basically related to nano-sized materials
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Physics-based smart model for prediction of viscosity
of nanofluids containing nanoparticles using deep
learning
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Zhao et al. (2015) presented a viscosity prediction model of
water-based nanofluid by using radial basis function. They also
studied the effect of temperature on the viscosity of nanofluids.
Then, Heidari et al. (2016) proposed a feed-forward multilayer
perceptron (MLP) ANN for the prediction of nanofluid viscosity.
In another study, Ahmadi et al. (2019b) introduced an Ag/water
nanofluid viscosity prediction model by applying multivariable
polynomial regression, ANN-MLP, and multivariate adaptive regression splines algorithms. They also analysed that ANN-MLP
is a more powerful approach than the other two algorithms.
Hemmati-Sarapardeh et al. (2018) published a review of AI-based
models and empirical correlations for predicting the viscosity of
nanofluids using an experimental dataset of different types of
nanofluids. They combined seven AI models named committee
machine intelligent system and reported that all the previous
computer-aided models (Gholizadeh et al., 2020) are not giving
very good accuracy on various ranges of attributes of the dataset
as the models were trained on small dataset (<3000), so we need
to further investigate for finding more powerful generalized
models.
Recently, deep learning models have achieved tremendous
success in AI (LeCun et al., 2015; Krizhevsky et al., 2017). Deep
Learning is a representation learning using deep neural network, which is basically inspired by the structure and functioning of the human brain. It is a powerful advanced method (Ding
et al., 2015; Gan et al., 2016; Khan & Yairi, 2018) that has the
potential to model high-level abstraction in the data by applying the advantage of multiple non-linear activation functions
in hidden layers. In this architecture, each layer corresponds
to different levels of non-linear abstraction, which breaks the
limits of machine learning and allows to process high representational power. All the existing works are based on simple
ANN architecture (not generalized). Black-box data-driven models simply identify the relationship between input variables and
the targeted output without knowing any scientific principles
driving real-world phenomena and thus can create results that
are inconsistent with physical laws. These models depend only
on available experimental data, which is often limited in scientific problems. To get physically consistent results, the idea
of combining scientific knowledge with neural network models is used in this study. The fundamental concept of hybridphysics-data (HPD) model is considered to construct a twocomponent model where the outputs of theory-based models
are taken as inputs in the neural network model (Karpatne et al.,
2017; Jia et al., 2019). Previously used ANN models are applied
on small data regime without knowing any physics, whereas
the theory-guided deep neural network (TGDNN) is a physicsbased theory-guided model that is trained on a large dataset.
Therefore, none of simple ANN models can be considered as
a general model to predict the viscosity of different types of
nanofluids.
Inspired by the above deliberation, we present a novel framework of viscosity prediction that combines the deep neural architecture with physics-based models, termed as TGDNN that
is trained on a large dataset of size 10000. There are two major
goals of this work. First, we introduce the paradigm of TGDNN
where physics-based models are systematically merged with
neural network models. Second, we provide a novel approach
for training the proposed neural network architectures utilizing
the knowledge contained in physics-based models to get physically meaningful predictions. Then, we present a brief idea of
the specific TGDNN formulation for predicting the viscosity of
Al2O3, CuO, SiO2, and TiO2–water nanofluid. The accuracy of the
model is obtained by evaluating the values of statistical criteria
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(Daniel et al., 2018; Ahmadi et al., 2019b). The combination of
conventional base fluid (such as water, ethylene glycol, and oil)
and nano-sized particles (metallic or non-metallic) is considered
as nanofluid (Mahanthesh et al., 2019). These nanofluids can effectively enhance the thermal properties like thermal conductivity, heat transfer rate, and viscosity of the base fluid (Pang
et al., 2015). Nanofluids are mainly used in medical science, nuclear reactor, electronics, and many industrial applications due
to their enhanced thermal properties. Thus, many researchers
have primarily focused on the improvement of heat transfer performance (Ahmadi et al., 2018a, c; Baghban et al., 2019b) by mixing nanoparticles into the base fluid. However, some researchers
have worked on nanofluid viscosity because of its huge application in practical problems (Zhao & Li, 2017; Ramezanizadeh
et al., 2019a). For instance, an experimental result of Cu–water
nanofluid has been made by Xuan and Li (2003) and according
to their report the nanoparticles can increase the heat transfer
effect drastically.
Viscosity is an important thermophysical parameter that describes the internal friction between adjacent layers of nanofluids. The change in viscosity can have a significant impact on
the flow variations and on the convective heat transfer coefficient of the nanofluid (Prasher et al., 2006). Esfe et al. (2016) provided an experimental observation that the thermal conductivity of nanofluid is affected by the nanoparticle volume fraction
and temperature of the nanofluid. In some experimental studies, it was deeply noticed that the viscosity of nanofluids is influenced by nanoparticle volume fraction and size (Godson et al.,
2010; Mahbubul et al., 2012). Further, few studies also observed
that viscosity is temperature dependent (Nguyen et al., 2007;
Pastoriza-Gallego et al., 2011). Recently, Baghban et al. (2019a)
proposed an ANFIS-based (adaptive network-based fuzzy inference system) swarm concept model for precise prediction of relative viscosity of nanofluids by taking input variables as the temperature, base fluid viscosity, nanoparticle volume fraction, diameter, and density.
The experimental process for calculating viscosity of
nanofluids is too difficult and time consuming, so it is necessary to develop some physics-based theoretical models to find
the viscosity of nanofluids. Einstein (1906) first developed a
viscosity prediction model based on linear viscous fluid with
low particle volume fraction. After few decades, Batchelor
(1977) and Wang et al. (1999) introduced theoretical models to
compute the viscosity of nanofluids. However, these models
fail to give a proper prediction of viscosity for higher particle
volume fraction (ϕ > 3%) of nanofluids. To solve this issue,
Abu-Nada (2009) and Masoud Hosseini et al. (2010) reported
an experimental correlation for Al2O3–water nanofluid with
the effects of both nanoparticle volume fraction (0 ≤ ϕ ≤ 9%)
and temperature. Furthermore, Khanafer and Vafai (2011)
also developed viscosity correlations of TiO2–water nanofluid
based on experimental data of Duangthongsuk and Wongwises
(2009). They mentioned that these correlations are functions of
both temperature and nanoparticle volume fraction. Also, an
influential correlation of nanofluid viscosity was expressed by
Nguyen et al. (2007). However, the accuracy of these models is
uncertain due to the dependence of various effective parameters and simplifying assumptions in their models. As recent
developments have been dramatically changed due to the
success of artificial intelligence (AI) and high-speed computing
performance using GPU, many researchers have utilized the
artificial neural network (ANN) approach (Vaferi et al., 2016;
Ahmadi et al., 2018b, 2019a; Ramezanizadeh et al., 2019b) for
predicting viscosity and thermal conductivity of nanofluids.

601

602

Physics-based smart model for prediction of viscosity

such as R2 , AARD%, and root mean square error (RMSE). At last,
a sensitivity analysis has been performed to determine the relative importance of different input variables on output variable
of the proposed model.

2. Related Work
In this section, some most popular theoretical and empirical
models for estimating the viscosity of nanoparticle suspensions
as well as nanofluids are discussed.

2.1. Theoretical models

μnf = μbf (1 + 2.5ϕ),

μbf
.
(1 − ϕ)2.5

(2)

Furthermore, Lundgren (1972) proposed a viscosity prediction model for dilute concentrations of random spherical
nanoparticles using Taylor series expansion as shown in equation (3) where the higher order terms [O(ϕ 3 )] are generally not
considered.


 
25 2
μnf = μbf 1 + 2.5ϕ +
ϕ + O ϕ3 .
(3)
4
Moreover, in another work, Batchelor (1977) included the
combine effect of Brownian motion and the interactions between pair of nanoparticles on bulk stress in a suspension of
rigid spherical particles, which is of the order of ϕ 2 (ϕ < <1).
Batchelor’s model is expressed as


μnf = μbf 1 + 2.5ϕ + 6.2ϕ


2

.

(4)

Abedian and Kachanov (2010) proposed another viscosity
prediction model and claimed that his model can give better
results than Einstein’s formula (equation 1) for higher particle
volume fraction (ϕ > 2%). The expression of this model is given
below:
μnf =

μbf
.
(1 − 2.5ϕ)

(5)

In addition, Masoumi et al. (2009) proposed a theoretical
model to calculate the viscosity of nanofluids by considering the
effect of Brownian motion of nanoparticles, which is expressed
as
μnf = μbf +

ρVb dp 2
,
72C δ

Then, Chen et al. (2007) developed a correlation model while
investigating the viscosity of TiO2–ethylene glycol nanofluid, described as


μnf = μbf 1 + 10.6ϕ + (10.6ϕ)2 .
(8)
Corcione (2011) presented the following empirical correlation
for predicting the viscosity of various nanofluids based on a wide
range of experimental data available in the literature. The ranges
of nanoparticle diameter and volume fraction are taken from 25
to −200 nm and from 0.0001 to −0.071, respectively, for nanofluids consisting of alumina, titania, silica, and copper nanoparticles.
μnf
1
=
,
−0.3 1.03
μbf
1 − 34.87 (dp /df )
ϕ

(1)

where μnf and μbf are the viscosity of nanofluid and the base
fluid, respectively.
Then, Brinkman (1952) modified Einstein’s formula that is applicable for slightly higher volume fraction (ϕ < 4%), expressed
as
μnf =

Unlike the theoretical one, some researchers worked on empirical correlations for predicting the viscosity of nanofluids that
are based on a small experimental dataset.
Wang et al. (1999) derived such correlations as


μnf = μbf 1 + 7.3ϕ + 123ϕ 2 .
(7)

(6)

in which Vb is the Brownian velocity, δ is the distance between
the centers of particles, and C is the correction factor, all of
which are elaborately described in Masoumi et al. (2009).

(9)

in which df is the equivalent diameter of a base fluid molecule,
given by
1/3

6M
.
(10)
df = 0.1
Nπρ f 0
Maiga et al. (2004) used least squared approach to fit the
model from real experimental data for predicting the viscosity
of water–alumina and ethylene glycol–alumina nanofluids. The
proposed models are described as follows:


μnf = μbf 1 + 7.3ϕ + 123ϕ 2

(11)



μnf = μbf 1 − 0.19ϕ + 306ϕ 2 .

