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This paper is an extension of the recent work of Dalui et al. [Phys. Plasmas 24, 042305 (2017)] on
modulational instability of ion acoustic waves in a multi-species collisionless plasma by considering the effect of uniform (space independent) and static (time independent) magnetic field directed
along a fixed direction. A three dimensional nonlinear Schr€odinger equation is derived to study the
modulational instability of ion acoustic waves in a multi-species collisionless magnetized plasma
consisting of warm adiabatic ions, nonthermal hot electrons, due to Cairns et al. [Geophys. Res.
Lett. 22, 2709 (1995)], which generates the fast energetic electrons and Maxwell-Boltzmann distributed isothermal electrons. The modulational instability of ion acoustic waves propagating along
the direction of the magnetic field has been investigated theoretically. The instability condition and
the maximum growth rate of instability have been derived analytically. It is found that the maximum growth rate of instability decreases with increasing values of the magnetic field intensity
whereas the maximum growth rate of instability increases with increasing cos d, where d is directly
related to the modulational obliqueness h by the relation h þ d ¼ p2, i.e., d is the angle between the
direction of the modulated wave with the static uniform magnetic field. Published by AIP
Publishing. https://doi.org/10.1063/1.4991806

I. INTRODUCTION

Plasmas with different species of electrons at different
temperatures have been observed by various spacecraft missions, viz., FAST at the auroral region,1–5 Viking Satellite,6,7
S3-3 Satellite,8 GEOTAIL,9 and POLAR5,10,11 missions in
the Earth’s magnetosphere. Studies of two–electron–temperature plasma by these satellite observations of moving localized potential variation regions not necessarily indicate that
the distribution functions of both the electron species are isothermal. Specifically, the observations of electric field structures by the FAST1–5 satellite, Viking Satellite,6,7 and Freja
Satellite12 in the auroral zone indicate the existence of energetic electrons along with isothermal electrons. Thus, there
may exist two different species of electrons at different temperatures in the auroral zone of the magnetosphere and ionosphere of the Earth. Among these two species of electrons,
one species of electrons follows Maxwell-Boltzmann distribution and the other species of fast energetic electrons can
be taken as the nonthermal velocity distribution of Cairns
et al.13 Although different non-Maxwellian distributions
have been modeled in phase space to describe the behaviour
of the energetic particles, the electrostatic wave structures
observed by the Freja Satellite12 can be best described by
considering Cairns13 distributed nonthermal electrons and
using this nonthermal distribution of electrons, Cairns
et al.14 investigated ion acoustic (IA) solitary waves in a collisionless magnetized electron ion plasma. Later Mamun and
Cairns15 investigated the stability of solitary waves in a magnetized nonthermal plasma. Bandyopadhyay and Das16
a)
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investigated the effect of Landau damping on IA solitary
waves in a magnetized nonthermal plasma. Islam et al.17 considered a collisionless magnetized electron–ion plasma system
consisting of warm adiabatic ions and a superposition of two
distinct populations of electrons at different temperatures, a
cooler one with a Boltzmann distribution and a hotter one
with a nonthermal Cairns distribution to investigate the small
amplitude IA solitary waves. Recently, Rufai et al.18 investigated the arbitrary amplitude solitary structures in a collisionless magnetized electron ion plasma system consisting of cold
ions, nonthermal hot electrons, and Boltzmann distributed isothermal electrons giving a special emphasis on IA supersolitons. Several authors19–28 investigated the nonlinear properties
of arbitrary amplitude IA solitary waves in an unmagnetized
plasma consisting of two different populations of electron species (both the electron species follow Boltzmann-Maxwellian
distribution) at different temperatures.
Recently, Dalui et al.29 have investigated the modulational instability (MI) of IA waves in a collisionless unmagnetized plasma consisting of warm adiabatic ions and a
superposition of two distinct populations of electrons, one
due to Cairns et al.,13 which generates the fast energetic electrons, and the other the well known Maxwell-Boltzmann distributed electrons. Using Reductive Perturbation Method
(RPM),30,31 they have derived a one dimensional nonlinear
Schr€odinger equation (NLSE). The instability condition and
the maximum growth rate of instability have been derived.
In the present paper, we have extended the earlier work of
Dalui et al.29 by considering the effect of uniform static
magnetic field directed along a fixed direction.
The MI of IA envelop solitary waves in multi-species
unmagnetized two temperature electron plasma have been
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studied by several authors.32–37 Kako38 investigated the MI of
IA waves in a magnetized plasma. Murtaza and Salahuddin39
investigated the MI of IA waves in a collisionless magnetized plasma consisting of cold ions and isothermal electrons.
Misra and Roy Chowdhury40 investigated the MI of IA
waves in a collisional magnetized plasma consisting of adiabatic warm ions and nonthermal electrons. Shukla and
Misra41 investigated the amplitude modulation of lowfrequency, long-wavelength electrostatic drift wave packets
in a nonuniform magnetoplasma with the effects of equilibrium density, electron temperature, and magnetic field inhomogeneities by deriving a NLSE. They reported that the
modulated drift wave packet can propagate in the form of
bright and dark envelope solitons or as a drift rogue wave.
Misra42 considered the similar problem in quantum magnetoplasma. Beside these, several authors43–47 investigated the
MI of IA waves in different magnetized plasma systems.
In this paper, we have investigated the nonlinear evolution of modulated IA waves in a fully ionized collisionless
plasma consisting of warm adiabatic ions and two species of
electrons at different temperatures, a cooler one with a
Boltzmann distribution and a hotter one with a nonthermal
Cairns distribution, immersed in a uniform static magnetic
field directed along a fixed direction. The MI of IA waves
propagating along the direction of the uniform static magnetic
field has been investigated theoretically. A three dimensional
nonlinear Schr€
odinger equation is derived to investigate the
MI of the obliquely modulated IA waves. The instability condition and the maximum growth rate of instability have been
derived analytically.
II. BASIC EQUATIONS

