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Large amplitude solitary waves are investigated in a dusty plasma containing electrons, positive
ions, negative ions, and positively charged dust grains 关N. D’Angelo, J. Phys. D 37, 860 共2004兲兴 by
the Sagdeev potential. Numerical investigations related to Q machine dusty plasma with a positive
charge reveal that the nonlinear dust acoustic wave possesses only a supersonic compressive soliton.
The range of Mach numbers where such solitary waves exist is also investigated. © 2006 American
Institute of Physics. 关DOI: 10.1063/1.2193913兴
In a dusty plasma, the dust grains may be charged negatively by plasma electron and ion currents or positively by
secondary electron emission, UV radiation, or thermionic
emission etc.1 Due to the higher thermal velocity of electron
than ion, the dust grains usually acquire a negative charge in
low temperature laboratory dusty plasma.2 However, in a
laboratory Q machine plasma, positively charged dust grains
may be produced by replacing the plasma electrons with
negative ions whose thermal velocity is smaller than that of
ions 共positive ions兲.3
Recently, the excitation of both linear “dust acoustic
wave” 共DAW兲4 and “dust ion acoustic wave”5 due to a zero
order electric field in the presence of collisions is investigated theoretically in a multicomponent electronegative
dusty plasma with positive charged dust grains.3 The nonlinear aspects 共such as solitons, shocks, etc.兲 of multicomponent
dusty plasma with negatively charged dust grains have been
investigated, both experimentally6,7 and theoretically.8–10
But, the physics of electrostatic nonlinear structure in multicomponent electronegative dusty plasma with positively
charged dust grains has not yet been investigated. Hence it is
instructive to examine the possibility of formation of nonlinear potential structures in such a multicomponent electronegative dusty plasma. In this brief communication 共BC兲, we
investigate the large amplitude solitary potential structure of
DAW in such multicomponent electronegative dusty plasma
by the Sagdeev potential.
We consider a four component unmagnetized dusty
plasma consisting of Boltzmann distributed electrons, positive ions, negative ions, and positively charged cold dust
grains. At x → −⬁, charge on the dust grain surface is ze
where the plasma is assumed to be an undisturbed uniform
state 关 = 0 and n j = n j0 共j = e , + , − , and d兲兴 so that
ne0 + n−0 = n+0 + znd0 Þ n+0/n−0 = 共1 − ⑀z兲 + ