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ABSTRACT
The melting curve for covalently closed supercoiled DNA
has been studied by assuming the existence of cruciforms as
significant structural perturbations in the pre-melting region.
The statistical mechanical treatment used incorporates these
cruciform structures through an appropriate sequence generating function. The variation of the effective hydrogen bond
energy with temperature is taken into account by an empirical
procedure. The results obtained are in close agreement with
the corresponding experimental data in TEA solution where the
effect of heterogeneity of the base pairs is minimized.

INTRODUCTION
The existence of inverted repeat sequences is known to be
quite common in DNA molecules. Although their functional significance is not yet well established, it is often believed that
the self-complementarity of these inverted repeats in DNA provides the structural intermediates for mutation1. In principle,
the segment of a DNA molecule with an inverted repeat has two
distinct potentially stable conformations, depending on whether
the hydrogen bonds are formed between the two separate strands
or within each single strand of the sequence. These are the
usual uninterrupted double helical structure and the 'cruciform'
structure respectively. The cruciform structures are found to
exist at certain inverted repeats within the various covalently
closed plasmids2'3 as well as in a completely palindromic circular DNA molecule4. It is important to note, however, that the
cruciform states are observed only in covalently closed circular duplex structures (DNA I) with negative superhelix density,
but never in a nicked circular duplex (DNA II) or in a linear
molecule. Thus for the equilibrium secondary structure of the
o I R L Press Limited, Oxford, England.
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underwound DNA I, the cruciform state appears to be thermodynamically stable under the appropriate strain of supercoiling4'5.
In other words, the excess free energy of supercoiling, in such
cases, must compensate for the disruption of the base pairing
and stacking needed to drive the cruciform extrusions. For a
closed circular molecule, we know that this free energy is
proportional to the square of the superhelix density68
Moreover, since a stronger preference for the cruciform structure has been reported at higher temperatures4, we find it
reasonable to assume that the DNA I, beyond some critical
value of supercoiling,will largely relax into a set of cruciforms in the pre-melting region 9. In other words, the present
model for DNA I, in the transient region, will consist of
three types of sequences, namely those consisting of the
regular helical units, the denatured regions or the bubbles,
and the supercoil-induced cruciforms. The DNA II, on the other
hand, will be represented by a linear duplex consisting of the
regular helical sequences and the bubbles only. Thus we consider the presence of the supercoil-induced cruciforms as significant structural perturbations in DNA I in analyzing its
melting curve. The states of partial cruciform extrusion,
however, are not considered in this paper. We have always
ignored the denatured loops at the heads of an extruded cruciform as these loops are at an entropically disadvantageous
position to expand beyond their minimum size. Strictly speaking, however, this is true for a palindromic sequence only.
A statistical mechanical treatment of superhelical cruciform extrusion has appeared recently 1. In the present paper,
however, we use the appropriate sequence-generating functions 1112 for computing the equilibrium transition properties.
In fact the main result of this paper indicates that the higher
melting point and the flatter melting curve for DNA I, as
observed recently 3, can be well explained by introducing into
the usual statistical mechanical theory an additional sequence generating function for the supercoil-induced cruciforms,
and by considering the fact that the process of nucleation is
easier in a closed duplex structure. The order of magnitude of
the relevant nucleation parameter, which determines the coope5884
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rativity of the order-disorder transition, is also discussed.
The effect of heterogeneity of the base pairs, however, is
not considered as we have compared our results with the experimental data on melting profiles in tetraethylammonium bromide (TEA) solution where the difference between the A-T and
miniize13 . Finally, in order to
the G-C binding energies are minimized
obtain a closer fit to the observed melting profiles over a
wider temperature range, we have also taken into account the
variation of the effective hydrogen bond energy with temperature, and some important conclusions related to this variation
are summarized at the end.
THEORY
The thermodynamics of melting of the hydrogen bonded
polymers, with special reference to the linear duplex polynucleotide molecules (DNA II), has been worked out by several
authors on the basis of Ising-like models in statistical
mechanics14. The cooperativity of the hydrogen bonds, which
brings out the sharp melting transition for a linear duplex
molecule with high degree of polymerization, has been discussed by one of us 1 in a recent review. As our present work
includes the closed circular duplex molecules (DNA I) as well,
we find it convenient to use the sequence-generating functions,
first oroposed by Lifson , in order to obtain the appropriate
weight factors or the partition function. This method, although
basically similar to the usual matrix method in an Ising-like
model, has a wider range of applicability and can be suitably
extended to include the supercoil-induced cruciforms in DNA I.
It is reasonable to assume that the free-end effects of a
sufficiently long linear duplex molecule are unimportant, so
that a long-chain DNA II molecule in the pre-melting region
effectively consists of the ordered helical (h) sequences and
the bubbles only. Thus the diordered coiled (c) sequences are
assumed to exist only in the form of bubbles. The corresponding
sequence-generating functions are given byll'12
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for the helical and the coiled sequences respectively, where
represents the 'equilibrium parameter' for the hydrogen bond
formation reaction in a link that follows a bonded link, and
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is the 'nucleation parameter' which mainly depends on
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duplex polynucleotide molecule14,15