We consider a fully ionized collisionless plasma consisting of warm adiabatic ions and two species of electrons at
different temperatures, a cooler one with a Boltzmann distribution and a hotter one with a nonthermal Cairns distribution
immersed in a uniform static magnetic field (B ¼ B0 ^z )
directed along z-axis. The basic equations of the present
plasma system are given by
@n
þ r  ðnuÞ ¼ 0;
@t

(1)

@u
r
þ ðu  rÞu ¼ r/ þ xc ðu  ^z Þ  rp;
@t
n

(2)

r2 / ¼ nce þ nse  n;

(3)

p ¼ nc ;

(4)



@ @ @
where r  @x
; @y ; @z .
Here, n, nce, nse, xc, u ¼ ðu; v; wÞ, p, /, (x, y, z), and t are
the ion number density, the nonthermal electron number density, the isothermal electron number density, the ion cyclotron
frequency, the ion fluid velocity, the ion pressure, the electrostatic potential, the spatial variables, and time, respectively,
and these quantities have been normalized by n0, n0, n0,
 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
xpi ¼ 4pn0 e2 =m , cs ¼ KB Tef =m ; n0 KB Ti ; KB Tef =e,
 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
kDf ¼ KB Tef =4pn0 e2 , and x1
pi , where r ¼ Ti =Tef and

 
c ¼ 53 is the ratio of two specific heats. Again, KB is the

Boltzmann constant, n0 is the unperturbed ion number density,
m is the mass of an ion, – e is the charge of an electron, Ti is
the average ion temperature, and Tef is given by the following
equation:
nc0 þ ns0 nc0 ns0
¼
þ
;
Tef
Tce Tse

(5)

where nc0 ; ns0 , Tce, and Tse are unperturbed nonthermal electron number density, unperturbed isothermal electron number
density, average temperature of nonthermal electrons, and
average temperature of isothermal electrons, respectively.
Based on the above-mentioned normalization of the independent and dependent variables, the normalized number density
of Cairns13 distributed nonthermal electrons and the normalized
number density of isothermal electrons can be written as
nce ¼ nc0 ð1  be rc / þ be r2c /2 Þ exp ½rc /;

(6)

nse ¼ ns0 exp ½rs /;

(7)
T

4ae
with ae  0; nc0 ¼ nnc00 ; ns0 ¼ nns00 ; rc ¼ Tceef ;
where be ¼ 1þ3a
e
T

rs ¼ Tefse .
Here, be is the nonthermal parameter, and according to
Verheest and Pillay,48 the physically admissible bounds of
be is given by 0  be  47 0:6. Now, Eq. (5) and the charge
neutrality condition (nc0 þ ns0 ¼ n0 ) can be written as
nc0 rc þ ns0 rs ¼ 1;

nc0 þ ns0 ¼ 1:

(8)

Introducing the new parameters rsc ¼ TTcese and nsc ¼ nnc0s0 ,
the expressions of nc0 ; ns0 , rc, and rs can be simplified as
follows:
ns0 ¼
rs ¼

nsc
;
1 þ nsc

1 þ nsc
;
rsc þ nsc

nc0 ¼

1
;
1 þ nsc

rc ¼ rsc

1 þ nsc
;
rsc þ nsc

(9)
(10)

where we have used Eq. (8) to get Eqs. (9) and (10).
Expanding both nce and nse as given by (6) and (7),
respectively, using the charge neutrality condition and keeping
the terms up to /3 , we can write the Poisson equation (3) as
r2 / ¼ h0 þ h1 / þ h2 /2 þ h3 /3  n;

(11)

where h0, h1, h2, and h3 are given by
h0 ¼ 1;
h2 ¼
h3 ¼

h1 ¼ ð1  be nc0 rc Þ;

1
ns0 r2s þ nc0 r2c ;
2


1
ns0 r3s þ nc0 ð1 þ 3be Þr3c :
6

(12)
(13)
(14)

III. DERIVATION OF THE NLSE

In order to discuss the MI of IA waves propagating along
z-axis in a collisionless magnetized plasma, we consider the
linear dispersion relation of the IA wave propagating along
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z-axis. Linearising Eqs. (1), (2), (4), and (11) with respect to
the dependent variables, assuming space-time dependence of
the dependent variables to be of the form exp ½iðkz  xtÞ, the
linear dispersion relation of the IA wave propagating along the
direction of the magnetic field (B ¼ B0 ^z ) can be written as
rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x
1
:
(15)
¼ rc þ 2
k
k þ h1
This equation shows that wave frequency x can be expressed
as a function of k and we can write x ¼ xðkÞ.
To describe the nonlinear amplitude modulational of the
IA wave (carrier wave) satisfying the dispersion relation (15)
having central wave number k and wave frequency
xð¼ xðkÞÞ, let us consider a disturbance which produces a
perturbation  in the wave number k. For this wave with
wave number k þ , the wave frequency xðk þ Þ can be
expanded in Taylor series as


2
@x
2 1@ x
þ Oð3 Þ:
(16)
þ
xðk þ Þ ¼ xðkÞ þ 
@k
2 @k2
Therefore, for the perturbation  in the wave number k, the
change in phase (dw) can be written as
dw ¼ ½ðk þ Þz  xðk þ Þt  ½kz  xðkÞt


