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The Alfven wave dynamics is investigated in the framework of two-fluid approach in a compressible collisional magnetized plasma. In the finite amplitude limit, the dynamics of the nonlinear
Alfven wave is found to be governed by a modified Korteweg-de Vries Burgers equation
(mKdVB). In this mKdVB equation, the electron inertia is found to act as a source of dispersion,
and the electron-ion collision serves as a dissipation. The collisional dissipation is eventually responsible for the Burgers term in mKdVB equation. In the long wavelength limit, this weakly nonlinear Alfven wave is shown to be governed by a damped nonlinear Schr€odinger equation.
Furthermore, these nonlinear equations are analyzed by means of analytical calculation and numerical simulation to elucidate the various aspects of the phase-space dynamics of the nonlinear wave.
Results reveal that nonlinear Alfven wave exhibits the dissipation mediated shock, envelope, and
breather like structures. Numerical simulations also predict the formation of dissipative Alfvenic
rogue wave, giant breathers, and rogue wave holes. These results are discussed in the context of the
space plasma. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4958651]

I. INTRODUCTION

Low-frequency
magneto-hydrodynamic
waves
(MHD),1,2 in general, and Alfven waves, in particular, are
ubiquitous in the laboratory3 and space plasma.4 Among
these low-frequency waves, nonlinear Alfven waves have
been a topic of intense research work to the plasma physics
community because of its applications in various physical
processes related to particle energization in magnetized
plasma,5 self-modulation in strongly magnetized plasma,6
tokamak plasma heating,7 and interplanetary shocks.8 In
1988, Kennel et al., in their pioneering work,9 have shown
that in the absence of any dissipation, competition between
the wave nonlinearity and dispersion leads to the appearance
of Alfvenic soliton in which wave dispersion arises due to
coupling of the elliptically polarized magnetic field component in a two-dimensional electron-ion plasma. In the weak
amplitude limit, the dynamics of the low-frequency dispersive Alfven wave is governed by the well-known Kortewegde Vries (KdV) equation, whereas a modified KdV (mKdV)
equation governs the dynamics of the nonlinear intermediate
frequency wave.9 In the presence of Hall effects, in the limit
of wavelengths much larger than the ion inertial length, the
dynamics of the nonlinear Alfven wave propagating along a
direction either parallel or making a small angle with the
magnetic field is governed by a derivative, nonlinear
Schr€
odinger equation (DNLSE), which describes Alfvenic
soliton and Alfven wave turbulence.9,10
Moreover, the MHD waves are highly dissipative,11 and
the dissipation leads to the coronal heating in solar physics.
The Alfven wave is thought to be a possible candidate for
solar corona heating as it can transport energy fluxes over a
large distance. The resonant absorption and plasma heating
enhance the chance of dissipation (via viscosity and/or
1070-664X/2016/23(7)/072304/11/$30.00

resistivity) that leads to the Alfven wave heating.12,13 In recent past, various nonlinear phenomena of Alfven waves
from the kinetic to inertial regime have been established by
means of numerous laboratory observations as well as theoretical analysis.14–20 Nonlinear phenomena of Alfven waves
in low beta plasmas now become a very important research
area to the plasma physicists.21 In 2011, Laveder et al.22
reported for the first time about the generation of freak waves
or rogue waves in the context of strong Alfven wave turbulence in a plasma taking two-component magnetic field into
consideration. In contrast, considering one component magnetic field, we report here the formation of dissipative rogue
waves, giant breathers, and rogue wave holes in the context
of the weakly nonlinear, dispersive Alfven wave in a collisional electron-ion plasma.
In the present work, we have investigated the dynamics
of the linearly polarized, weakly nonlinear Alfven wave in the
framework of Lagrangian two-fluid theory in a cold plasma23–26 in the presence of finite electron inertia effect. The
electron-ion collision induced dissipative effects are also taken into account. Interestingly, the effect of finite electron inertia acts as a source of wave dispersion. In the quasi-linear
limit, the dynamics of the nonlinear Alfven mode is shown to
be governed by a modified Korteweg-de Vries Burgers
(mKdVB) equation, where the electron-ion collision is responsible for the Burgers term, and as mentioned before, the
electron inertia is responsible for the dispersive term. In the
long-wavelength limit, we have also investigated another
important physical phenomenon known as the modulational
instability. A slow parallel modulation of a finite amplitude
low-frequency Alfven wave can grow and, in some limit,
leads to the formation of a bright (envelope) soliton. The
physics behind this modulational instability is the interplay
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between nonlinearity and dispersion due to the finite electron
inertia. The nonlinearity mainly originates from the ponderomotive force. The dynamics of this modulated wave is shown
to be described by a nonlinear Schr€odinger equation (NLSE)
with a linear damping term arising due to electron-ion collision. These two nonlinear equations (mKdVB and NLSE) are
analyzed by means of analytic calculation and numerical simulation. Both the results reveal that the nonlinear Alfven wave
exhibits dispersive (when dispersion dominates over dissipation) and monotonic (when dissipation dominates over dispersion) shocks, dissipative envelope, and breathers. Numerical
simulations also predict the formation of rogue or freak
waves, giant breathers, and rogue wave holes which are highly
localized phenomenon in both space and time.27–31 The rogue
waves and breathers are observed experimentally in nonlinear
fibre optics,32 water waves,33,34 in multi-component plasma35
and in strong Alfven wave turbulence.22 Recently, the rogue
wave holes are observed experimentally in water waves36 and
multi-component plasma.37 However, the results of this investigation show that similar structures are also spontaneously
generated in the context of the weakly nonlinear Alfven wave
in an electron-ion plasma. Therefore, all the results are not
only valid in plasmas but also in many other cross disciplinary
field of physics. Moreover, the present investigation shows
that it is not necessary to consider two-component magnetic
field to describe the nonlinear and dispersive Alfven wave in
electron-ion plasma. One component is sufficient to describe
the essential features of nonlinear, dispersive Alfven wave,
where the electron mass provides the dispersive effect.
However, two-component magnetic field might lead to some
other important aspects of Alfven wave, which will be considered in future investigation.
The paper is organized as follows: The governing equations in the Lagrangian fluid variables are derived in Sec. II.
The small amplitude nonlinear dynamics of the Alfven wave
described by an mKdVB equation and its nonlinear analysis
are studied in Sec. III. In Sec. IV, we have investigated the
wave modulational characteristic of the nonlinear wave governed by a damped NLSE. The numerical simulation of the
nonlinear equations and the results are discussed in Sec. V.
Finally in Sec. VI, we have given a summary and brief discussion of the results of the present investigation.
II. BASIC EQUATIONS