'«<< I imposes high degree of cooperativity of the
hydrogen bonds. The nature of the melting transition is also
determined by the constant k, which is related to the conformational degrees of freedom of the bubble due to its flexible
bonds. According to a crude estimate12 based on the random
walk model in three dimensions, k 0l1.5. The effect of variation of the constant k has been discussed in an earlier
where it was actually pointed out that k< 1.5 for a
paper 1,
closed circular molecule. This is because the full degrees of
freedom of a bubble cannot be realized in a closed duplex struc-ture, where the flexibility of the strands is constrained by a
fixed linking number. In our present work, we take k = 1, so
that the summation in equation (2) may be evaluated exactly.
Thus we have
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Now, for a linear chain of n units, each of which
in the helical or in the disordered state, Lifson 1
that the partition function, in the limit of large
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where it is reasonable to choose ar = 0.01 for the linear
duplex structurel7. The equation (6) can be solved graphically
for x at different values of s referring to different tem-
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peratures. The fraction of the helical states is then obtained
from the relation12

e
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Finally, using equation (6) to evaluate the derivative, we get

=
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where the parameter s is translated into the absolute temperature T by using the relation14

s

=
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In equation (9), EB represents the hydrogen bond energy, and
S is the entropy of a participating link of the polymer arising
out of its conformational degrees of freedom..
As our present paper is aimed at interpreting the observed
melting curve for DNA I, let us now turn our attention to the

covalently closed duplex polynucleotide with negative superhelix
density. As mentioned already, we find it reasonable to assume
that the negative supercoiling largely manifests itself in a
state with cruciforms in the pre-melting region. Thus, in the
present model, the DNA I effectively consists of three types
of sequences, namely those with the regular helical states (h),
the coiled states (c), and the helical states (h+ ) in the supercoil-induced cruciforms. An inspection of the cruciform structure leads us to express the sequence-generating function for
the h +-sequences in the following form:

4, (x)f+1
0S.2(.
=n

(10)

Equation (10) reflects the fact that the helical sequences in
a cruciform should grow by four bases at a time, and that s
is still the statistical weight per base pair, or Si/2 per
base. Here we find it more reasonable to consider the growth
of the helical sequences by four bases at a time, rather than
by two bases at a time as if the pair of hairpin structures
in a cruciform were growing independently. The factor an0
involves the energy necessary to nucleate a cruciform structure, following a regular helical sequence, causing the disruption of a minimum number of base pairs. These local transi-
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tions are rendered energetically favourable by the imposed
superhelicity in closed circular molecules. Therefore, the
factor Mn* actually involves the 'average' superhelical free
energy cost of a cruciform extrusion in such ri.olecules. The
superhelical free energy is estimated to be
lORT
per
68,
where
the
to
-0.05
-0.06
base-pair
superhelix density p
for the commonly occurring circular forms 18 . As the average number of base pairs involved in a cruciform extrusion is only a
few, we take On =1 . Thus, for the sufficiently lower values
of p involved, we actually ignore the local dependence of
on superhelicity, but the structural manifestations of the
latter are taken into account by equation (10). For the regular
helical sequence in a supercoiled molecule, on the other hand,
the equation (1) is still valid with a modified nucleation
parameter c7n >r . This is quite reasonable as the nucleation
of a helical sequence should be easier in a covalently closed
structure where the conformations are more restricted by the
topological constraints. The relative magnitudes of these parameters are discussed later. Thus, in the present case, we have

pz

X (x)
co S/(/ - s)
(11)
For the coiled sequence, however, we assume that the equation
(2) remains the same, so that the partition function Z is
still given by equation (4) where, according to Lifson 1, x
is now the largest root of the determinantal equation

|M ij

OX)

-

si

|

=0

(12)

where

ML3 (x)

=

O
(13)

.C(X)

O

O

and i, j = 1,2,3 represent the coiled, the helical and the
cruciform sequences respectively. As the superhelical cruciform extrusions are entropically favourable in the helical
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regions, we have assumed a regular order for the three types
of sequences involved. Thus, combining equations (12) and (13),
we get

x/(X) 48(x) c(x)

=

t

(14)
or, using equations (2), (3), (10) and (11), we finally obtain
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where Tn+should be treated as a new effective nuclean qn
n
tion parameter for the supercoiled DNA. Now, we have to solve
the equation (15) graphically for its largest root x, like
our previous equation (6) for the linear system, for the different values of s which refer to different temperatures T
according to equation (9). The fraction of the helical states
at these temperatures may then be obtained from equation (7).
Using equation (15) to evaluate the derivative dx/ds, in the
present case, we obtain
3X4
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We have finally plotted the (1-e) vs. T melting curve
for DNA I as well as that for DNA II by taking C+ = 0.1 and
(n = 0.01 respectively, and by choosing the appropriate
value of the hydrogen bond energy EB and the entropy S
appearing in equation (9). The results are compared with the
corresponding experimental data on the melting profiles in
TEA solution where the effect of heterogeneity of the base
pairs is minimized13. The physical basis for the choice of
parameters and the nature of agreement between theory and
experiment are discussed below.
RESULTS AND DISCUSSIONS