 
@x
1 @2x 2
ð tÞ þ Oð3 Þ:
t þ 
¼ z
@k
2 @k2

(17)

Therefore, for the slow amplitude modulation of the plane
wave perturbation of the carrier wave, Eq. (17) guides us to
30,49,50
along the direcchoose the stretched spatial variables



tion of the magnetic field as f ¼  z  @x
@k t
30,49,50

g ¼ y;

f ¼ ðz  Vg tÞ;

f ¼ f ð0Þ þ
s ¼ sð0Þ þ

1
X

l

a¼1

l¼1

1
X

1
X

lþ1

faðlÞ ðn; g; f; sÞ exp ½iaw;

1
X

a¼1

l¼1

sðlÞ
a ðn; g; f; sÞ exp ½iaw;

(19)

(20)

where w ¼ kz  xt, k is the wave number, x is the wave frequency, f ¼ n, w, /, and s ¼ u, v with nð0Þ ¼ 1; uð0Þ
¼ vð0Þ ¼ wð0Þ ¼ 0; /ð0Þ ¼ 0. Here, we have also used the terðlÞ
minologies: f ðlÞ ¼ f and sðlÞ ¼ sðlÞ , where “bar” denotes
a

a

a

a

the complex conjugate.
As sð0Þ ¼ 0, Eq. (20) shows that the perturbed velocity
components of ion fluid (u and v) perpendicular to the direction of propagation of the wave are one order higher than the
perturbed field variables along the direction of propagation
of the wave.
To make a one-one correspondence between the multiple scale perturbation method51,52 and the RPM,30,31 we
have the following consistency conditions:

and stretched

2

as s ¼  t. Therefore, in the coordinate frame
time
moving with a velocity @x
@k , the time variation of the wave
packets appears very slow. Although the IA wave is propagating along the direction of the magnetic field, due to the
introduction of the magnetic field, the weak dependence of
the spatial coordinates perpendicular to the direction of the
uniform static magnetic field is taken into account because
the inclusion of the magnetic field results in overall inhomogeneity in plasma. On the other hand, weak dependence of
the spatial coordinates perpendicular to the direction of the
uniform static magnetic field also help us to study the stability of modulated IA wave [i.e., when modulation on the
wave amplitude (packet) takes place] with oblique
modulation.
So, in order to study the MI of IA waves propagating
along z-axis in a collisionless magnetized plasma, we have
used the following stretchings of the spatial coordinates and
time:
n ¼ x;

perpendicular to the direction of magnetic field are different
from the stretched spatial variable along the direction of
propagation of the carrier wave because we have assumed
that the carrier wave is propagating along the direction of the
magnetic field.46
The physical quantities, viz., the ion number density (n),
the electrostatic potential (/), the ion fluid velocity parallel
to the magnetic field (w), and the components of ion fluid
velocity perpendicular to the magnetic field (u, v), are
expanded into different harmonics of the fundamental IA
carrier wave (k, xðkÞ) as

s ¼ 2 t;

(18)

where  is a small parameter and Vg can be determined later
by considering the compatibility condition and we will see
@x
that the value of Vg is exactly same as @x
@k and this @k can be
easily determined from the dispersion relation (15). It is also
important to note that the stretched spatial variables

ð1Þ

ðiÞ n0 ¼ 0;

ð1Þ

ð1Þ

ð1Þ

u0 ¼ v0 ¼ w0 ¼ 0;

ð1Þ

/0 ¼ 0;

(21)

ðlÞ
ðlÞ
ðlÞ
ðlÞ
ðiiÞ nðlÞ
a ¼ 0; ua ¼ va ¼ wa ¼ 0; /a ¼ 0 for l < jaj:
(22)

Again, in the perturbation expansions (19) and (20),
there is only one term corresponding to a ¼ 0 and also for
a ¼ 0, and consequently, without loss of generality, we
ðlÞ
ðlÞ
can assume f0 ¼ s0 ¼ 0 for any admissible value of l.
Substituting the perturbation expansions for n, u, v, w,
and /, according to the law as given in (19) and (20), into
the Eqs. (1), (2), (4), and (11) and collecting the terms of different powers of , we get a sequence of equations of different orders. From each equation of a particular order, one can
generate another sequence of equations for different harmonics by changing the values of a.

A. First Order: OðÞ51

It is simple to check that the zeroth harmonic (a ¼ 0)
equations for the continuity equation of ions, the z-component of equation of motion of ions and the Poisson equation
are identically satisfied due to the consistency condition
(21). So, at this order, we shall first of all consider the equations of first harmonic (a ¼ 1).
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"
#
x2  W 4
k
h1
Vg ¼
¼
þ rc ;
xk
x ðk2 þ h1 Þ2

Solving the first harmonic (a ¼ 1) equations of the continuity equation of ions and the z-component of equation of
ð1Þ
ð1Þ
motion of ions for the unknowns n1 and w1 , we get
ð1Þ

n1 ¼

k2 ð1Þ
/ ;
W2 1

ð1Þ

w1 ¼

kx ð1Þ
/ ;
W2 1

(23)

where W 2 ¼ x2  rck2 .
From the first harmonic (a ¼ 1) equation of the Poisson
equation, we get
ð1Þ

ð1Þ

n1 ¼ ðk2 þ h1 Þ/1 :

(24)

This equation and the first equation of (23) give the following linearized dispersion relation of IA waves
x2
1
¼ 2
þ cr:
2
k
k þ h1

(25)

This equation is exactly same as the Eq. (15).