(12)

μnf = μbf exp(4.91ϕ/(0.2092 − ϕ))

(13)

Rea et al. (2009) also proposed some correlations by fitting
models on experimental data for estimating the viscosity of alumina water-based nanofluids. They suggested that this correlation can be applicable for up to 6% volume fraction of alumina
nanoparticles.

Recently, Meybodi et al. (2016) proposed a correlation as a
function of nanoparticle size (S), volume fraction, and temperature as follows:
A1 + A2 exp( ϕS ) + A3 (exp( ϕS ))2 + A4 (exp( ϕS ))3
μnf
,
=
(ln(S))2
ln(S)
μbf
+ A7
A5 + A6
T

T

where the unknown coefficients are given in Table 1.

Table 1: Tuned coefficients of the correlation.
Coefficient
A1
A2
A3
A4
A5
A6
A7

Tuned coefficient
1.3354064976 × 102
−3.4382413843 × 102
2.9011804759 × 102
−7.8993120761 × 101
9.1161630781 × 10−1
3.2330142333 × 101
−1.1732514460 × 101

(14)
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Einstein (1906) established a viscosity prediction model for
nanoparticle suspensions. Then, some researchers (Brinkman,
1952; Lundgren, 1972; Batchelor, 1977) developed few different
theoretical viscosity prediction models that are based on the
Einstein’s model. They have suggested that Einstein’s model is
applicable only for lower particle volume fraction (ϕ < 2%). The
Einstein’s model is given as

2.2. Empirical model
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In the recent years, there are also few more proposed empirical correlations (Hemmati-Sarapardeh et al., 2018) available
based on experimental data in the literature and it has been reported in this study that these correlations except Wang et al.
(1999) produced high deviations from the experimental data.
Therefore, all the correlation models cannot be considered as
a generalized model to predict the viscosity of different types of
nanofluids.

3. Methods
3.1. Formation of HPD model

fHPD : D = [I, Yphy ] → Ytrue ,
which is pictorially depicted in Fig. 1. In this approach, if Yphy =
Ytrue then HPD model can accelerate to predict Ytrue . However,
if Yphy (=Ytrue ) has some discrepancies, then such models can
extract complex features from the domain of input variables and
minimizes our knowledge gaps.
In this study, we chose Masoumi et al. (2009) as physics-based
model for predicting nanofluid viscosity, which is already discussed in Section 2. Next, the available training data are used in
the chosen physics-based model to create simulated nanofluid
viscosity, μphy , at every set of input instances. These simulated
viscosity data (μphy ) are in good agreement with physical laws
that are utilized to build the chosen model (Masoumi et al., 2009).

Figure 1: A schematic diagram of a hybrid physics data model for viscosity prediction.

Hence, using these viscosity data can give a physically consistent initialized model.

3.2. Modeling of nanofluid viscosity using TGDNN
Deep neural network is a feed-forward neural network consisting of an input layer, an output layer, and an arbitrary number
(≥2) of fully connected hidden layers. The DNN finds the correct mathematical manipulation to turn the input into the output, whether it be a linear or non-linear relationship as stated
in universal approximation theorem (Csáji, 2001). The term deep
learning was first proposed by Dechter (1986) in 1986. This algorithm finds complex non-linear structures between input data
and the target variable. Deep learning algorithms have been successfully employed in the field of healthcare industry, natural
language processing, and speech recognition (Huang & Kingsbury, 2013; Sarikaya et al., 2014; Peng et al., 2018; Gautam &
Sharma, 2020), etc. More recently, applications of DNN have been
used in engineering, especially when large datasets are considered. As viscosity data are being generated by real experiments
day by day and therefore the volume of data is being increased,
deep learning is the most appropriate technique for extracting
hidden information from huge amount of data. To understand
DNN architecture, we define a function y: IRN → IRM with N neurons as input and M neurons as output variables. We index the
layers by taking 0 as input layer and L as output layer and we
consider the number of neurons in each layer by k0 = N, k1 , k2 ,
...., kL = M. We define winj as the inter-connection weight between
the j-th neuron in the (n − 1)-th layer and i-th neuron in the nth layer with 0 < n ≤ L. Then, the output of each neuron can be
expressed as a function of a linear combination of the output of
neurons in the previous layer, which is explained as follows:
ykn = φ n (

kn−1


n n−1
yj ) + bkn ,
wkj

(15)

j=1

in which φ n is defined as the activation function between (n −
1)-th and n-th layer, and bk represents the bias of the n-th layer.
The network can be expressed in matrix form as
Y n = φ n (Wn Y n−1 ) + B n

for

n = 1, 2, ..., L ,

(16)