We consider first the two-fluid model of a cold plasma,
in which each distinct species of particle is specified by the
index a, with mass ma, and charge qa. Each collection of particles of a specific type is supposed to act as a fluid, with its
own velocity Ua and number density na. Each fluid is collision dominated and acted on by the electric and magnetic
fields and may act on the other fluids via collisions. We also
assume low-bp plasma (where bp ¼ 8pnT=B20 ð 1Þ, n is the
plasma density, T is the plasma temperature, and B0 is the
strength of the magnetic field), so that the cold plasma
approximation is justified.38 The uniform external magnetic
field is in the e^x direction (B0 e^x ). To investigate the dynamics of the nonlinear Alfven wave propagating in the direction
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of the external magnetic field, we consider the equation of
motion for the fluid corresponding to the species a




@
1
ma na
þ Ua  r Ua ¼ n a q a E þ Ua  B
@t
c
þ ma na ab ðUb  Ua Þ;
(1)
where  ab is the collision frequency of particle of species a
with particles of species b. In this work, we consider only
electron ion plasma (a  e, i) in which qe  e and qi ¼ e,
where e is the fundamental unit of electronic charge.
The continuity equation for each fluid is
@na
þ r  ðna Ua Þ ¼ 0
@t

(2)

and the following Maxwell’s equations are
1 @B
;
c @t
4pJ 4p
¼ qa na Ua ;
rB¼
c
c
rE¼

(3)
(4)

where summation convention is used. All symbols have their
usual meaning. In this work, we are interested in the lowfrequency mode (x  xpe, electron plasma frequency), so
that we neglect the displacement current compared to particle current in Eq. (4). To describe the Alfven wave, we assume that all the dynamical variables are functions of x and
t. The low frequency assumption is also consistent with the
quasi-neutrality condition ni  ne  n. On the basis of the
above facts, from the continuity equations for both species
(Eq. (2)), we obtain
@
½nðUix  Uex Þ ¼ 0 ) Uix ¼ Uex ¼ u ðsayÞ;
@x

(5)

where we assume that Uix ð0; tÞ ¼ Uex ð0; tÞ ¼ 0.
In the Alfven wave dynamics, the perturbed magnetic
field B arises from the spatial variation of polarization current and directed along the z-direction. In component form,
Eq. (4) can be written as
@B
4pen
¼
ðUiy  Uey Þ;
@x
c
4pen
0¼
ðUiz  Uez Þ:
c

(6)
(7)

Equation (6) implies that the conduction current flows along
y (the direction perpendicular to the plasma motion). From
Eq. (7), we find Uiz ¼ Uez ¼ v ðsayÞ In view of these continuity equations, we have


@
@
@u
þu
(8)
n ¼ n ;
@t
@x
@x
whereas momentum equations (1) can be written separately
for electrons and ions as




@
@
1
me
Ue ¼ e E þ Ue  B þ me ei ðUi  Ue Þ;
þu
@t
@x
c
(9)
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@v
B0
@B
¼
:
ð
Þ
4pðme þ mi Þn n; 0 @n
@s





@
@
1
Ui ¼ e E þ Ui  B þ mi ie ðUe  Ui Þ:
þu
mi
@t
@x
c
(10)
Equations (8)–(10) have a symmetry in the convective operator. This nonlinear operator may be simplified by introducing
the Lagrangian variables (n, s) through the following
transformation:
ðs
(11)
n ¼ x  uðn; s0 Þds0 ; s ¼ t:
0

With this transformation, the derivative operators are transformed accordingly similar to Ref. 26. Using these transformations, the continuity equation (8) is simplified and
expressed as nðn; sÞ=nðn; 0Þ ¼ @n=@x: Noticed that the work
in Ref. 26 deals with the magnetosonic wave dynamics that
propagates perpendicular to the magnetic field. In contrast to
that work, here we investigate the dynamics of the Alfven
wave which propagates along the magnetic field. One can
easily observe that the equations in both situations although
look similar but there are substantial difference in their character. Due to the presence of equilibrium magnetic field in
the derivation of Alfven wave, we have one extra degree of
freedom which reflects in an extra equation (19). Expressing
momentum equations (9) and (10) in terms of these newly
defined variables and combining the equations, we have
@
e
ðme Ue þ mi Ui Þ ¼ ðUi  Ue Þ  B;
@s
c

(12)

where we have used me ei ¼ mi ie . Expressing B ¼ e^x B0
þ e^z Bðx; tÞ, the x, y, and z components of Eq. (12) are
eBð x; tÞ
@u
¼
ðUiy  Uey Þ;
@s ðme þ mi Þc

(13)

@
ðme Uey þ mi Uiy Þ ¼ 0;
@s

(14)



The evolution equation for magnetic field can further be
expressed by taking curl (z component) in the electron momentum equation (9), and using Eq. (3), we have


@
@
@u
@v
þu
B þ B  B0
@t
@x
@x
@x


cme @ @Uey me c2 ei @ 1 @B
:
(20)
þ
¼
e @x @s
4pe2 @x n @x
In Eq. (17), substituting Uiy from Eq. (16), we have


me
c @B
:
1þ
Uey ¼
mi
4pen @x

(15)

respectively. From Eq. (14), it is evident that the total momentum is conserved along the y direction. Taking
Uey ðn; 0Þ ¼ Uiy ðn; 0Þ ¼ 0, we find
me
Uiy ¼  Uey :
(16)
mi
Since the magnetic field associated with the wave under
study is along the z direction, i.e., Bðx; tÞ^
e z , the current flows
in y direction. This can be further verified from Eq. (6) which
is given by
neðUiy  Uey Þ ¼ 

c @B
:
4p @x

(17)