1. First harmonic (a 5 1)

Solving the first harmonic (a ¼ 1) equations of the continuity equation of ions and the z-component of equation of
ð2Þ
ð2Þ
motion of ions for the unknowns n1 and w1 , we get
ð2Þ

ð2Þ

w1 ¼

ð1Þ

k2 ð2Þ 2ikxðVg k  xÞ @/1
;
/ þ
@f
W2 1
W4
ð1Þ

kx ð2Þ iðVg k  xÞðx2 þ rck2 Þ @/1
:
/ þ
@f
W2 1
W4

(26)

(27)

Again, solving the first harmonic (a ¼ 1) equations of the
x-component and y-component of the equations of motion of
ð1Þ

ð1Þ

the ion fluid for the unknowns u1 and v1 , we get
"
#
ð1Þ
ð1Þ
2
x
@/
@/
ð1Þ
u1 ¼ 2 2
ix 1  xc 1 ;
W ðxc  x2 Þ
@n
@g
"
#
ð1Þ
ð1Þ
x2
@/1
@/1
ð1Þ
þ xc
ix
:
v1 ¼ 2 2
@g
@n
W ðxc  x2 Þ

(28)

ð2Þ

ð2Þ

From Eqs. (32) and (33), we get Vg ¼ @x
@k , and consequently,
Eq. (31) is identically satisfied if Vg is the group velocity of
IA waves.
2. Second harmonic (a 5 2)

ð1Þ

@/1
:
@f

h
i2
ð1Þ
ð2Þ
ð2Þ ð2Þ
ð/2 ; n2 ; w2 Þ ¼ ðA/ ; An ; Aw Þ /1 ;

where

h2
k 2 x2
k4
þ cg1 r
;
þ
6
2
2W
6W 6
3k


x
k4
2
An  4 ;
An ¼ ð4k þ h1 ÞA/ þ h2 ; Aw ¼
W
k
g1 ¼ c  2:

þ

2ixk
W4

Vg 

x W
xk

4

ð1Þ
@/1

@f

¼ 0:

(36)
(37)

3. Zeroth harmonic (a 5 0)

Solving the zeroth harmonic (a ¼ 0) equations of the
continuity equation of ions, the z-component of the equation
of motion of ions and the Poisson equation for the unknowns
ð2Þ
ð2Þ
ð2Þ
/0 ; n0 , and w0 , we get
ð2Þ

ð2Þ

ð2Þ

ð1Þ

ð/0 ; n0 ; w0 Þ ¼ ðB/ ; Bn ; Bw Þj/1 j2 ;

B/ ¼

(38)

(30)

g1 crk4 þ k2 xð2kVg þ xÞ  2h2 W 4 ðVg2  crÞ


; (39)
W 4 h1 ðVg2  rcÞ  1
Bn ¼ h1 B/ þ 2h2 ;

ð2Þ

2

(35)

where

Substituting expression (26) for n1 , in Eq. (30), we get
(
)
k2 ðk2 þ h1 Þ x2
1
ð2Þ
/1
 cr þ 2

k2
W2
k þ h1
2

(34)

A/ ¼ 

(29)

From the first harmonic (a ¼ 1) equation of the Poisson equation, we get
n1 ¼ ðk2 þ h1 Þ/1  2ik

where we have used the linear dispersion relation (25) to
simplify the above mentioned equation.
Now, differentiating the linear dispersion relation (25)
with respect to k, we get
"
#
@x k
h1
¼
þ rc :
(33)
@k x ðk2 þ h1 Þ2

Solving the second harmonic (a ¼ 2) equations of the
continuity equation of ions, the z-component of the equation
of motion of ions and the Poisson equation for the unknowns
ð2Þ
ð2Þ
ð2Þ
/2 ; n2 , and w2 , we get

B. Second order: OðÞ52

n1 ¼

(32)

Bw ¼ Vg Bn 

2xk3
:
W4

(40)

C. Third order (O() 5 3): First harmonic (a 5 1)

Solving the continuity equation of ions and the z-compo(31)

The first term of this equation is equal to zero due to the linear dispersion relation (25) of IA waves and the second term
of the above mentioned equation can be made equal to zero if

ð3Þ

nent of the equation of motion of ions for the unknowns n1
ð3Þ

ð3Þ

and w1 , we can express n1
ð1Þ
/1 ;

ð2Þ
/1 ,

and

ð3Þ
/1

ð3Þ

and w1

as a function of

along with their different derivatives
ð3Þ

with respect to n, g, f, and s. In particular, n1
expressed as

can be
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ð2Þ

"
#
W4
x4
R¼ 2
þ1 :
2k x W 4 ðx2c  x2 Þ

ð1Þ

xðVg k  xÞ @/1
k2 ð3Þ
2k2 x @/1
¼ 2 /1 þ 2ik
i 4
4
@f
@s
W
W
W
!
ð1Þ
ð1Þ
x4
@ 2 /1
@ 2 /1
þ
þ 4 2
2
2
@g2
W ðxc  x Þ @n

ð1Þ

ðVg k  xÞ
@ 2 /1
ð3Vg kx2  3rck2 x  x3 þ rcVg k3 Þ

6
W
@f2
 3
k x
k2
þ 2 4 ðAw þ Bw Þ þ 4 ðx2 þ rcg1 k2 Þ
W
W

8
k
ð1Þ
ð1Þ
 ðAn þ Bn Þ þ rcg2 8 j/1 j2 /1 ;
(41)
W

IV. MODULATIONAL INSTABILITY

To study the stability of the modulated IA waves represented by the NLSE (44), we assume that the modulated IA
wave [i.e., when modulation on the wave amplitude (packet)
takes place47] is propagating along a direction having direction cosines ðl1 ; m1 ; n1 Þ, and consequently, we consider the
transformation

where g2 ¼ ðc2Þðc3Þ
.
2
From the Poisson equation, we get
ð3Þ

ð3Þ

n1 ¼ ðk2 þ h1 Þ/1  2ik
þf2h2 ðA/ þ B/ Þ þ

ð2Þ
@/1

@f



@

2

n0 ¼ l1 n þ m1 g þ n1 f;