where Wn = [winj ] is the matrix weights corresponding to the layers l − 1 and l, and the column vectors Y n = [ynj ] and B n = [bnj ] are
the output and bias of the n-th layer, respectively. A schematic
diagram of this neural network having six neurons as input, one
neuron as output, and six fully connected hidden layers is shown
in Fig. 2.
In order to obtain best predicted results, various steps have
been employed. In the present model, density of nanoparticles, nanoparticle volume fraction, nanoparticle size, temperature, the viscosity of base fluid, and the simulated viscosity of
nanofluids obtained from the given theoretical model, Yphy , are
taken as input variables, all of which are physically related to
the target variable of interest Ytrue (observed viscosity). In deep
learning-based prediction models, the dataset usually is divided
into training and testing data. The cross-validation technique is
widely used and preferred validation technique in deep learning
as it differs from the conventional data splitting approach. This
approach is used to reduce the variance in prediction error and
it uses maximum data for both training and validation, without
overfitting or overlapping between the test and validation data.
Mostly, the cross-validation results obtained from 10-fold crossvalidation are computed as follows:
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To improve the performance of the model with a limited number of collected experiential data, an HPD model is considered,
which is discussed in this section. At the beginning, we are given
a set of input variables, I, that are physically related to a target
variable of interest, Ytrue . A standard way of training the neural network model is shown by the function fnn : I → Ytrue , which
provides the poor approximation of target variable, Ypred . Analogously, we consider a physics-based model, fphy : I → Ytrue , to
generate the simulated values of the target variable, Yphy . Furthermore, Yphy is not an exact value of the target variable, Ytrue ,
due to simplifications or lacking physics in Yphy . The main contribution of this pre-training algorithm is to serve a better initial status for the training of our proposed model with less observed data and leverage the knowledge of hidden physics. In
the process of combining both fphy and fnn models, we consider
the simulated outputs of physics-based model, Yphy , as an additional input variable in the neural network model and hence the
HPD model is stated as
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Table 2: Statistical criteria applied for model validation.
Statistical
criterion

In the TGDNN model, Adam optimizer (Kingma & Ba, 2014)
is applied to update the network parameters by minimizing the
sum of MSE, L1 and L2 norms of network weights RW , where RW
is called as the regularization term, which are described in equations (18) and (19).

Expression
 N

k=1 (μpre ,k −μexp,k )

RMSE

100
N

AARD(%)
R2

1−

N

k=1

N

2

N

|μpre ,k −μexp,k |
μexp, k

MSE =

2

k=1 (μpred ,k −μexp,k )

N

k=1

′

x−μ
,
σ

k=1

2

(μpre ,k − μexp,k )
,
N

(18)

2

(μpred ,k −average(μexp ,k ))

R W = λ1 W

1. Randomly split D into 10 partitions with almost equal
sizes.
2. for k from 1 to 10 do
3. R ← Partition k from D.
4. T ← D\R.
5.
Use T to train the model.
6.
Err k ← Use the trained model to predict R.
1 10
7. Err ← 10
k=1 E rrk ,
where D, T , and R represent dataset, training set, and test
set, respectively.
A normalization technique is applied to the training dataset
and testing dataset, given as
x′ =

N

(17)

in which x is the normalized value of the input variable x and
μ and σ are, respectively, the mean and variance of each column vector of the training input dataset. Normalization of input data is a very important step in deep learning to avoid a
wide range of data variation. In the next step, several activation
functions are examined and ReLU activation function is adopted
for all the hidden layers and sigmoid function in output layer in
the proposed network. ReLU is a piecewise linear function and
commonly used in CNNs (convolutional neural network) (Nair &
Hinton, 2010). Gensler et al. (2016) discussed the deep learning
algorithm for forecasting solar power energy and analysed the
advantages of using ReLU as an activation function. Various statistical measures are performed to find the best predicted model,
which are provided in Table 2.

1

+ λ2 W 2 ,

(19)

in which μexp ,k and μpre,k are the true and predicted values of the
k-th input data, respectively, and λ1 and λ2 are hyper-parameters
to control the network weights W of model complexity
loss.
A comparative study for the selection of an optimizer among
Adam, Nadam, RMSprop, and SGD (Duchi et al., 2011) techniques
is also discussed to train the TGDNN model. This study concludes that Adam, Nadam, and RMSprop perform better than
other SDG optimizers as shown in Figs 3–5. Four different learning algorithms are used to determine which one is the most
appropriate optimizer for predicting accurate viscosity of the
nanofluids. The comparative results, which are obtained based
on the MSE, RMSE, and number of epochs, are presented in
Figs 3 and 4. For instance, it is found that the convergence
performance of different types of SGD is too much poor. On
the other hand, it can be seen that convergence was achieved
in fewer epochs for the Adam and Nadam optimization algorithms. It is observed from Figs 3–5 that Adam and Nadam have
lowest training or validation RMSE and highest training or validation accuracy whereas other optimizers are still underfitting after 80 epochs. Adam is used in our proposed model as
the performance of Nadam is exactly similar to Adam in our
databank.
One of the fundamental procedures to predict the performance of TGDNN network is by adjusting the number of hidden
layers and the number of neurons in each layer. The architecture
of TGDNN model is provided in Table 3. Finally, the accuracy of
the network is tested by calculating the different statistical criteria defined in Table 2.
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Figure 2: A schematic of the TGDNN model for the prediction of viscosity of nanofluids.
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Figure 4: Comparisons of different optimizers based on RMSE of TGDNN model for (a) training and (b) validation data, respectively.

Figure 5: Comparisons of different optimizers based on accuracy (MSE) of TGDNN model for (a) training and (b) validation data, respectively.

Table 3: The number of units in the layers of the final TGDNN model.