Substituting (Uiy – Uey) in Eqs. (13) and (15), we obtain


@u
B
@B
¼
;
(18)
@s
4pðme þ mi Þnðn; 0Þ @n

(21)

Substituting uey in Eq. (20) (in terms of Lagrangian variable),
we have
@B
Bn @u
B0 n @v
þ

@s nðn; 0Þ @n nðn; 0Þ @n
 



c2
me mi
n
@ @
1 @B
¼
4pe2 me þ mi nðn; 0Þ @n @s nðn; 0Þ @n


me c2 ei n
@
1 @B
:
(22)
þ
4pe2 nðn; 0Þ @n nðn; 0Þ @n
Now we normalize Eqs. (8), (18), (19), and (22) by
n ! n=n0 ; v ! v=vA ; B ! B=B0 ; n ! n=L, and s ! svA/L,
with n0, vA, and L denoting a constant equilibrium density,
the Alfven velocity, and an arbitrary length scale, respectively. Then, Eqs. (8), (18), and (22), respectively, become
 
@ 1
1 @u
¼
;
(23)
@s n
nðn; 0Þ @n

and
@v
eB0
¼
ðUiy  Uey Þ;
@s
ðme þ mi Þc

(19)

@u
1
@B2
;
¼
@s
2nðn; 0Þ @n

(24)

@v
1 @B
¼
;
@s nðn; 0Þ @n

(25)

and
@B
Bn @u
n @v
n
¼
þ
þD
@s
nðn; 0Þ @n nðn; 0Þ @n
nðn; 0Þ




@ @
1 @B
n
@
1 @B
þ
;
@n @s nðn; 0Þ @n
nðn; 0Þ @n nðn; 0Þ @n

(26)

where D ¼ ðd=LÞ2 is the dispersion parameter arising from
electron’s finite mass,  ¼ ðme c2 =4pn0 e2 Þðei =LvA Þ is the dissipation parameter which arises due to collision, and d is the
skin depth defined by d ¼ ðc2 me mi =½4pðme þ mi Þn0 e2 Þ1=2 :
Equations (23), (25), and (26) can now be combined together
to give the following equation in a more compact form as:
 


@2 B
1
@
1 @B

nðn; 0Þ @n nðn; 0Þ @n
@s2 n
"

#
1
@2
1
@
@B
(27)
¼
D
þ B :
nðn; 0Þ @s@n nðn; 0Þ @n
@s
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Furthermore, Eqs. (23) and (24) can be combined to give
!
 
@2 1
1
@
1 @B2
:
(28)
¼
@s2 n
2nðn; 0Þ @n nðn; 0Þ @n

variable f, from Eqs. (27) and (28), we obtain the following
simplified couple equations:


@2
@2B
@2
@2B
@B
ðBV Þ  2 ¼ 2 D 2 þ 
;
(32)
@s2
@s
@s
@f
@f

These two coupled nonlinear partial differential equations
(27) and (28) are the governing equations that describe the
dynamics of the nonlinear, dispersive Alfven wave in an
electron-ion plasma. It is to be noted that the above model is
appropriate for low-dense plasma as the analysis is valid for
ðvA =cÞ D  ðme =mi Þ, i.e., for small dispersion parameter
D and Alfven velocity vA.
Before going to the details of the nonlinear analysis, let
us linearize equations (27) and (28) by assuming n ¼ 1 þ n~
~ and obtain the following linear equation:
and B ¼ b,
!
@2
@2 ~
@ 4 b~
@ 3 b~

þ

:
(29)
b
¼
D
@s2 @n2
@ 2 s@ 2 n
@s@ 3 n

@2V
1 @ 2 B2
¼
:
2
@s
2 @f2

Then, assuming the solution in the form of Fourier mode
b~ exp½iðxs  knÞ (where x and k are the oscillation
frequency and wave number), we obtain the following dispersion relation for the linear Alfven wave:
ð1 þ Dk2 Þ x2 þ ik2 x  k2 ¼ 0;

(30)

where the collisional parameter  represents the usual wave
damping. In absence of collision the above dispersion relation (in dimensional unit) becomes
kvA
x ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ :
1 þ k2 d2

(31)

This dispersion relation clearly shows that the Alfven wave
is dispersive because of the term d which arises due to the finite electron inertia. Thus, finite electron mass effect acts as
a source of dispersion of the Alfven wave in electron-ion
plasma. More general linear dispersion relation including kinetic pressure terms obtained in Ref. 39 can be reduced to
the above dispersion relation [Eq. (31)] in the simplifying
limit.
 WAVE
III. NONLINEAR ALFVEN

To write the nonlinear system (Eqs. (27) and (28)) in a
simplified form, we adopt the Lagrangian mass variable technique.25 For this, let us define the following new Lagrangian
mass variable f instead of n
f¼

ðn

nðn0 ; 0Þdn0

which yields the mathematical operator
@
1
@
¼
:
@f nðn; 0Þ @n
Moreover, for convenience, we introduce the specific volume
Vðf; sÞ ¼ 1=nðf; sÞ [which is the Jacobian of the transformation from (x, t) to (f, s)]. Then, introducing this new mass

(33)

These Equations (32) and (33) are complicated nonlinear
equations and it is difficult to find an exact analytical solution with its full nonlinearity. Therefore, in Section III A, we
will investigate the finite amplitude nonlinear solutions keeping up to third order nonlinear term.
A. Weak amplitude nonlinear wave

To study the dynamics of the finite amplitude nonlinear
Alfven wave, we write
V ¼ 1 þ V~

and

~ < 1:
B ¼ b~ with jV~j; jbj

Now, substituting and keeping up to second order term, from
Eq. (32), we obtain
!
!
@ 2 b~ @ 2 b~
@ 2 @ 2 b~
@ @ 2 b~
@ 2 ðV~b~Þ
¼
D

: (34)
þ


2
2
2
@s2 @f
@s @f
@s2 @f
@s2
The LHS of the above equation represents linear Alfven
wave whereas the RHS implicates that the wave is modified
by dispersion dissipation and nonlinearity. Therefore, this
equation shows the wave steepening by nonlinearity, wave
spreading by dispersion, and amplitude modulation by dissipation. These three physical phenomena can lead to the
well know evolution equation for finite amplitude Alfven
Wave.
Moreover, the small amplitude nonlinear wave equations are derived by assuming that the equilibrium density
is Ð homogeneous, i.e., n(n, 0) ¼ 1, therefore f ¼ n ½ x
 vðn; s0 Þds0 . Also, in this weak amplitude limit, n(f)  x
and s  t (actually in this case, n(f) and s are no longer
remain Lagrangian variables but become equivalent to x
and t). Therefore, we rewrite the above Equation (34) in the
following form:



@
@
@
@ ~

þ
b
@t @x @t @x




@ 2 @ 2 b~
@ @ 2 b~
@ 2 ð ~ ~Þ
þ


Vb :
(35)
¼D 2
@t @x2
@t2
@t @x2
Also in absence of dissipation and for negligible dispersion
(D  1), the linear equation (29) can be expressed as



@
@
@
@ ~

þ
b ¼ 0:
(36)
@t @x @t @x
For the Alfven wave propagating in the positive x direction
only, from the above relation, we get
@
@
¼
@t
@x
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and this approximation yields (from Eq. (33))
2
b~
~
V  :
2

Then, substituting all these in Eq. (35) and integrating the
transformed equation once with the boundary condition at
x ! 1; b~ ! 0, we obtain


@ b~
3 ~2 @ b~ D @ 3 b~  @ 2 b~
¼
:
(37)
þ 1þ b
þ
@t
4
@x 2 @x3 2 @x2
Finally, a further transformation of coordinates
x^ ¼ x  t

The corresponding pair of eigen values are determined from
the following characteristic (quadratic) equations:

and ^t ¼ t

renders the following usual form of the modified Kortewegde Vries Burgers (mKdVB) equation with b~  /
@/ 3 2 @/ D @ 3 /  @ 2 /
¼
:
þ
þ /
x 2 @^
@^t 4 @^
x 3 2 @^
x2

(38)

For a collisionless plasma  ¼ 0, the above equation
can be reduced to modified Korteweg-de Vries (mKdV)
equation.
It is to be noted that the nonlinear equation (38) under
investigation can also be obtained by the well known reductive perturbation technique. Interestingly, here, keeping only
up to second order terms of the dynamical variable, we
obtain the same equation from arbitrary nonlinear equation
formulated in Lagrangian variables.
B. Moving-frame nonlinear analysis

In this section, we present an exact solution of Eq. (38)
in a frame moving with the phase velocity of the wave. We
hope that this will improve our understanding on the behavior
of the nonlinear system [Eq. (38)]. To investigate the nonlinear solution, we transform equation (38) to the moving frame
v ¼ M^t  x^, where M is the Mach number (normalized phase
velocity). Then, integrating the transformed equation once
subject to the boundary conditions / ! 0; all derivatives !
0 as v ! 1, and we finally obtain the following nonlinear ordinary differential equation:
D

d 2 / /3
d/
 2M/ þ 
þ
¼ 0:
2
2
dv
dv

To investigate the nature of these two stationary points, we
consider the two cases of interest: collisionless and
collisional.
In the collisionless case, we neglect the electron-ion collision ( ¼ 0) in Eq. (39) [i.e., in Eq. (40)] and calculate the
variational matrix of the system (40) at these two stationary
points. These matrices are as follows:
2
3
2
3
0
1
0 1
5; Jð/ ;0Þ ¼ 4 4M
5:
Jð0;0Þ ¼ 4 2M
(41)

0
0
D
D

(39)

k2 

2M
¼0
D

and

K2 þ

4M
¼ 0:
D

(42)

These two characteristic
equations
determine the pair of
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
eigenpﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
values as 6 2M=D (real and distinct) and
6 i 2 M=D (purely imaginary), respectively. This implies
that the stationary point (0, 0) is a saddle point and the stationary point ð/ ; 0Þ is a center. In case of saddle point (left
panel of Fig. 1 shows that a small perturbation in the neighborhood of this point forms a homoclinic orbit, i.e., separetrix in the /  w phase-space which is the signature of the
soliton solution), Equation (38) (with  ¼ 0) is analytically
solvable, and the analytical solution gives the following single soliton solution:
"rﬃﬃﬃﬃﬃﬃﬃ #
pﬃﬃﬃﬃﬃﬃﬃ
2M
v :
(43)
/ðx; tÞ ¼ 2 2M sech
D
pﬃﬃﬃﬃ
This shows that the width of the soliton ð/ DÞ depends on
the electron inertia induced dispersion. Moreover, the numerical solution of Equation (38) with  ¼ 0 is also provided
in Sec. V.
Next, we consider the collisional case and calculate the
variational matrix of the system (40) at these two stationary
points. These matrices are as follows:
2
3
2
3
0
1
0
1
Jð0;0Þ ¼ 4 2M
 5; Jð/ ;0Þ ¼ 4 4M
 5: (44)



D
D
D
D

The corresponding pair of eigen values are determined from
the following characteristic (quadratic) equations:

Then, we recast this nonlinear equation (39) in the following
two simultaneous equations:
d/
¼ w;
dv


dw

/
/2
:
¼ wþ
2M 
2
dv
D
D

(40)

In the /  w plane, this dynamical system has the following
two physically possible equilibrium (stationary) points:
pﬃﬃﬃﬃﬃ
ð0; 0Þ and ð/  2 M; 0Þ:

FIG. 1. Phase-space trajectories in the /  w plane of the dynamical system.
The left figure (blue solid curve) is drawn for M ¼ 0.5 and the right figure
(black solid curve) is drawn for M ¼ 4.
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2M
¼ 0;
k
k þ
D
D
 

4M
K2 þ
¼ 0:
Kþ
D
D
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2

/ð^
x ; ^t Þ ¼
(45)

These two characteristic equations determine the following
eigen values for the stationary points (0, 0) and ð/ ; 0Þ,
respectively
h
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃi
1
6  2 þ 8DM
(46)
kð0;0Þ ¼
2D

Kð/ ;0Þ

1
X

l¼1

ðjÞ
/l ð^n; ^s Þ exp ½iðk^
x  x^t Þl
ðjÞ

(47)