ð1Þ
/1
2

@n

ð1Þ
@ /1
@g2
2



ð1Þ
ð1Þ
3h3 gj/1 j2 /1 :



@

2

ð1Þ
/1
2

@f

(42)

ð2Þ

ð1Þ

2ixk2
x2  W 4 @/1
2k2 x @/1
þ

i
V

g
W4
xk
W 4 @s
@f
4

2

ð1Þ
/1
2



¼ 0:

(43)

Using the linear dispersion relation (25) and the expression
of Vg as given in Eq. (32), Eq. (43) can be written as
!
ð1Þ
ð1Þ
ð1Þ
ð1Þ
@/1
@ 2 /1
@ 2 /1
@ 2 /1
ð1Þ 2 ð1Þ
¼ 0;
þP
þ Qj/1 j /1  R
þ
i
@s
@g2
@f2
@n2
(44)
where
P¼

W4
k4
x
1  6 Vg 
2
2k x
W
k


(48)

ð1Þ

ð1Þ

@/1
@ 2 /1
ð1Þ
ð1Þ
þ P1
þ Qj/1 j2 /1 ¼ 0;
@s
@n2

(49)

P1 ¼ Pn21  Rðl21 þ m21 Þ ¼ ðP þ RÞn21  R:

(50)

i
where

ð1Þ

ð1Þ
@ /1
@g2
2

x
@
þ1
þ
þ
W 4 ðx2c  x2 Þ
@n
3
2
x
4
k Vg 
7
6
5
4
x2
x x3
k
3Vg 2  3cr  3 þ crVg
þ 1
k
W6
k k
 3
ð1Þ
@ 2 /1
k x
k2
þ 2 4 ðAw þ Bw Þ þ 4 ðx2 þ rcg1 k2 Þ

2
W
W
@f

8
k
 ðAn þ Bn Þ þ rcg2 8  3h3  2h2 ðA/ þ B/ Þ
W
ð1Þ
ð1Þ
j/1 j2 /1

s0 ¼ s;

where l21 þ m21 þ n21 ¼ 1.
Substituting (48) in Eq. (44) and dropping the prime
from the independent variables n0 and s0 , we get the following one dimensional NLSE:

ð3Þ

Now, eliminating n1 from Eqs. (42) and (41), we get
(
)
k2 ðk2 þ h1 Þ x2
1
ð3Þ
/1
 cr þ 2

k2
W2
k þ h1

(47)


x2
x x3
(45)
 3Vg 2  3cr  3 þ crVg ;
k
k k

W4
k3 x
k2
Q ¼  2 2 4 ðAw þ Bw Þ þ 4 ðx2 þ rcg1 k2 Þ
2k x W
W

k8
 ðAn þ Bn Þ þ rcg2 8  3h3  2h2 ðA/ þ B/ Þ ; (46)
W

Now, it is simple to check that /1 ¼ /0 eiDs is a steady state
solution of the NLSE (49) if D ¼ Qj/0 j2 , where /0 is a
constant.
ð1Þ
To study the MI of IA waves, we decompose /1 as
ð1Þ

/1 ¼ ð/0 þ d/ÞeiDs

where jd/j

j/0 j:

(51)

Substituting (51) into Eq. (49) and finally linearizing the
equation with respect to the perturbed quantity d/, we get
the following equation:
i

@d/
@ 2 d/
þ Qj/0 j2 ðd/ þ d/Þ ¼ 0;
þ P1
@s
@n2

(52)

where d/ is the complex conjugate of d/.
Substituting d/ ¼ U þ iV into Eq. (52) and then separating into real and imaginary parts, we obtain the following
two coupled equations:


@V
@2U
þ P1 2 þ 2QUj/0 j2 ¼ 0;
@s
@n
@U
@2V
þ P1 2 ¼ 0;
@s
@n

(53)
(54)

where we have assumed that U and V are real functions of n
and s.
Substituting
U ¼ U0 exp ½iðKn  XsÞ þ c:c: ;

(55)

V ¼ V0 exp ½iðKn  XsÞ þ c:c: ;

(56)

into Eqs. (53) and (54), we get the following equations:
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iXV0 þ ðP1 K 2 þ 2Qj/0 j2 ÞU0 ¼ 0;

(57)

iXU0 þ P1 K 2 V0 ¼ 0:

(58)

For the nontrivial solution of the above linear equations
for the unknown quantities U0 and V0, we get


(59)
X2 ¼ P1 K 2 ðP1 K 2  2Qj/0 j2 Þ:
2

0j
If 1  2Qj/
P1 K 2  0, then from (59), one can get real values
of X, and consequently, IA wave is modulationally stable.
From the expression of X2 as given in Eq. (59), we see that
X2 is strictly positive for P1 Q < 0. Therefore, the IA wave is
always modulationally stable for all P1 Q < 0. On the other
hand, if P1 Q > 0, then X2  0 or X2 < 0 according to
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ2ﬃ
0j
whether K  Kc or K < Kc , where Kc ¼ 2Qj/
P1 . Therefore,

we see that IA wave is modulationally stable, i.e., X2  0
when either P1 Q < 0 or K  Kc whenever P1 Q > 0. On the
other hand, if P1 Q > 0 and K < Kc , then X2 < 0 and all the
roots of Eq. (59) for the unknown X are purely imaginary.
Consequently, the IA wave is modulationally unstable and
the growth rate of instability C (¼ ImðXÞ) is given by the following equation:
"
#