Layers
1
2
3
4
5
6
7

No. of neurons

Activation
function

500
400
300
200
100
10
1

ReLU
ReLU
ReLU
ReLU
ReLU
ReLU
Sigmoid

3.3. Implementation
TGDNN model was trained using Keras package and TensorFlow
backend on Google Colab using python programming language.
We used the Adam optimizer to minimize the loss function
of the model parameters of the neural network and batch size
of 256 with maximum number of epochs equal to 500. TGDNN
is formed by fully connected neural network architecture using
Keras Dense layer. The value of hyper-parameters λ1 and λ2 is
taken equal to 1 during training. The neural network weights are
randomly initialized using uniformly generated random numbers between 0 and 1.
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Figure 3: Comparisons of different optimizers based on loss (MSE) of TGDNN model for (a) training and (b) validation data, respectively.
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Table 4: Detail specifications of experimental and simulated datasets.
Experimental dataset
Nanoparticle

TiO2

SiO2

CuO

All

Data points
Volume fraction (%)
Base fluid viscosity (mPa.s)
Size (nm)
Temperature (K)
Density (gm/cm3 )
Nanofluid viscosity (mPa.s)
Simulated dataset
Nanoparticle
Data points
Volume fraction (%)
Size (nm)
Temperature (K)
Density (gm/cm3 )
Basefluid viscosity (mPa.s) Jamshidi et al. (2012)
247.8
μ = 2.414 × 10−2 × 10( (T−140) )

450
0.03–13
0.393–1.306
13–100
283.15–345.15
3.7
0.431–4.864

150
0.20–11
0.404–1.306
21–76
283.15–343.15
4.26
0.412–3.091

100
0.45–4
0.393–0.995
12–76
293.15–345.15
2
0.593–4.215

200
0.15–7
0.438–1.306
11–33
283.15–337.15
6.31
0.477–4.189

900
0.03–13
0.393–1.306
11–100
283.15–345.15
2–6.31
0.412–4.864

Al2 O3
3990
0.01–10
10–100
283.6–341.6
3.7
0.415–1.283

TiO2
1900
0.01–7
20–80
283.12–344.92
4.26
0.390–1.301

SiO2
1700
0.01–7
12–90
283.10–345.15
2
0.390–1.328

CuO
1510
0.01–7
11–70
283.12–340.10
6.31
0.418–1.301

All
9100
0.01–7
10–100
283.12–345.15
2–6.31
0.39–1.328

Nanofluid viscosity (mPa.s) Wang et al. (1999)
[μnf = μbf (1 + 10.6ϕ + (10.6ϕ)2 )]

0.456–4.1578

0.436–4.1578

0.436–4.2278

0.467–4.1578

0.435–4.2278

w

Figure 6: Validation of the results of TGDNN model on experimental (a) training and (b) testing data.

4. Results and Discussion
In this part, the aforementioned procedure is employed to infer the viscosity of nanofluids and the considerable effect of the
relevant parameters are visualized.

4.1. Data collection
One of the important parts for accuracy and reliability of the
proposed TGDNN model is collecting data from different experimental works (Wang et al., 1999; Nguyen et al., 2007; Lee et al.,
2008; Tavman et al., 2008; Anoop et al., 2009; Duangthongsuk &
Wongwises, 2009; Pastoriza-Gallego et al., 2009; Duangthongsuk
& Wongwises, 2010; Chandrasekar et al., 2010; Kwek et al., 2010;
Pastoriza-Gallego et al., 2011; Fedele et al., 2012). As previously
noticed from various studies, the viscosity of a nanofluid depends on temperature, nanoparticle size and density, nanoparticle volume fraction, and viscosity of the base fluid. In small
data regime, most of machine learning techniques are lacking
robustness and unable to predict the accurate value. So it is necessary to provide a large dataset for training of the proposed
model. As there are very limited number of experimental data
for viscosity of nanofluids available in the literature, two well-

cited models (Wang et al., 1999; Jamshidi et al., 2012) are used to
generate labeled data in wide range. In this study, a total number of 10 000 viscosity data of water-based Al2O3, TiO2, SiO2, and
CuO nanofluids are used to construct the dataset of which 900
data points are experimentally collected and the remaining are
simulated data. The details of experimental and simulated data
for TGDNN model are provided in Table 4. Next, 90% of simulated data and 90% of experimental were used for training of
the TGDNN model and remaining 10% were used for testing purpose.

4.2. Analysis of prediction performance and
validations of the results of TGDNN
As mentioned earlier, the accuracy of viscosity prediction models is influenced by various parameters. The proposed TGDNN
architecture is shown in Fig. 2 with nanoparticle volume fraction ( ), nanoparticle size (d) and density (ρ), temperature (T),
viscosity of base fluid (μbf ), and simulated viscosity (μphy ) of the
nanofluid as input variables and viscosity of nanofluid (μnf ) as
target variable of interest.
We have validated the results of TGDNN model with
nanofluid viscosity of real experimental data. In Fig. 6a and b,
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Figure 8: (a) Error histogram of the difference between experimental and predicted viscosity of nanofluids. (b) Variation of R2 with respect to the number of epochs on
training and validation data.