Thus, the stationary point ð/ ; 0Þ is either stable focus or stable node. In this collisional case, right panel of Fig. 1 shows
that a small perturbation in the vicinity of the point (0, 0)
forms a heteroclinic orbit between this point and the point
ð/ ; 0Þ, which is the signature of the shocklike structures.
However, in this collisional case, Equation (38) is not exactly analytically solvable as its Hamiltonian is not conserved.
Therefore to get the insight of the solutions, we numerically
simulate this Equation (38), and the results are shown graphically in Sec. V.
IV. WAVE MODULATION FOR SMALL WAVE NUMBER:
€
NONLINEAR SCHRODINGER
EQUATION

In Section III, we do not consider the effects of selfinteraction of the Alfven wave (an intrinsic character of nonlinear wave propagation) that introduces self-focusing effect
(modulational instability) in the system. In this section, we
consider this effect for the nonlinear Alfven wave in the
presence of electron-ion collision induced dissipation in the
long-wavelength limit. The nonlinear Schr€odinger equation
(NLSE) with cubic nonlinearity clearly explains such selfinteraction effects.40 Moreover, it is well-known from different physical systems41–43 that the classical KdV as well as
the extended KdV equations can easily be transformed to the
NLSE in the long-wavelength limit. Therefore, to study the
modulational instability (self-interaction effect) of nonlinear
Alfven waves in the presence of dissipation, we derive the
NLSE from the above nonlinear mKdVB equation (38) in
the long-wave length limit. To achieve this, we introduce the
following stretched variable n and s:
(49)

where Ug is the group velocity of the wave and expands the
wave amplitude / in the following way:

(50)

ðjÞ



Oð2 Þ:

(51)

Now using (49)–(51) in Equation (38), in the lowest order
with l ¼ 61, we obtain the dispersion relation
x¼

The eigen values (46) corresponding to the stationary point
(0, 0) are real and distinct, which indicate that the stationary
point (0, 0) is a saddle point. The eigen values (47) corresponding to the stationary point ð/ ; 0Þ are either pair of
complex conjugate with negative real part or real (and distinct) with negative sign according as
pﬃﬃﬃﬃﬃﬃﬃﬃ
 9 4 DM:
(48)

^
n ¼ ð^
x  Ug^t Þ and ^s ¼ 2 ^t ;

j¼1

j

with the reality condition /l ¼ ð/l Þ . Also to incorporate
the weak collisional effects and for consistent perturbarion,
we consider the following scaling:

and

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 
¼
6  2  16DM :
2D

1
X

D 3
k :
2

(52)

The second order terms with l ¼ 61 give the following compatibility condition:
3
dx
Ug ¼  Dk2 
:
2
dk

(53)

Finally, we substitute the above derived equations into third
order (n ¼ 3) equations and obtain the following damped
ð1Þ
nonlinear Schr€odinger equation (NLSE) for /1 ½ /:
i

@/
@2/
þ P 2 þ Qj/j2 / þ ic/ ¼ 0:
@^s
@ ^n

(54)

In this equation, the group dispersion coefficient
3
1 d 2 x ðk Þ
P ¼  Dk 
2
2 dk2

(55)

is related to the curvature of the dispersion relation x(k) [Eq.
(52)], which is always negative for all wave number k. The
coefficient of nonlinear term
Q¼

3
k
4

(56)

is related to the nonlinear frequency shift. The dissipative
term
c¼

k2
2

(57)

is related to the electron-ion collision.
A. Modulational instability in the presence
of electron-ion collision

Now, we analyze the stability of the above NLSE (54)
for very low-frequency Alfven waves in the presence of dissipation. In this NLSE [Eq. (54)], the term Qj/j2 plays the
role of a potential energy. The local maxima of this potential
energy act as an effective potential well in the plasma. The
high frequency waves reflect from the regions of high density, and the amplitude-dependent ponderomotive force forms
a low-density region (cavity). As a consequence, the lowfrequency waves become trapped within these density
depleted regions, and the wave energy will concentrate at the
bottom of the well. The energy concentration makes the well
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deeper by making this energy even larger. Thus, the formation of the cavity is an unstable physical process that occurs
due to the energy localization in the medium. This process is
known as modulational instability.40,44–46 Here, we investigate this instability for nonlinear Alfven waves in the presence of electron-ion collision.
For this purpose, we assume that in the presence of collision, the amplitude evolution equation (54) possesses the following plane wave solution:
!
ð
^s

/ ¼ /0 ð^s Þ exp i

0

Dðs0 Þds0 ;

(58)

where /0 ð^s Þ and Dð^s Þ are the amplitude of the pump carrier
wave and the nonlinear frequency shift in the presence of
dissipation. Substituting this solution (58) in Equation (54),
we obtain the following two equations:
d/0
þ c/0 ¼ 0 ) /0 ð^s Þ ¼ /00 expðc^s Þ and
d^s
Dð^s Þ ¼ Qj/0 ð^s Þj2 ¼ Qj/00 j2 expð2c^s Þ;

^s

0

0

0

Dðs Þds

;

(60)

~ /j
~  / Þ is the perturbed amplitude of the modulatwhere /ðj
0
ed wave. Then, substituting this Equation (60) in Equation
(54), we obtain the following linearized two coupled equations:
~
~
@/
@2/
I
R
~  c/
~ and
¼P
þ 2Qj/0 j2 /
R
I
2
@^s
^
@n
~
~
@/
@2/
R
I
~ :
¼ P
 c/
R
2
@^s
^
@n

4

2




 
2Q
1
2
j/00 j2 expð2c^s Þ
j/0 j ¼
P
D

4

ðC þ cÞ2 ¼ 2PQj/0 j2 k~  P2 k~ :

(66)

The maximum growth rate is found by taking the derivative
2
of Eq. (66) with respect to k~ , and setting this to zero, we
have
 
 
Q
1
2
2
~
j/0 j ¼
j/00 j2 expð2c^s Þ
(67)
k max ¼
P
2D
2
which is just half of the k~cr value. With this value of k~max ,
we can find the maximum growth rate

Cmax ¼ jQjj/0 j2  c:

(68)

Therefore, in the presence of electron-ion collision, the nonlinear Alfven waves are modulationally unstable when
2 k
:
3

(61)

(62)