2 2Qj/0 j2
1 :
(60)
C2 ¼ P1 K 2
P1 K 2
For given values of P1 and Q, the growth rate of instabilqﬃﬃﬃﬃﬃﬃﬃﬃﬃ2ﬃ
0j
ity C attains its maximum value Cmax at K ¼ pKcﬃﬃ2 ¼ Qj/
P1
and the maximum growth rate of instability Cmax is given by
Cmax ¼ jQjj/0 j2 :

(61)

From Eq. (59), we see that X2 ¼ 0 if P1 ¼ 0. Although we
see that X2 ¼ ½P1 K 2 2 , if Q ¼ 0, the analysis is erroneous
because for Q ¼ 0, it is not possible to study the MI of IA
waves with the help of the present NLSE. For Q ¼ 0, Eq.
(49) loses its nonlinearity and consequently, a modified
NLSE is necessary to study the MI of IA waves.
Again, from the expressions of Q and P1 as given by
Eqs. (46) and (50), respectively, we see that Q is independent
of l1, m1, n1 whereas P1 depends only on n1 for the fixed
value of the other parameters of the system. Now, if d is the
angle of propagation of the modulated IA wave with the
external uniform static magnetic field directed along z-axis,
then n1 ¼ cos d. Therefore, for the given set of values of the
parameters, the stability of the modulated IA waves depends
only on d.

to study the instability of the modulated IA waves. The instability condition and the maximum growth rate of instability
have been investigated with respect to any parameter of the
present plasma system.
It is simple to check that the phase velocity and the
group velocity are decreasing functions of k for any set of
values of the parameters involved in the system. At k ¼ 4,
the phase velocity and the group velocity of the IA wave
assume a very small numerical value, and consequently, the
value of k is restricted by 0 < k < 4.
It is easy to check that P1 Q is a function of k, be, nsc,
rsc, xc, n1, r, and c. Therefore, P1 Q can be taken as a function of k and be for fixed values of the other parameters nsc,
rsc, xc, n1, r, and c. Consequently, P1 Q ¼ 0 gives a functional relationship between k and be. This functional relation
between k and be is plotted in Fig. 1 for fixed values of the
other parameters as mentioned in Fig. 1. From Fig. 1, we see
that in the interval 0:262  k  0:316, there is no functional
relation between k and be for which P1 Q ¼ 0. Here, we have
used the terminology N to indicate that we are unable to
determine the functional relationship between k and be for
which P1 Q ¼ 0 for the entire indicated rectangular region
enclosed by 0:262  k  0:316 and 0  be  0:6. In fact,
there is a singularity of the function P1 Q at a point k ¼ kb
lying within the interval 0:262  k  0:316 for any given
value of be. To explain the behaviour of P1 Q as a function of
k only for given value of be lying within the interval
0  be  0:6, we draw Fig. 2 in the indicated region of k for
two different values of be. Figure 2 clearly shows P1 Q 6¼ 0
for 0:262  k  0:316 with be ¼ 0:3 and be ¼ 0:5. In fact, it
can be easily checked that P1 Q 6¼ 0 for any k lying within
the interval 0:262  k  0:316 and for any be lying within
the interval 0  be  0:6. From Fig. 2(a) [Fig. 2(b)], we see
that P1 Q has a singularity at the point k ¼ kb ¼ 0:28981
ð0:27199Þ (approx.). As P1 Q 6¼ 0 in the interval 0:262  k 
0:316 for any physically admissible value of be, we are
unable to draw the functional relationship between be and k
within the interval 0:262  k  0:316. But from Fig. 2, it is
evident that P1 Q < 0 for 0:262  k < kb whereas P1 Q > 0
for kb < k  0:316. So, from Figs. 1 and 2, we can conclude
that there exists a region (an interval or union of more than
one intervals) of k such that P1 Q < 0 for any set of given
values of the parameters and consequently, IA waves are
modulationally stable in that region of k.
In Figs. 3(a), 3(b), and 3(c), be is plotted against k when
P1 Q ¼ 0 for xc ¼ 0:2; xc ¼ 0:5, and xc ¼ 0:8, respectively. From Fig. 3, we see that the region presented by N

V. SUMMARY AND DISCUSSIONS

In the present paper, we have considered the MI of IA
waves in a magnetized collisionless plasma consisting of adiabatic warm ions and two species of electrons at different
temperatures, a cooler one with a Boltzmann distribution and
a hotter one with a nonthermal Cairns distribution, immersed
in a uniform static magnetic field directed along z-axis.
Using RPM,30,31 a three dimensional NLSE has been derived

FIG. 1. be is plotted against k when P1 Q ¼ 0 for c ¼ 5=3 and r ¼ 0:001.
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FIG. 2. P1 Q is plotted against k for (a) be ¼ 0:3 and (b) be ¼ 0:5.

increases with increasing xc. We see that the existence of
both stable and unstable modulated IA waves is confirmed.
In Fig. 4, the functional relationship between k and be is
plotted when P1 Q ¼ 0 for different values of n1. From this
figure, we can conclude that the region N increases with
increasing n1 and the existence of both stable and unstable
modulated IA waves is confirmed.
Again, P1 Q can be considered as a function of k and n1
for fixed values of nsc, rsc, be, xc, r, c, and consequently,
P1 Q ¼ 0 gives a functional relationship between k and n1.
This functional relationship between k and n1 is plotted in
Figs. 5–9, for different values of xc with be ¼ 0, for different values of xc with be ¼ 0:3, for different values of be, for
different values of nsc, and for different values of rsc,
respectively.