Table 5: Average performance of the proposed TGDNN model during
10-fold cross-validation.
Epochs
1
2
3
4
5
200
300
350
400
500

RMSE

R2

0.023878
0.033523
0.012548
0.022609
0.025984
0.003056
0.002263
0.002422
0.001851
0.001321

0.94926
0.891055
0.979153
0.948246
0.945689
0.998737
0.999072
0.999251
0.999523
0.999767

the experimental viscosity and the predicted values of viscosity
that comes from the present model are taken along the horizontal and vertical axes, respectively. From these scatter diagrams,
it is found that all the points are very close to the line passing
through origin for both training and testing data points, which
shows that TGDNN model performed to be good in agreement
with experimental values. The loss history of training and testing stages is illustrated in Fig. 7a. Monitoring the loss history, it is
found that the tendency of loss on validation data is similar with
training data in various epochs and the generalization is noticed
after 150 epochs. For further verification, the RMSE in every stage
(for training and validation) is analysed and demonstrated in

Fig. 7b. According to Fig. 7b, the best RMSE for both training and
validation process is achieved at epoch 500. The modeling error
of the TGDNN approach is provided in Fig. 8a using histogram
diagram on testing data. Here, modeling error is defined as the
difference between experimental and predicted measurements
of viscosity. It is observed from Fig. 8a that the frequency of prediction error near the zero is very high. Therefore, TGDNN model
can be applied to predict the viscosity of nanofluids efficiently
without performing any real experiment.
The coefficient of determination (R2 ) is a statistical measure
that is used to find the accuracy of predictive model. It is obtained by averaging the values of R2 in 10-fold cross-validation
on entire dataset. From Table 5, it is found that the value of R2 is
more than 0.99 after 200 epochs, which concludes that the proposed model explains all the variations of response data around
its mean. The graphical verification of R2 is shown in Fig. 8b.
Based on Table 5, the values of statistical parameters for the proposed TGDNN model at epoch 500 show excellent results (R2 :
0.999767, RMSE: 0.001321). This implies that TGDNN is a smart
model to predict the viscosity of nanofluids more accurately.

4.3. Comparisons of proposed TGDNN model with
some theoretical and empirical models
The ability of the proposed TGDNN procedure is judged by observing the Figs 9–13. Most of the correlations described in Section 2 are directly related to the nanoparticle volume fraction, so
it is necessary to check our proposed viscosity prediction model
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Figure 7: (a) Variation of loss (MSE) of the TGDNN model with respect to the number of epochs. (b) Variation of RMSE of the TGDNN model against the number of
epochs.
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Figure 10: Comparison of TGDNN-predicted viscosity with experimental data and some theoretical models for increasing values of temperature: φ = 1% and dp =
47 nm.

Figure 11: Comparison of TGDNN-predicted viscosity with experimental data and some theoretical models for increasing values of temperature: TiO2 with φ = 1% and
dp = 21 nm.

in comparison with other models due to change in nanoparticle volume fraction. Figure 9 represents the comparisons of
TGDNN-predicted viscosity and the experimental data (taken
from test dataset) and with the values obtained from some wellcited models as a function of nanoparticle volume fraction for
the Al2O3–water nanofluids. From this figure, it is found that the

viscosity of the nanofluid increases tremendously with the increment of nanoparticle volume fraction and the predicted values are consistent with the experimental data. It is also noted
that the predicted values by using Chen et al. (2007) and Wang
et al. (1999) models are performing well than the empirical model
developed by Meybodi et al. (2016) because these models con-
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Figure 13: Comparison of TGDNN-predicted viscosity with experimental data and some theoretical models for increasing values of temperature: CuO with φ = 1% and
dp = 29 nm.

sider only the impact of nanoparticle volume fraction and neglect the other affecting parameters. Another important observation can be seen from this plot that the predicted viscosity
values obtained from Wang et al. (1999) model are in close agreement with experimental data for low nanoparticle volume fractions. This figure also indicates that all available methods fail to
give accurate predictions of nanofluid viscosity in all ranges of
nanoparticle volume fraction, but our proposed TGDNN model
has better ability for predicting the viscosity more accurately in
a wide range of nanoparticle volume fractions.
Figure 10 demonstrates the comparisons of experimental viscosity with the results of TGDNN model and the values coming
from other models for Al2O3–water nanofluids with a nanoparticle diameter of 47 nm and a nanoparticle volume concentration
of 1% as a function of temperature. According to this figure, the
predicted viscosity of the nanofluids decreases with the increase
of temperature. The impacts of temperature and nanoparticle
diameter on the nanofluid viscosity are ignored explicitly for
Brinkman (1952), Batchelor (1977), Lundgren (1972), Abedian and
Kachanov (2010), and Chen et al. (2007) models. However, viscosity of base fluid is temperature dependent, so the changing of
nanofluid viscosity against temperature for these models only
shows the impact of temperature on the base fluid viscosity.
Brownian motion of nanoparticles and the interactive force between nanoparticles are also influenced by temperature. These

additional effects are considered in the proposed model by using TGDNN methodology. According to Fig. 10, Meybodi’s (Meybodi et al., 2016) model is not in agreement with actual experimental data, although quite better results are obtained by the
other models. From Figs 9 and 10, it is noticed that our proposed model gives the best agreement with the experimental
data in comparison with others models. The Figs 11–13 illustrate
the comparisons of TGDNN-predicted viscosity of TiO2, SiO2,
and CuO nanofluids with the values obtained by the different
models. Furthermore, a similar analysis for predicting the effect of temperature on the viscosity of TiO2/water, SiO2/water,
and CuO/water nanofluids is performed. According to Figs 11–
13, the viscosity obtained by the existing models does not truly
agree with the real experimental data. The above discussion
mentioned that the TGDNN model is well trained and it is an
effective and reliable tool to compute the viscosity of nanofluids
much better than the other existing models.
The TGDNN model can also effectively predict the viscosity of the nanofluids with the variations of nanoparticle volume fraction and temperature and it is seen that predicted
values obtained from the trained TGDNN model are in very
good agreement with the experimental data. This indicates that
the TGDNN viscosity prediction model has better compatibility for predicting the viscosity of water-based nanofluids. From
the comparison plots of the different models (Brinkman, 1952;
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Figure 12: Comparison of TGDNN-predicted viscosity with experimental data and some theoretical models for increasing values of temperature: SiO2 with φ = 4% and
dp = 12 nm.
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Table 6: The AARD% of different models for the prediction of viscosity based on experimental dataset.
Figures