B. Approximate analytical solution: Weakly dissipative
envelope (bright) soliton

In the above damped NLSE [Eq. (54)], the group dispersion coefficient P [Eq. (55)] and the nonlinear coefficient Q
[Eq. (56)] are all negative for all values of the wave number
k. Thus, to find the envelope (bright) soliton of the damped
NLSE [Eq. (54)], we recast the equation in the following
normal form:
@/ 1 @ 2 /

 j/j2 / þ ic / ¼ 0;
(69)
@s 2 @ n 2
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where s ¼ jQj^s ; n ¼ ^n jQj=2jPj and c ¼ c=jQj. This equation exhibits bright or envelope soliton. This Equation (69) is
solved numerically and the solutions are shown graphically
in Fig. 2. However, here we solve this equation analytically.
In absence of dissipation ð ¼ 0 ) c ¼ 0Þ, we have the
usual NLSE which is an exactly integrable Hamiltonian system, possesses infinite number of conservation. In this case,
i

This shows that the electron-ion collision provides the usual
damping. Also, the system is stable for PQ < 0. However,
there is a possibility of the instability if PQ > 0 (both P and
Q are of same sign: here both P and Q are negative for all k~
[Eqs. (55) and (56)]). Thus, the instability occurs if
2
2
k~ < k~cr ¼

Thus, the instability growth will cease for ^s smax . Now, by
~ ¼ iC, the dispersion relation for the instability
setting x
growth rate becomes

j/0 j2 i ¼

~ ¼/
~ þ i/
~ ;/
Here, /
R
I
RðIÞ is the real (imaginary) part of /.
Finally, the space-time dependence of the perturbation
Ð ^s
~
~ 0 Þd s0 Þ is the
of the form /
exp ði#Þ, where #ð¼ k~^n  0 xðs
~
~
modulated phase, with kð
kÞ and xð
xÞ are the wave
number and modulation frequency, respectively, yield the
following dispersion relation:
~ þ icÞ2 ¼ P2 k~  2PQj/0 j2 k~ :
ðx

This determines the maximum time smax to observe
instability
!
2
1
2PQk~ j/00 j2
smax ¼ ln
4
2c
c2 þ P2 k~
!
 
2
1
18Dk~ j/00 j2
ln
:
(65)
¼
4
k2
k2  2 þ 18D2 k~

2

(59)

where /00 is a real constant. Also note that /0 ð^s Þ ! 0 as
^s ! 1, which implies that /0 is bounded and stable.
Therefore, for stability analysis, we consider the perturbation
about this stable solution in the following standard
procedure:
!
ð
~ ^n; ^s Þ exp i
/ ¼ ½/0 ð^s Þ þ /ð

~ the following inequality must
provided with this values of k,
holds:
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
!
u
2
u
~
k
4
cr
c < tP2 k~
(64)
1 :
2
~
k

(63)
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Fig. 2 also shows similar nature. Thus, the electron-ion collisions have damping effect on the bright soliton structure of
nonlinear Alfven waves in electron-ion plasma.
V. NUMERICAL SIMULATION

In this section, we numerically simulate both the nonlinear
equations (38) and (54) with the help of the MATHEMATICA.
A. Numerical solutions of modified Korteweg-de Vries
Burgers equation
FIG. 2. Time-dependent numerical solution of Equation (69) with c ¼ 0:1
and initial amplitude a ¼ 1.

 s Þ ¼ qðn;
 s Þ
let us assume a solution of the form /ðn;
exp ½iuð
n; s Þ and then solve the ordinary differential equations for u and q subject to the boundary condition q ! 0 as

n ! 61. We finally obtain the following single envelope
(bright) soliton which in terms of actual parameters reads as:
"

#
a
3 pﬃﬃﬃﬃ
^
^
/ n; ^s ¼ a sech pﬃﬃﬃﬃ n þ k Dj^s
2
2 D
"

#
pﬃﬃﬃﬃ 2
i
3k
2
Dða  j Þ^s ; (70)
 exp pﬃﬃﬃﬃ j^n 
4
2 D

where a and j are two soliton parameters in which a is the
amplitude of the soliton. This shows that the disturbances
resemble with the soliton shape with an exponential factor
making oscillation between a maxima and a minima. The
resultant structure is the envelope excitation of nonlinear
Alfven wave.
In the case of weak dissipation (here it is indeed weak as
 O(2)), we can solve the above damped NLSE [Eq. (54)]
perturbatively by taking eð/Þ as a small perturbed quantity.
To apply this perturbation, we consider the general solution
of the perturbed soliton is of the following form:47
/ð
n; s Þ ¼ aðs Þsech ½aðs Þðn þ bðs ÞÞ
 exp ½injðs Þ  irðs Þ;

(71)

where a, b, r, and j are the soliton parameters. Finally, by
applying the conservation laws for the NLSE (conserved integral relations,47), we obtain the following bright soliton
(envelope soliton) in the presence of dissipation (electronion collision), which in terms of actual variable reads as:

1
/ ^
n; ^s ¼ a0 expð2c^s Þsech a0 expð2c^s Þ pﬃﬃﬃﬃ
2 D
(



3k pﬃﬃﬃﬃ
i
3k
pﬃﬃﬃﬃ j0 ^n þ
Dj0^s exp
 ^
nþ
2
4
2 D



pﬃﬃﬃﬃ
expð4c^s Þ  1
 D j20^s þ a20
;
(72)
4c
where a0 and j0 are the initial values of a and j, respectively. In the limit c ! 0, we recover the previous result (70)
(with a0 ¼ a and j0 ¼ j). It is clear that as the time elapses,
the amplitude of the bright (envelope) soliton decreases
exponentially with decay rate 2c. The numerical solution in

