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ABSTRACT
Time independent states are explored theoretically for generalized Pierce diode (non-neutral plasma diode with ionic background), which is
driven by a cold relativistic electron beam. The region between the electrodes is assumed to be ﬁlled uniformly with static ions. Injected
beam is monochromatic, i.e., all the electrons are emitted with the same kinetic energy (relativistic). Relativistic effects are explored both for
collisionless and collisional systems. The formulation of the model is based on the ﬂuid-Maxwell’s equations and it is solved by two methods:
in the absence of any dissipative source, Eulerian description is employed, whereas to incorporate the effects of collisional drag Lagrangian
formulation is found to be useful. The steady-state solutions are visualized through the “Bursian” and “Non-Bursian” branches in a parametric plane. It is observed that the magnitude of the maximum current density of a Pierce diode increases with the relativistic factor of the
injected beam. Other factors like the density of background ions and particle collision also have signiﬁcant inﬂuence on the space-chargelimited ﬂow and other steady state properties. Obtained results are relevant to comprehend the working mechanism of many diode-based
instruments such as thermionic energy converters, microwave emitter, Q-machines, etc.
Published under license by AIP Publishing. https://doi.org/10.1063/1.5124900

I. INTRODUCTION
Operation of high power devices such as microwave emitter (vircator),1,2 thermionic energy converter (TIC),3 and Q-machines4 often
involves the space charge limited (SCL) ﬂow of electrons between two
electrodes. A vircator is a high power diodic device which emits microwave radiation when diode current crosses a threshold value.5 This
threshold point is called space charge limit. As soon as this threshold
limit is crossed, virtual cathode (VC) is formed because of space charge
accumulation. Appearance of an instability further triggers the oscillation of the virtual cathode in the electron beam converting electron
beam energy into the electric ﬁeld oscillations in the form of microwave radiation.6,7 Virtual cathode is the potential distribution when
the potential barrier becomes strong enough to reﬂect electrons back
to the emitter.8–11 A Thermionic Converter (TIC), which converts
heat energy into electrical energy, works on the principle of space
charge limited ﬂow. Emitter plate is heated to a very high temperature
(around 2000 K) to produce very high current density with an efﬁciency very close to the Carnot cycle. Above the space charge limit,
current density in the TIC drops down abruptly due to the appearance
of the aperiodic instability.12 This type of instability can also excite
nonlinear VC oscillation in TIC.13,14 This mechanism is utilized to use
TIC as the alternating current generator.15 The applications of classical
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discharge and bounded plasma devices are also found in designing
high power electronic switches,16 laser printing technology,17 etc.
Bursian and Pavlov ﬁrst investigated the stationary states of a
vacuum diode (Bursian diode) by assuming that the electron beam is
emitted from emitter end with ﬁnite injection velocity.18 In Pierce
diode, a beam of monoenergetic electrons ﬂows across the electrodes
in the presence of uniform ion background.19 The presence of static
ions in the diode region increases the value of maximum available current density. The occurrence of sudden current drop above space
charge limit due to the generation of an aperiodic instability (BursianPierce instability) was reported for both cases.20,21 A number of studies
were carried out after that to explore the space charge limit of plasma
diodes under several physical situations.22–37 As the instruments like
microwave emitter and TIC produce very high current density, a general relativistic treatment of plasma diodes is also necessary for complete description. In this paper, we investigate how the space charge
limited ﬂow in generalized Pierce diode behaves in relativistic
premises.
For theoretical purposes, the physical situations of a TIC can be
modeled by means of the non-neutral Pierce diode.38 In TIC, cesium
atoms are used to create a neutralizing background of ions. Recent
study on TIC reveals that, at very high emitter temperatures and
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optimum cesium pressure when a TIC achieves the maximum speciﬁc
power, a transition between the collisionless and the collisional states
takes place.39 Therefore, we believe that our theoretical investigation
on relativistic Pierce diode in collisionless and collisional regimes will
be helpful in understanding TIC characteristics more clearly.
The paper is organized as follows. In Sec. II, basic governing
equations for the steady state and dimensionless variables are introduced. In Sec. III, steady states are derived for relativistic plasma diode
in collisionless regime (by Eulerian formalism) as well as considering
collisional effects (by Lagrangian formalism). Relativistic aspects of stationary states are also discussed. Finally, in Sec. IV, conclusions are
summarized.
II. MODEL AND BASIC EQUATIONS
Let us consider two planar electrodes of inﬁnite transversal extent
placed at a distance d from each other. A potential difference U is
applied across them. In our reference system, z-axis is aligned perpendicular to the emitter surface (z ¼ 0). We also assume that the immobile ions of constant density ni0 uniformly occupy the interelectrode
region. Apart from the immobile ions, neutral particles may also reside
in the diode region. The emitter plate emits a relativistic and monoenergetic electron beam of density n0 and injection velocity v0, perpendicular to the emitter surface. As the injected electrons move toward
the collector end, they collide with the ions and other neutral particles
in their path. This gives rise to a dragging force which acts opposite to
the direction of electron velocity. The amount of stationary ions in the
diode region is determined by the neutralization parameter a, with
a ¼ ni0 =n0 : For generalized Pierce diode, a can take any value, where
the case of charge neutrality ða ¼ 1Þ is merely one of many possibilities. Note that for Bursian diode a ¼ 0.18
In this one dimensional description, all ﬁeld variables are
assumed to be the function of single space coordinate (z) in steady
states. The electric ﬁeld E(z) is conservative and it can be calculated
from a scalar potential uðzÞ, using the relation EðzÞ ¼ duðzÞ=dz.
The basic equations, which determine the time independent states of
plasma diodes, are continuity equations for electron

@ 
nðzÞvðzÞ ¼ 0;
@z

(1)

relativistic momentum equation for electron
vðzÞ

@
p ðzÞ ¼ eEðzÞ þ FD ðvÞ;
@z

(2)


@E
e
¼
ni0  nðzÞ :
@z 0

(3)

and Poisson’s equation

Here, n(z) and v(z) represent the density and velocity of electron at
any position z. The rest mass of electron and the magnitude of electronic charge are denoted by m and e, respectively. The term FD ðvÞ in
momentum equation (2) represents the dragging force arising due to
collisions of electrons with other particles. Relativistic momentum p
is deﬁned as p ¼ cmv, with the relativistic Lorentz factor being
c ¼ ð1  v2 =c2 Þ1=2 : Note that 0 is the free-space permittivity:
0  8:854  1012 C2=Nm2 and “c” is the light velocity in vacuum:
c ¼ 3  108 m=s. To complete the description, we also need to incorporate following boundary conditions:
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nðz ¼ 0Þ ¼ n0 ; uðz ¼ 0Þ ¼ 0;

1=2
:
cðz ¼ 0Þ ¼ c0  1  v20 =c2

vðz ¼ 0Þ ¼ v0 ;

(4)

In the absence of any collisional force, we obtain from Eq. (2)

dp
du
¼e
:
(5)
dz
dz
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
When we substitute vðzÞ ¼ c c2  1=c and p ¼ cmv into Eq. (5)
and then integrate, we ﬁnd
v

ðc  1Þmc2  euðzÞ ¼ ðc0  1Þmc2 ;
or c ¼ c0 þ eu=ðmc2 Þ:

(6)

Here, we have used the boundary conditions for c and u at the emitter
[Eq. (4)]. Equation (6) reﬂects the energy conservation for the relativistic electron. The term ðc0  1Þmc2 in Eq. (6) is the relativistic kinetic
energy of the electrons during emission. The expression of electron
velocity in terms of u can be obtained as
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c ½c0 þ eu=ðmc2 Þ2  1
:
(7)
vðzÞ ¼
c0 þ eu=ðmc2 Þ
In nonrelativistic limit (c0 ! 1; v20 =c2  1), we get vz ðzÞ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
¼ v20 þ 2ðe=mÞuðzÞ. Equation (7) suggests that, to represent a
consistent stationary state, uðzÞ should be restricted by a limiting
value: uðzÞ  uc  ð1  c0 Þmc2 =e: Note that if at z ¼ z0, u ¼ uc ;
vz ðz ¼ z0 Þ ¼ 0, i.e., for particular values of relevant parameters when
u becomes equal to uc at some point, velocity of the electron becomes
zero at that position. In this situation, corresponding stationary state is
termed as “zero-point” state.31–33 Generally, potential proﬁle of the
plasma diode contains several minima. The electrons having energy
greater than the height of the potential minimum ðjeum jÞ can cross
the potential barrier and reach the collector plate. But, if the potential
barrier height becomes equal to the electron energy at the emitter at
some point within the diode gap, the electron velocity vanishes at that
location. The potential barrier in this case is called virtual cathode.31
In the case of monoenergetic beam, all emitted electrons are reﬂected
by the potential barrier sent back to the emitter. In nonrelativistic
case ðvz  cÞ, the barrier height of an virtual cathode becomes euc
¼ ð1=2Þmv20 : When effect of collision is taken into account, the limiting value /c gets modiﬁed.
Before we explore the steady states of generalized pierce diode in
relativistic regime, let us introduce two basic units of energy and length
which are the kinetic energy of the electrons at the emitter ðWb Þ and
the Debye length ðkD Þ, respectively,32
Wb ¼ ðc0  1Þmc2 ;