TGDNN
(Present model)

Brinkman
(1952)

Batchelor
(1977)

Wang et al.
(1999)

Lundgren
(1972)

Abedian el al.
(2010)

Chen et al.
(2007)

Meybodi et al.
(2016)

Fig. 9
Fig. 10
Fig. 11
Fig. 12
Fig. 13

0.368347
0.971197
0.792046
0.440705
1.394714

16.144857
3.459833
14.462639
77.791815
5.708236

15.875295
3.416211
14.410482
77.589922
5.650741

4.421401
2.830525
9.787033
69.942231
2.937633

15.871307
5.511706
16.528048
77.588578
5.650648

15.842526
5.511706
16.528048
77.567490
5.649267

2.743002
5.435090
16.460364
67.620951
4.157205

85.933353
77.610188
82.132688
94.141990
78.621134

Table 7: Statistical parameters of different models on experimental testing data.
Model

AARD%

RMSE

0.912677
0.913722
0.913749
0.976090
0.979067
0.913749
0.058314
0.999868

5.708236
5.650741
5.650648
2.937633
4.157205
5.649267
78.621134
2.198887

0.065743
0.065348
0.065348
0.034401
0.032188
0.065338
0.651798
0.001143

Table 8: Performance of TGDNN in comparison with MLPNN on training dataset.
R2

RMSE

AARD%

No. of epochs

CPU time in seconds

0.993054
0.999987

0.006081
0.001015

6.573604
2.013516

9000
500

1825
1137

Model
MLPNN
This study (TGDNN)

TGDNN has higher accuracy in comparison with the other models. The values of RMSE, AARD%, and R2 indicate the excellent
predictive ability of our model within the domain under study.

Batchelor, 1977; Wang et al., 1999; Abedian & Kachanov, 2010),
it is noticed that Wang et al. (1999) and Chen et al. (2007) models perform better than other exiting models to predict viscosity but cannot be usable for wide ranges of nanoparticle volume
fraction, temperature, and nanoparticle size. The main reason
is that these models are unable to explain the relationship between the nanofluid viscosity and the factors affecting nanoparticle volume fraction, temperature, and nanoparticle size. However, TGDNN model is able to extract non-linear relationships
between the inputs and target variable of interest (μnf ) and thus
removes all these limitations.
The AARD% of different models based on experimental data
are provided in Table 6. As can be observed, the proposed TGDNN
model gives lowest AARD% values in all cases comparing with
the other models. Among all mentioned models, only Meybodi’s
model considered temperature as an input parameter. However,
it can be observed from Table 6 that the AARD% values of this
model are not acceptable due to its higher AARD% values in
all cases. As can be observed from Figs 9–13 and Table 6, predictions of the viscosity of nanofluids of TGDNN are in good
agreement with real experimental data for all nanofluids examined unlike to the other theoretical and empirical models. The
TGDNN model is a smart and powerful tool for modeling complex non-linear relationships among input variables as it uses
HPD model.

Among all computer-aided models, the MLPNN (Gholami et al.,
2018) is one the most popular models for viscosity prediction.
Table 8 shows the comparisons of predictive accuracies between
the TGDNN and MLPNN models based on various statistical criteria such as R2 , AARD%, RMSE, and CPU time. A single hidden
layer feed-forward network with 14 hidden neurons is considered as an optimal network for the MLPNN model to predict the
viscosity of various alumina-based nanofluids and the accuracy
R2 = 0.99947 and AARD% = 4.13 were reported (Gholami et al.,
2018) in their databank. It is observed from the table that MLPNN
model takes more CPU time during the training process to obtain
high accuracy in our databank. The CPU time taken by TGDNN
model is 1137 seconds, which is less than the CPU time taken by
MLPNN. It is also found that with this configuration of network,
MLPNN model takes at least 9000 epochs to achieve performance
score R2 = 0.993054 and AARD% = 6.573604, whereas the applied
TGDNN model takes maximum 500 epochs to get the accuracy
R2 = 0.999987 and AARD% = 2.013516.