To simulate Equation (38) numerically, first we solve
the dynamical system (40) in the absence of collision  ¼ 0
by the Runge-Kutta-Fehlberg (RKF) method by taking the
stationary point (0, 0) as the initial condition with D ¼ 0.1.
The solutions are shown graphically in Fig. 3. This figure
shows that a small perturbation around the equilibrium point
(0, 0) (saddle point) develops into a soliton as expected from
the analytical solution (43). The comparative study between
the figures (left and right) demonstrates that single soliton
structure is observed for low Mach number (M ¼ 0.5). In
case of high Mach number (M ¼ 3), single soliton disintegrates into multi-soliton structures with higher amplitude.
Next, we solve the dynamical system (40) by RKF
method by taking the stationary point (0, 0) as the initial condition with D ¼ 0.1 and M ¼ 4. Then, starting from a small
perturbation around the initial condition (0, 0) and upon
numerical integration of the dynamical system, it is seen that
the perturbation develops into a shock-like structure as illustrated in Fig. 4 with oscillating/monotonic transition corresponding to the second stationary point ð/ ; 0Þ. Actually, if
one assumes that for v ¼ 1ð^
x ¼ 1Þ the particle was
located at / ¼ 0, then at v ¼ 1ð^
x ¼ 1Þ, it appears at the
point / ¼ / and the solution describes a shocklike structure. The equilibrium point (0, 0) corresponds to the equilibrium downstream state, and the point ð/ ; 0Þ corresponds to
the upstream state. In case of weak dissipation ( ¼ 0.1), the
dispersion dominates over dissipation and therefore the transition occurs with an oscillating behavior that forms dispersive (oscillatory) shock structure as illustrated in the left
figure of Fig. 4. On the other hand for strong dissipation
( ¼ 1), the dissipation dominates over dispersion, and therefore, the transition occurs with a monotonic behavior that
forms monotonic shock structure as illustrated in the right
figure of Fig. 4. Thus, according to the condition (48), the
stable focus always corresponds to the oscillatory nature,

FIG. 3. Numerical solution of the dynamical system (40) in the absence of
dissipation ( ¼ 0) with D ¼ 0.1. Formation of single soliton for / (dimensionless magnetic field fluctuations) in the traveling wave frame v. The left
figure (red solid curve) is drawn for M ¼ 0.5 and the right figure (magenta
solid curve) is drawn for M ¼ 3.
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FIG. 4. Numerical solution of the dynamical system (40) in the presence of
dissipation ( 6¼ 0) with M ¼ 4. Formation of shock-like structure for / in
the traveling wave frame v. The left figure (red solid curve) shows oscillatory shock structure for weak dissipation ( ¼ 0.1). The right figure (magenta
solid curve) shows monotonic shock structure for strong dissipation ( ¼ 1).

whereas the stable node corresponds to the monotonic nature
of the solution. In both the cases, the observed shock is compressive in nature. The shock strength (related to the extreme
upstream and downstream
values) is given by ½/ðþ1Þ
pﬃﬃﬃﬃﬃ
/ð1Þ ¼/ ¼ 2 M.
Finally, we solve the dynamical system (40) by the RKF
method with the stationary point ð/ ; 0Þ as the initial condition with M ¼ 4. The simulation results are shown graphically in Fig. 5. This figure illustrated that a small perturbation
around this stationary point develops into breather structures.
A breather is a nonlinear wave in which energy concentrates in a localized and oscillatory manner. It is a localized
periodic solution of a nonlinear system. A breather is
described as an oscillatory solution (wave-packet) about a
stationary point whose envelope and oscillatory part move
with different velocities.48 We can see from the simulation
that indeed the solutions represented in Fig. 5 resemble the
situation of a breather.
B. Numerical solutions of damped nonlinear
€ dinger equation
Schro

Here, we numerically simulate the nonlinear equation
(69) using MATHEMATICA based finite difference scheme.
For the time-dependent numerical solution, we use the envelope (bright) soliton solution as the initial waveform
/ð
n; 0Þ ¼ a sech ðanÞ expðinÞ;

n 2 ½L; L;

where a is the amplitude of the initial waveform and L is
approximately the system size. The boundary condition is
/ðL; s Þ ¼ /ðL; s Þ. To obtain adequate results through
computation, we take L ¼ 40 and a ¼ 1. The time-dependent
numerical solutions are shown in Fig. 2. These solutions
reveal that the amplitude of the envelope decreases (spatial

FIG. 5. Breather solution of the dimensionless dynamical system (40) with
M ¼ 4 and ð/ ; 0Þ as the initial condition. The left figure (red solid curve)
shows breather structure without dissipation, whereas the right figure
(magenta solid curve) shows the same with dissipation ( ¼ 0.1).

width increases) with time s in the presence of dissipation
(electron-ion collision). This confirms the weakly dissipative
nature of the envelope as obtained by the approximate analytical solution (72). The NLSE possesses another class of
nonlinear solution known as rational solutions which play
a major role in the theory of rogue waves.28,30,49 The firstorder rational solution of NLSE is known as Peregrine
soliton27 which is localized in both space and time. The solutions are the space-periodic breather50 and the time-periodic
breather51 type solutions. The Peregrine solitons appear as a
bright (i.e., a high peak between two troughs) as well as dark
or hole (i.e., an isolated deep trough between two crests)
Peregrine soliton depending on the phase of the underlying
carrier wave.27
However, here we consider only the formation of dissipative rogue wave, possible breather solution and rogue
wave holes. For this initial excitation of the rogue wave in
the simulation, based on the soliton solution on a continuous
wave background, we consider the following Gaussian-type
perturbation pulse as the initial condition:
2
/ðn; 0Þ ¼ /00 þ  exp ðrn Þ; n 2 ½L; L;

(73)

where /00 is the initial plane wave solution of NLSE (which
is a non-negative constant),  is a weak modulation amplitude, and r represents the inverse of the width of initial perturbation pulse. The time-dependent simulation results are
shown in Figs. 6 and 7. One can see from the left panel of
Fig. 6 that in the absence of dissipation ðc ¼ 0Þ at time
s ¼ 5, the maximum wave amplitude at n ¼ 0
j/ðn ¼ 0; s ¼ 5Þ  /00 jmax ¼ 0:15
exceeds the modulated wave amplitude ( ¼ 0.05) by a factor
of three, which is the main characteristic of a bright Peregrine
soliton (the localization of wave in both space and time, where
the carrier amplitude is amplified by a factor of three).27
Then, in the simulation, we introduce the electron-ion
collision induced dissipative effects. The simulation result is
shown graphically in the right panel of Fig. 6. One can see
from this figure that the amplitude of the nonlinear wave
decreases in the presence of dissipation, resulting in the formation of dissipative rogue wave.
Further, we have performed numerical simulations of
the time evaluation of the localized initial pulse given by