The main aim of this paper is to understand the nature
of the observed melting profile for DNA I by assuming that
the free energy associated with supercoiling is manifested,
through structural reorganization, as a series of cruciform
sequences formed within the covalently closed duplex polynucleotide. Accordingly, we have solved the equation (15) gra5889
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The Melting Curves for DNA I and DNA II.
The experimentally observed curve, el and e2 refer
to DNA I and DNA II respectively. The theoretically
t refer to DNA I and t refers
computed curves
1
2
1
to DNA II.

phically, and computed the fractions of the helical states
from equation (16) on the basis of an effective nucleation
for the supercoiled DNA. The corresponding
parameter On
temperature T are calculated from equation (9) which involves the hydrogen bond energy EB and the entropy S . In
obtaining the melting profile of DNA II on the other hand, we
have solved the equation (6) graphically, with 0 = 0.01, as
in ref.17. The main results of our paper are summarized below.

(a) In Fig.1, the curve t"1 shows the theoretically computed
melting profile for DNA I with On = 0.1 and with EB=4000 cal/
mole and SB=11.53 e.u. As mentioned before, we expect the
nucleation of a helical sequence to be easier in a covalently
closed system, implying reduced base-pair cooperativity, so
that T)'>OY, . The choice Cn = 0.1, in the present case,
reproduces the observed slope of the experimental melting
curve el. For E B= 4000 cal/mole, the observed melting point
Tm= 84 .0°C for DNA I, on the other hand, is reproduced by
the choice S = 11.53 e.u. It may be remarked that this choice
5890
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is reasonably close to the corresponding estimated value in
16 .
our earlier paper
(b) Having chosen the parameters cr , EB and S above, we
find that the agreement between the curves t1 and e1 in Fig.l,
specially in the lower temperature region, is still not
quite satisfactory. However, it is interesting to note that
our results may be improved considerably, as shown by the
theoretical curve tl, if we assume that EB varies linearly
from 4200cal/mole to 3900 cal/mole in the temperature range
between 570 C and 950 C. Thus we find that an effective variation of the hydrogen bonded interaction, between the two
strands, with temperature may be considered reasonable, as
pointed out by several others 19,20
(c) Extrapolating the value of EB to the observed melting
point Tm = 57.00 C for DNA II, we obtain E B =4200 cal/mole.
The corresponding choice S = 12.80 e.u. for DNA II, with
Om = 0.01, as mentioned before, reproduces the observed melting point of the molecule. The calculated melting profile
t2 also gives a good fit to its observed profile e2.
(d) From the phenomenological considerations described
above, we clearly find that S = 11.53 e.u. for DNA I, while
S = 12.80 for DNA II. Thus, we are perfectly justified in
assuming that the process of nucleation is easier in a covalently closed molecule, where the topological constraint, due
to fixed linking number, leads to a restriction in its conformational degrees of freedom, causing loss of entropy. Thus,
from our present considerations, we are able to obtain a
quantitative estimate for this entropy loss. It has often
been suggested that the supercoiling of DNA is enthalpydetermined18, but it is interesting to note that our estimated
entropy loss helps us to understand the relative magnitudes
, and hence the value
of the nucleation parameters C' and
= 0.1 used by us. Clearly, the entropy considerations
alone should contribute a relative factor of exp(S/R ) 2
in the present case. At the same time, it should also be
noted that the stacking of bases is generally less disturbed
by the helix-coil transitions in a covalently closed molecule
due to the conformational restrictions involved. Since the

a'I
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energy factor, arising out of such considerations in the present case, is known to be more important than the entropy
factor'7''8, the former is expected to contribute a relative
factor >2-3. This explains the net relative factore.-10 between Or;
and o '. Since C.
0;n'Cy, and the parameter crn
appearing in equation (10) is relatively closer to unity,
the relative magnitudes of O and oX+used by us, namely
= 0.01 andOT= 0.1, are well justified. It may be pointed out that a similar variation in the degree of base-pair
cooperativity, depending on the constraints involved, has
been examined recently by others21 in connection with the
melting of short linear DNA fragments.
Thus, we are able to explain the main features of the
melting curve for DNA by assuming that the free energy of
supercoiling is manifested, through structural reorganization, as a series of cruciform sequences. The dynamics of
these supercoil-induced cruciforms, introduced into our
theory through a new sequence-generating function, explains
the observed higher me]ting point of DNA I, as compared to
that of DNA II. The flatter melting curve for DNA I, which
implies lack of cooperativity of its hydrogen bonds , is
explained by the easier nucleation property, namely a>cr.
It should be remembered, however, that our results are compared with the corresponding data on the melting profiles in
TEA solution13 where the effect of heterogeneity of the base
pairs is minimized.
-
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