kD ¼



20 Wb 1=2
:
e2 n0

The dimensionless coordinate, time, velocity, potential and
electric
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬁeld strength are scaled as: f ¼ z=kD ; s ¼ tx0 ; u ¼ v= 2Wb =m;
g ¼ eu=ð2Wb Þ, e ¼ eEkD =ð2Wb Þ; here, x0 ¼ ½e2 n0 =ðm0 Þ1=2 is the
characteristic frequency. The dimensionless forms of the interelectrode
gap and the applied voltage between the electrodes are denoted by d
and V, respectively.
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III. STATIONARY STATES
In Subsections III A and III B, we shall obtain steady states without and with collisional effects. In ﬁrst case, we can obtain the stationary states by Eulerian description. But to include the effects of
collisional drag, the Lagrangian formalism is found to be more helpful.
A. Steady states without collisional drag
In terms of dimensionless variables, the momentum equation and
the Poisson’s equation take the following forms in this case (FD ¼ 0):
u

@
dg
ðcuÞ ¼ ;
@f
df

@2g
¼ nðfÞ  a:
@f2

(8)

In dimensionless form, u and c become
1
uðfÞ ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðc0  1Þ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2  1
;
c

(9)

c ¼ c0 þ 2ðc0  1Þg:

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ pﬃﬃﬃ 
The continuity equation gives: nu ¼ 1:u0 ¼ c0 þ 1= 2c0 .
Substituting n ¼ u0 =uðfÞ into the Poisson’s equation and using Eq. (9),
we obtain a nonlinear differential equation for the potential
d2 g ðc20  1Þ1=2
2ðc0  1Þg þ c0
¼

1=2  a:
c0
df2
½2ðc  1Þg þ c 2  1
0

(10)

0

Let us consider that the value of applied potential is V and the normalized value of interelectrode separation is taken as d. The boundary
conditions for Eq. (10) are gðf ¼ 0Þ ¼ 0 and gðf ¼ dÞ ¼ V: The limiting value of normalized potential gðfÞ becomes
gc ¼

1
1
½1  c0  ¼  :
2ðc0  1Þ
2

Note that cð0Þ ¼ c0 and cðdÞ ¼ 2ðc0  1ÞV þ c0 . Multiplying both
sides of Eq. (10) by 2dg and integrating
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c þ1
½eðfÞ2 ¼ e20 þ 0
c2  1  c20  1  2agðfÞ; (11)
c0
where e ¼ dg=df and e0 ¼ eðf ¼ 0Þ: Taking a certain value for V,
we ﬁrst ﬁx the values of c0 and e0 . Next, we obtain potential distribution by solving Eq. (10) numerically from the emitter (f ¼ 0) to collector end. Finally, we calculate c and uðfÞ from Eq. (8). Let us take
V ¼ 0, for instance. The potential and velocity proﬁles are plotted in
Fig. 1 for c0 ¼ 2, a ¼ 1, and three e0 -values. We observe that the
potential proﬁle contains a number of minima. The positions and
the values of the potential minima (fm ; gm ) can be obtained under
the condition of zero electric ﬁeld strength: gðfm Þ ¼ gm ;
dg=dfðfm Þ ¼ 0: We notice from Fig. 1 that the velocity curves also
carry minima. With increasing e0 , gm decreases and gradually
approaches to the value of 1=2. We can check from Fig. 1 that for
e0 ¼ e0;0 ¼ 0:707, gm ¼ gc ¼ 1=2 and velocity becomes zero at the
point of virtual cathode (f0 ¼ fm ). This is zero-point state. We can
calculate the conditions for zero-point states from the relations
uðfÞjf¼f0 ¼ 0 and @f uðfÞjf¼f0 ¼ 0. In Fig. 1(c), we have shown how
the position of zero velocity (the position of virtual cathode) f0 varies
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FIG. 1. (a) and (b) The profiles of (a) potential ½gðfÞ and (b) velocity ½uðfÞ
are plotted for c0 ¼ 2 and a ¼ 1. Curve (1) e0 ¼ 0:3, (2) e0 ¼ 0:5, and (3)
e0 ¼ e0;0 ¼ 0:707 (gm ¼ gc ¼ 0:5). (c) Position of virtual cathode (position of
zero velocity) f0 vs c0 for (1) a ¼ 0, (2) a ¼ 0:5, and (3) a ¼ 0:9.