FIG. 6. Time-dependent numerical simulation of Equation (69) with
Eq. (73) as the initial condition. The numerical values of the parameters are
/00 ¼ 1; r ¼ 0:05, and  ¼ 0.05. The left figure is drawn for no dissipation,
whereas the right figure is drawn in the presence of dissipation with
c ¼ 0:05. In the left figure, the solid (black) curve is the initial perturbation
pulse, and the dotted curve (red) represents the typical profile of a bright
Peregrine soliton at s ¼ 5. The right figure represents the same in the presence of dissipation.
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FIG. 7. Typical profiles of breathers. The left figure (red dashed) represents
the breather profile in the absence of dissipation at time s ¼ 8. The right figure (blue solid) represents the same profile in the presence of dissipation
with c ¼ 0:05 at time s ¼ 11. The initial condition is same as in Fig. 6.

Eq. (73) at time s ¼ 8 (in the absence of dissipation) and
s ¼ 11 (in the presence of dissipation). The results are summarized in Fig. 7, which reveals the characteristic behavior
of the localized breathing soliton. The left panel of Fig. 7
demonstrates that the maximum amplitude of the breather is
eight times to that of the initial modulation wave amplitude
in the absence of dissipation. We can see from the right panel
of Fig. 7 that the dissipation present in the system lowers the
amplitude of the continuous wave background as well as the
nonlinear wave as mentioned in Eq. (59). Thus, the observed
breathers are indeed giant breathers, and the collision introduces the usual damping.
Then, in order to excite hole Peregrine soliton, we have
performed numerical simulations taking  ¼ 0.05 in the initial perturbation pulse given by Eq. (73). The simulation
results are shown in Fig. 8. One can see from the left panel
of Fig. 8 that in the absence of dissipation ð
 ¼ 0Þ at time
s ¼ 5, the maximum amplitude of hole at n ¼ 0
j/ð
n ¼ 0; s ¼ 5Þ  /00 jmax ¼ 0:12
exceeds twice the modulated wave amplitude ðjj ¼ 0:05Þ,
which satisfies the characteristics of a hole Peregrine soliton
(the localized soliton in both space and time, where the amplification factor of the carrier amplitude is greater than
twice the modulated wave amplitude).36 In the presence of
dissipation rogue wave, holes with smaller amplitude are
observed as shown in the right panel of Fig. 8.
VI. DISCUSSION

In this work, we have investigated the nonlinear
dynamics of the linear-polarized, parallel propagating

FIG. 8. Time-dependent numerical simulation of Equation (69) with Eq.
(73) as the initial condition. The numerical values of the parameters are
/00 ¼ 1, r ¼ 0.05, and  ¼ 0.05. The left figure is drawn for no dissipation,
whereas the right figure is drawn in the presence of dissipation with
c ¼ 0:05. In the left figure, the solid (black) curve is the initial perturbation
pulse, and the dotted curve (red) represents the typical profile of a dark or
hole Peregrine soliton at s ¼ 5. The right figure represents the same in the
presence of dissipation.
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dispersive Alfven wave. The electron inertia together with
ion inertia introduces the dispersive character of the parallelpropagating Alfven wave in the electron-ion plasma. This
finding is unlike the case investigated earlier where the electron mass is neglected,9 which turns out to be the source of
dispersion. We have also shown that the dynamics of the
weakly nonlinear shear Alfven wave is governed by an
mKdV Burgers equation. The Burgers term which is responsible for the generation of shock arises due to the electronion collision. This nonlinear equation is analyzed by means
of analytic and computation. The numerical results predict
the formation of both oscillatory (dispersive) shock for weak
dissipation and monotonic shock for strong dissipation. Also,
numerical solution predicts the breather-like structures of
nonlinear shear Alfven wave.
We have also investigated the wave modulation characteristics of the nonlinear shear Alfven wave in the long
wavelength limit. Our investigation shows that there is a possibility of the trapping of Alfven wave in a hole created by
the wave itself in the medium, and the dynamics of this
modulated wave is governed by a damped NLSE in which
the damping is proportional to the electron-ion collision.
The analytical and numerical simulations reveal that this
modulated wave exhibits weakly dissipative bright (envelope) solitons. Numerical simulation of the damped NLSE
also predicts the formation of localized (both space and time:
short-lived) large amplitude nonlinear structures known as
rogue waves or freak waves, giant breathers, and rogue wave
holes.
The magnetic field plays a decisive role in the dynamics
of inter stellar molecular clouds and the star formation process.52 This process belongs to the MHD regime, characterized by highly supersonic, strongly magnetized compressible
medium, where self-gravity overpowers the thermal pressure
over a wide range of scales.52 The supersonic motion that is
observed in molecular clouds might arise from the Alfven
type MHD waves which have B? =B0 ¼ v? =vA , perpendicular to the mean magnetic field B0. The numerical simulation
predicts that the magnetic field significantly reduces the rate
of star formation, i.e., delays the process. In the present investigation, the observed shocks are compressive in nature
with sufficient magnetic field enhancement in the upstream
side of the shock. Thus, one can predict that generation of
such strong magnetic field can be a potential mechanism to
restrict the collapse of molecular clouds due to self-gravity.
The magnetic filed energy grows with the passing of the
shock, and the saturation
at the upstream side (here
pﬃﬃﬃﬃoccurs
ﬃ
the saturation value is 2 M). After the saturation, the energy
stored in the magnetic field is transferred back to the plasma
particles, leading to the strong plasma heating and the high
energy particles. These high-energy particles are responsible
for the particle acceleration mechanism. Thus, the result of
the present investigation could be useful for understanding
the observed physical phenomena such as particle energization5,53 and plasma heating.7
Moreover, the short-lived large-amplitude magnetic
structures are commonly observed in space plasmas. In the
upstream of the quasi-parallel bow shock, such short-lived
large amplitude pulsations with strong amplitude magnetic
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field enhancement have been observed.54–56 Thus, the observation of Alfvenic rogue waves, giant breathers, and rogue
wave holes in the present work could be a viable process to
observe short-lived large amplitude excitations in the space
plasma.
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