FIG. 3. be is plotted against k when P1 Q ¼ 0 for different values of xc: (a)
xc ¼ 0:2, (b) xc ¼ 0:5, and (c) xc ¼ 0:8, when c ¼ 5=3 and r ¼ 0:001.

FIG. 4. be is plotted against k when P1 Q ¼ 0 for different values of n1: (a)
n1 ¼ 0:5, (b) n1 ¼ 0:7, and (c) n1 ¼ 0:85, when c ¼ 5=3 and r ¼ 0:001.

When both the electron species are isothermally distributed, then we have be ¼ 0, and for this case, in Fig. 5, n1 is
plotted against k when P1 Q ¼ 0 for (a) xc ¼ 0:01, (b)
xc ¼ 0:2, (c) xc ¼ 0:4, and (d) xc ¼ 0:6. From Fig. 5, we
see that both the regions P1 Q > 0 and P1 Q < 0 are bounded.
For example, the region P1 Q > 0 of Fig. 5(a) is bounded by
the curves n1 ¼ 1 and P1 Q ¼ 0, whereas the region P1 Q < 0
of Fig. 5(a) is bounded by the curves k ¼ 0, k ¼ 3.817, n1 ¼ 0
and P1 Q ¼ 0. Figure 5 shows that IA waves are

FIG. 5. n1 is plotted against k when P1 Q ¼ 0 for different values of xc: (a)
xc ¼ 0:01, (b) xc ¼ 0:2, (c) xc ¼ 0:4, and (d) xc ¼ 0:6, and c ¼ 5=3;
r ¼ 0:001; be ¼ 0, nsc ¼ 0.25, and rsc ¼ 0:25.
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FIG. 6. n1 is plotted against k when P1 Q ¼ 0 for different values of xc: (a)
xc ¼ 0:01, (b) xc ¼ 0:2, (c) xc ¼ 0:4, and (d) xc ¼ 0:6, and c ¼ 5=3;
r ¼ 0:001; be ¼ 0:3, nsc ¼ 0.25, and rsc ¼ 0:25.

Phys. Plasmas 24, 102310 (2017)

FIG. 8. n1 is plotted against k when P1 Q ¼ 0 for different values of nsc: (a)
nsc ¼ 0.01, (b) nsc ¼ 0.3, (c) nsc ¼ 0.6, and (d) nsc ¼ 0.9, and c ¼ 5=3;
r ¼ 0:001; be ¼ 0:3; rsc ¼ 0:25, and xc ¼ 0:2.

modulationally stable for any point ðk; n1 Þ lying within the
shaded regions of Fig. 5. Again, for any point ðk; n1 Þ lying
within region P1 Q > 0, IA waves are modulationally stable
or unstable according to whether K > Kc or K < Kc . Figure
5 shows that the interval of k for which modulated IA waves
are stable decreases with increasing xc. It is simple to check
that the stable region of modulated IA waves increases with
increasing r.
In Fig. 6, n1 is plotted against k when P1 Q ¼ 0 for (a)
xc ¼ 0:01, (b) xc ¼ 0:2, (c) xc ¼ 0:4, and (d) xc ¼ 0:6
with be ¼ 0:3. From this figure, one can draw the same

conclusion as given in Fig. 5. Basically, there is no qualitative change between Figs. 5 and 6. Here also IA waves are
modulationally stable for any point ðk; n1 Þ lying within the
shaded regions of Fig. 6. On the other hand, IA waves are
modulationally stable or unstable according to whether K >
Kc or K < Kc for any point ðk; n1 Þ lying within region
P1 Q > 0. The region P1 Q > 0 decreases with increasing xc,
i.e., instability of IA wave decreases with increasing xc. It is
simple to check that the stable region of modulated IA waves
increases with increasing ion temperature.
In Fig. 7, n1 is plotted against k when P1 Q ¼ 0 for different values of be, viz., (a) be ¼ 0, (b) be ¼ 0:2, (c)
be ¼ 0:4, and (d) be ¼ 0:6. From Fig. 7, we see that both the

FIG. 7. n1 is plotted against k when P1 Q ¼ 0 for different values of be: (a)
be ¼ 0, (b) be ¼ 0:2, (c) be ¼ 0:4, and (d) be ¼ 0:6, and c ¼ 5=3;
r ¼ 0:001; xc ¼ 0:2, nsc ¼ 0.25, and rsc ¼ 0:25.