with c0 for different a values. It can be noticed that f0 shifts to the collector end as c0 or a increases.
Values of d can be calculated when the potential curve intersects
with the V ¼ 0 line. We can see that, for a certain value of e0 , multiple
number of d may exist and each d corresponds to a particular stationary state. Therefore, e0 and d together deﬁne a steady state in the parametric space for speciﬁc values of other relevant parameters. The state
corresponding to lowest d value belongs to the Bursian family and the
states for other d values are regarded as the part of non-Bursian family.
Existence of non-Bursian states is a general feature of generalized
Pierce diode.37 They come into the picture due to the presence of
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uniform background of stationary ions which gives potential proﬁle a
wavy look. Non-Bursian states do not occur in the case of Bursian diode
where there are no ions in the system (a ¼ 0).33 In Fig. 2(a), Bursian and
non-Bursian branches of solutions are presented in e0  d plane for
three c0 values. The Bursian branches are found to be located around
0 < d=p 1 and non-Bursian branches appear for d > 1:5. It is
observed that with increasing c0, non-Bursian solutions shift to the
region of large d. For very large value of c0, non-Bursian family moves to
inﬁnity. Bursian branches are shown in Fig. 2(b) for a set of c0-s. Each
curve ends at zero-point. In this state, velocity of electrons becomes zero
at a point inside the diode and then they are reﬂected back to the emitter
by the virtual cathode. Zero-points are marked by open circles and at
this point emitter ﬁeld strength, e0 , takes the value e0;0 . In its right most
part, each Bursian curve contains a point where dd=de0 ¼ 0. This is
space charge limit (SCL). This point corresponds to the state with maximum current density (Jmax ¼ JSCL Þ.31–34 Let us denote the values of d at
SCL-points by dSCL. These points are shown by solid circles in Fig. 2(b).
In Figs. 2(c) and 2(d), dSCL and e0;0 are plotted with c0 for three different
a values. We see that dSCL increases and e0;0 decreases with increasing
values of c0 and a. Since JSCL d2SCL ,33 the magnitude of maximum current density (JSCL) also increases with c0 and a.
B. Steady states with collisional drag
To incorporate the effect of collision, we assume that the magnitude of dragging force is proportional to the electron velocity and it
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acts opposite to the velocity direction. In this case, continuity equation
and Poisson’s equation remain unaltered, whereas momentum equation gets modiﬁed as
u

@
dg
 u:
ðcuÞ ¼
@f
df

(12)

The dimensionless coefﬁcient  is called “collisional frequency”
and it is deﬁned as  ¼ hi=x0 . Here, hi ¼ hvi=hki is the
mean collisional frequency and the parameter hki ¼ k is called
mean free path of electrons. The quantity hvi stands for the velocity spread due to collision process and it can be deﬁned as
hvi ¼ v0 hki=kD v0 =ðkD an0 Þ, with a being the collision scattering
cross section of electrons.
Actually, effect of collision is negligible when the characteristic
Debye length (kD) is much less than the average mean free path of the
electrons ðkÞ [i.e., kD  k] or beam characteristic frequency (x0) is
].
very large compared with the collisional frequency () [i.e., x0
The effect of collision becomes prominent as  x0 . For collisional
force of moderate strength ( ⱗ x0 ),  can be treated as constant. In
our model, we treat  as a constant quantity by restricting  within the
limit  ⱗ x0 .40
It is very difﬁcult to treat the situation by Eulerian description in
the presence of collisional drag. This analytical complexity is resolved,
as we switch to the Lagrangian coordinate s and introduce the
Lagrange transformation,23–25,37

FIG. 2. (a) and (b) Stationary states are represented through e0  d-curves for a ¼ 0:9: (a) Bursian and non-Bursian family of solutions. (1) c0 ¼ 1, (2) c0 ¼ 1:5, and (3)
c0 ¼ 1:8. (b) Bursian branches are plotted for (1) c0 ¼ 1, (2) c0 ¼ 1:5, (3) c0 ¼ 1:8, (4) c0 ¼ 3, and (5) c0 ¼ 5. Open circles denotes zero-point states and solid circles represent space charge limit (SCL). (c) and (d) Variation of (c) dSCL and (d) e0;0 with c0 for (1) a ¼ 0, (2) a ¼ 0:5, and (3) a ¼ 0:9 (V ¼ 0).
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ðs
0

uf ðs0 Þds0 :

(13)

Thus, ud=df ¼ d=ds. With respect to the Lagrangian coordinate s,
the continuity equation, momentum equation, and Poisson’s equation
take respective forms
nu ¼ u0 ¼

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ pﬃﬃﬃ
c0 þ 1= 2c0 ;

dp
¼ e  u;
ds

de
¼ u0 þ au:
ds

(14)

FIG. 3. The profiles of (a) potential ½gðfÞ and (b) velocity ½uðfÞ are plotted for
c0 ¼ 2, a ¼ 1,  ¼ 0:25, and V ¼ 0. Curve (1) e0 ¼ 0:2, (2) e0 ¼ 0:4, and (3)
e0 ¼ e0;0 ¼ 0:667 [Note: gc ¼ 0:42]. (c) Changes of gc with respect to  for
c0 ¼ 2; (1) a ¼ 0, (2) a ¼ 0:5, and (3) a ¼ 1.
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pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Here, p ¼ cu and c ¼ 1= 1  2ðc0  1Þu2 . From the relation
e ¼ dg=df, we also obtain dg=ds ¼ ue: Combining we get
d2
u
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ þ u þ au ¼ u0 :
ds2
1  2ðc0  1Þu2

(15)

Equation (15) is solved numerically by RK4 method. We take the following conditions: at s ¼ 0, f ¼ 0 and therefore density nðs ¼ 0Þ ¼ 1,

FIG. 4. Stationary states are represented through e0  d-curves for two sets of a and
c. Set-1: a ¼ 0:9; c0 ¼ 1:5 [(a) and (b)], Set-2: a ¼ 1:2, c0 ¼ 2 [(c)]. (a) Bursian and
non-Bursian family of solutions: (1)  ¼ 0, (2)  ¼ 0:02, (3)  ¼ 0:03, (4)  ¼ 0:1,
(5)  ¼ 0:5, and (6)  ¼ 0:8. (b) Bursian branches are plotted for (1)  ¼ 0, (2)
 ¼ 0:03, (3)  ¼ 0:1, (4)  ¼ 0:3, (5)  ¼ 0:5, and (6)  ¼ 0:8. Open circles
denote zero-point states and solid circles represent space charge limit (SCL). (c) Bursian
and non-Bursian family of solutions: (1)  ¼ 0, (2)  ¼ 0:05, (3)  ¼ 0:1, (4)
 ¼ 0:2, (5)  ¼ 0:3, (6)  ¼ 0:5, (7)  ¼ 0:7, and (8)  ¼ 0:9 (V ¼ 0).
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pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ pﬃﬃﬃ 
velocity uðs ¼ 0Þ ¼ u0  c0 þ 1= 2c0 , relativistic factor cðs
¼ 0Þ ¼ c0 , and potential gðs ¼ 0Þ ¼ 0. First, we ﬁx the values of
applied potential V, emitter ﬁeld strength e0 , and c0. The electric ﬁeld
within the diode can be derived as e ¼ e0  u0 s þ af. For a ﬁxed
value of e0 , we have gradually increased the value of s from zero and
calculated the variations of f, u, and g with respect to s. The dependencies of the velocity and potential on f are evaluated through the
integral (13). With increasing s, g changes and for some nonzero value
of s (say s ¼ T) g takes the value V. At this stage, f ¼ d. Here, T is
called time of ﬂight.
Figure 3 shows that ﬁnite value of  modiﬁes the potential proﬁle
signiﬁcantly. For  ¼ 0:25, we see that electron velocity vanishes for
e0 ¼ e0;0 ¼ 0:667 and at this moment minimum value of potential gm
takes the value 0.42 (i.e., gc ¼ 0:42). Due to the presence of collisions, electrons dissipate its kinetic energy irreversibly along its path
and can be reﬂected by relatively low potential barrier now. Therefore,
for nonzero , jgc j < 0:5. Figure 3(c) displays how gc changes with .
Figure 3(a) also suggests that for  ¼ 0:25, only Bursian solution exists
as potential curve has single point of intersection with V ¼ 0 line.
Actually, non-Bursian states do not appear if  crosses a critical magnitude  c .
In Figs. 4(a)–4(c), we have displayed the states in e0  d parametric space for several  values. Figures 4(a) and 4(b) are constructed for
a ¼ 0:9 and c ¼ 1:5. Figure 4(a) shows both Bursian and non-Barsian
branches. Bursian curves are plotted separately in Fig. 4(b) for same
parameter values. From Figs. 4(a) and 4(c) [Fig. 4(c) is constructed for
a ¼ 1:2 and c ¼ 3], it is clear that when  crosses a certain value
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(say  c ), non-Bursian branches disappear and only Bursian branches
remain. The value of  c depends on the parameters c0 and a. It can be
calculated from the limiting condition when the second minimum
of potential becomes zero. We have checked that for a ¼ 0:9 and
c ¼ 1:5 [Fig. 4(a)],  c ¼ 0:033. Again for a ¼ 1:2 and c ¼ 2 [Fig.
4(c)],  c ¼ 0:132. The dependencies of  c with a and c0 are presented
through Fig. 5. The shaded regions under the curves indicated in Figs.
5(a)–5(d) represent the parametric space where non-Bursian solutions
appear.
It is clear from Figs. 6(a) and 6(b) that both dSCL and e0;0 decrease
as  increases. However, Figs. 6(c) and 6(d) reﬂect that dSCL increases
and e0;0 decreases when c0 is increased. The position of virtual cathode
(f0) moves closer to the collector with increasing c0 [Fig. 6(e)]. But as
the strength of the collisional force increases, f0 shifts toward the emitter end [Fig. 6(f)].
IV. SUMMARY
In this article, we have studied the time independent states of relativistic Pierce diodes for both collisionless and collisional regimes.
When mean free path of collision is very large compared with the
interelectrode gap, collisional effects can be neglected. In such cases,
Eulerian description can provide us the desired potential distribution
within the diode. To realize the effects of collision, Lagrangian formulation has been employed. Just like the nonrelativistic case, stationary
states of relativistic Pierce diode can also be distinguished into Bursian
and non-Bursian family of solutions when they are visualized in a
parametric plane. The non-Bursian states appear for wavy nature of

FIG. 5. Variation of  c with respect to a [(a)–(c)] and c0 [(d)]. (a) c0 ¼ 1 (nonrelativistic), (b) c0 ¼ 1:5, (c) c0 ¼ 2, and (d): (1) a ¼ 0:7, (2) a ¼ 0:9, and (3) a ¼ 1. Shaded
parts correspond to the parameters where non-Bursian states exist.
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FIG. 6. (a) and (b) Dependencies of (a) dSCL and (b) e0;0 on  for c0 ¼ 2. (c) and (d) Dependencies of (c) dSCL and (d) e0;0 on c0 for a ¼ 0:9. (e) and (f) Position of virtual
cathode f0 (position of zero velocity) vs (e) c0 (for a ¼ 0:9) and (f)  (for c0 ¼ 2). (a), (b), and (f): (1) a ¼ 0, (2) a ¼ 0:5, and (3) a ¼ 0:9. (c), (d), and (e): (1)  ¼ 0,
(2)  ¼ 0:4, and (3)  ¼ 0:8 (V ¼ 0).

the potential proﬁle. With increasing energy of emitted relativistic
electron beam (determined by the parameter c0), the non-Bursian solutions arise for larger values of interelectrode separation. As the
strength of collisional drag increases, potential proﬁle starts to deviate
from its wavy nature. The non-Bursian branches disappear and only
Bursian branches remain when the dimensionless collision frequency
crosses a critical value ð
 c ). It happens because the presence of collisional dragging force affects the beamlike distribution of injected electrons. The critical value of collision frequency depends both on c0 and
a (density of ions). At the extreme right, each Bursian curve contains a

Phys. Plasmas 26, 113503 (2019); doi: 10.1063/1.5124900
Published under license by AIP Publishing

point which corresponds to the state with maximum current density
(space charge limit). The maximum value of the diode current density
increases with the relativistic factor c0 and background ion density a.
However, it decreases with the normalized collision frequency .
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