4.4. Statistical comparisons

5. Sensitivity Analysis

The comparisons among popular existing models with the proposed model are provided in Table 7. According to this table, the
applied TGDNN model has the maximum R2 value and minimum values of AARD% and RMSE. It reveals that the proposed

A sensitivity analysis of the proposed TGDNN model on experimental testing data was performed in order to determine the
relative importance of input variables in the predicted values
of viscosity. The performance of this sensitive analysis is given

4.5. Comparisons of training performance with
ANN-based model
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Brinkman (1952)
Batchelor (1977)
Lundgren (1972)
Wang et al. (1999)
Chen et al. (2007)
Abedian and Kachanov (2010)
Meybodi et al. (2016) (equation 14)
This study (TGDNN)

R2
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Table 9: Network performance evaluation considering different inputs on experimental testing data.
Test no.
Group of one variable

Group of two variables

Group of three variables

Group of four variables

All
All + fphy

ρ
d
ϕ
T
μbf
ρ+d
ρ+ϕ
ρ+T
ρ + μbf
d+ϕ
d+T
d + μbf
ϕ+T
ϕ + μbf
T + μbf
ρ+d+ϕ
ρ+d+T
ρ + d + μbf
ρ+ϕ+T
ρ + ϕ + μbf
ρ + T + μbf
d+ϕ+T
d + ϕ + µbf
d + T + μbf
ϕ + T + μbf
ρ+d+ϕ+T
ρ + d + ϕ + μbf
ρ + d + T + μbf
ρ + ϕ + T + μbf
d + ϕ + T + μbf
ρ + d + T + ϕ + µbf
ρ + d + T + ϕ + µbf + fphy

in Table 9. Based on the tabulated values, nanoparticle volume
fraction is the most sensitive independent variable in the group
of one-variable models as it has higher R2 (0.182078) and lower
RMSE (0.055962) and AARD% (29.941810) in comparison with
other independent variables (density, size, temperature, and viscosity). For the group of two variables, the maximum value of
R2 (0.787390) is obtained at test number 13, which corresponds
to the combination of volume fraction (ϕ) and temperature (T).
However, the maximum value of R2 ≈ 0.987848 along with RMSE
≈ 0.006569 and AARD% ≈ 4.341770 is obtained in the combination of three variables, which are related to the group of inputs
d, ϕ, and T. According to Table 9, the addition of fourth variable
density (ρ) to the previous combination increases the value of R2
from 0.987848 to 0.996383 whereas RMSE and AARD% decrease
to 0.004554 and 2.941142, respectively. Finally, for the present
model with the combination of five variables (ρ, T, d, ϕ, and
μbf ) and fphy , maximum R2 (0.999868) and AARD% (2.198887) and
RMSE (0.001143) are observed. So the additional feature fphy plays
a vital role to improve the prediction of viscosity of nanofluids
in this model.

6. Conclusions
This study presents a novel framework of TGDNN model for predicting viscosity of nanofluids, by adding the outputs of physicsbased model into the dataset as an additional input feature as
well as by minimizing the MSE and regularization term to guide

R2

RMSE

AARD%

0.159495
0.166033
0.182078
0.130282
0.130758
0.165986
0.597463
0.160341
0.159505
0.579091
0.353057
0.327590
0.787390
0.683442
0.137138
0.503393
0.405782
0.251332
0.948851
0.940270
0.181684
0.987176
0.987848
0.286458
0.736094
0.996383
0.995178
0.401416
0.993731
0.991921
0.996900
0.999868

0.061553
0.064821
0.055962
0.093473
0.094945
0.025274
0.066957
0.111821
0.097598
0.044428
0.075865
0.108008
0.031475
0.043664
0.091459
0.050123
0.048782
0.061468
0.006227
0.007294
0.103525
0.006277
0.006569
0.091225
0.028454
0.004554
0.004548
0.086592
0.005126
0.006052
0.004117
0.001143

39.711441
37.509166
29.941810
57.944709
53.806030
15.612634
35.343147
62.050270
53.716659
22.712368
40.644538
61.918407
17.137838
26.474880
51.186695
23.122829
24.673076
32.340744
3.855775
4.263686
53.334613
4.463420
4.341770
44.376091
13.870044
2.941142
2.969683
43.791557
3.032459
3.580161
2.843572
2.198887

the learning parameters of the neural network. The TGDNN
model is developed considering 10 000 data points of waterbased nanofluids including Al2O3, CuO, SiO2, and TiO2 spherical oxide nanoparticles. Based on this study, the most crucial
findings are summarized as follows:

r The impacts of different factors including viscosity of base
fluid, temperature, nanoparticle properties (like density, diameter, and volume fraction), and simulated viscosity of
nanofluids are considered to construct the proposed model.
Based on the comparative analysis, Adam optimizer with a
six-hidden-layer feed-forward network is taken as optimal
network structure.
r By comparing the TGDNN-predicted results on experimental
data, it confirms that the proposed TGDNN model provides a
promising method for finding the viscosity of nanofluids. The
results of our studies reveal that the values of R2 , RMSE, and
AARD% are 0.999868, 0.001143, and 2.198887, respectively.
r According to the analysis of prediction performance, our
model can predict more accurate results about the viscosity of nanofluids than any other existing model. The combination of physics-based theoretical model and deep learning
method improves this model in comparison with other traditional models.
r The viscosity of nanofluids enhances with the increment of
nanoparticle volume fraction but quite opposite nature is noticed in case of temperature.
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r The relative importance of input variables is discussed in
the sensitivity analysis section. This analysis reveals that
nanoparticle volume fraction, viscosity of base fluid, and
temperature are the most influential factors to calculate the
viscosity of nanofluids.
r Based on the analysis in Section 4.2, we conclude that the
proposed TGDNN model is not overfitting the training data.
The paradigm of TGDNN model can effectively help to combine the strengths of physics-based and data science models and
can also give a direction to infer about the scientific knowledge
based on both physics and data. In particular, our study may play
an important role for developing a model to predict other thermophysical properties in future.
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