FIG. 9. n1 is plotted against k when P1 Q ¼ 0 for different values of rsc: (a)
rsc ¼ 0:01, (b) rsc ¼ 0:3, (c) rsc ¼ 0:6, and (d) rsc ¼ 0:9, and c ¼ 5=3;
r ¼ 0:001; be ¼ 0:3, nsc ¼ 0.25, and xc ¼ 0:2.
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regions P1 Q > 0 and P1 Q < 0 are slowly decreasing with
increasing be. One can easily check that stable region
increases with increasing r.
In Fig. 8, n1 is plotted against k when P1 Q ¼ 0 for different values of nsc, viz., (a) nsc ¼ 0.01, (b) nsc ¼ 0.3, (c)
nsc ¼ 0.6, and (d) nsc ¼ 0.9. From Fig. 8, we see that the
region P1 Q < 0 is slowly increasing with increasing nsc, and
consequently, the stable region slowly increases with
increasing nsc.
In Fig. 9, n1 is plotted against k when P1 Q ¼ 0 for different values of rsc, viz., (a) rsc ¼ 0:01, (b) rsc ¼ 0:3, (c)
rsc ¼ 0:6, and (d) rsc ¼ 0:9. From Fig. 9, we see that the
region P1 Q < 0 is slowly decreasing with increasing rsc, and
consequently, the stable region slowly decreases with
increasing rsc.
From Figs. 5–9, we see that for given set of values of
the parameters, the modulated IA waves are stable in a right
small neighbourhood of n1 ¼ 0 for any value of k lying
within the interval 0 < k < 4, i.e., for any small value of n1,
it is simple to check that IA waves are modulationally stable.
However, from the above mentioned figures, we see that
IA waves are modulationally stable for 0  n1  0:5 () 0
 cos d  0:5 () cos p2  cos d  cos p3 () p2  d  p3
() p3  d  p2. Therefore, for modulationally stable IA
waves, we have p3  d  p2 (approximately). On the other
hand, if 0  d  dðcÞ , then IA waves are modulationally stable or unstable according to whether K  Kc or K < Kc ,
where dðcÞ is a cut off value of d which depends on the
parameters of the system.
Now we analyze the maximum growth rate of instability
(Cmax) numerically with the help of Figs. 10–14. For this

FIG. 10. P1, Q, and Cmax =j/0 j2 are plotted against k in (a), (b), and (c),
respectively, for be ¼ 0; c ¼ 5=3, and r ¼ 0:001.
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FIG. 11. P1, Q, and Cmax =j/0 j2 are plotted against k in (a), (b), and (c),
respectively, for be ¼ 0:3; c ¼ 5=3, and r ¼ 0:001.

purpose, we shall first explain Fig. 10. Here, P1, Q, and
Cmax =j/0 j2 are plotted against k in Figs. 10(a), 10(b), and
10(c), respectively. From Fig. 10, we see that the maximum
growth of instability exists in the intervals 0:204 < k < 0:836
and 0:928 < k < 2 as P1 > 0 and Q > 0, i.e., P1 Q > 0 for

FIG. 12. P1, Q, and Cmax =j/0 j2 are plotted against k in (a), (b), and (c),
respectively, for be ¼ 0:6; c ¼ 5=3, and r ¼ 0:001.
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FIG. 14. P1, Q, and Cmax =j/0 j2 are plotted against k in (a), (b), and (c),
respectively, for xc ¼ 0:5; c ¼ 5=3, and r ¼ 0:001.
FIG. 13. P1, Q, and Cmax =j/0 j2 are plotted against k in (a), (b), and (c),
respectively, for c ¼ 5=3 and r ¼ 0:001.

0:204 < k < 0:836, and P1 < 0 and Q < 0, i.e., P1 Q > 0 for
0:928 < k < 2. On the other hand, within the interval
0:837 < k < 0:928; P1 Q < 0, which shows that the modulated IA wave is stable for 0:837 < k < 0:928.
Similarly, from Fig. 11, we see that the maximum
growth of instability exists for 0:190 < k < 0:304 and
0:772 < k < 2 as P1 Q > 0 for all 0:190 < k < 0:304 and
0:772 < k < 2. For all values of k lying within the interval
0:304 < k < 0:771; P1 Q < 0, and consequently, the modulated IA wave is stable in this interval of k.
Finally, from Fig. 12, we see that the maximum growth
of instability exists for all k lying within 0:038 < k < 0:17
and 0:7 < k < 2 whereas for 0:171 < k < 0:7; P1 Q < 0, and
consequently, the modulated IA wave is stable for all k lying
within 0:171 < k < 0:7.
From Figs. 10(c), 11(c), and 12(c), we see that the
region of existence of maximum growth rate of instability
decreases with increasing be whereas the maximum growth
rate of instability increases with increasing be.
P1, Q, and Cmax =j/0 j2 are plotted against k in Figs. 13(a),
13(b), and 13(c), respectively. From Fig. 13, we see that the
maximum growth of instability exists in the interval 0:19 < k
< 0:304 as P1 > 0 and Q > 0 for 0:19 < k < 0:304.
In Figs. 13(c) and 11(c), Cmax =j/0 j2 are plotted against k
for n1 ¼ 0:25 and for n1 ¼ 0:7. Figures 13 and 11 are characteristically different. If 0  n1 < 0:594, then we have Fig. 13
and if 0:595 < n1 < 1 then we have Fig. 11.
From Figs. 13(c) and 11(c), we can conclude that the
region of existence of maximum growth rate of instability

increases with increasing n1 whereas the maximum growth
rate of instability remains unchanged within the common
region of k (0:190 < k < 0:304).
Again, P1, Q, and Cmax =j/0 j2 are plotted against k in
Figs. 14(a), 14(b), and 14(c), respectively. From Fig. 14, we
see that the maximum growth rate of instability exists in the
interval 0:306 < k < 0:530 as in the interval 0:306 < k <
0:530; P1 < 0 and Q < 0.
In Figs. 11(c) and 14(c), Cmax =j/0 j2 are plotted against k
for different values of xc. Figures 11 and 14 correspond to
xc ¼ 0:2 and xc ¼ 0:5, respectively. Figures 11 and 14 are
characteristically different. If 0 < xc < 0:406, one can get a
figure of type Fig. 11, whereas if 0:407 < xc < 0:6, one can
get a figure of type Fig. 14. From these figures, we can conclude that the region of existence of maximum growth rate
of instability decreases with increasing xc.
Again, from Figs. 10–14, we see that Cmax increases or
decreases with increasing k according to whether Q < 0 or
Q > 0.
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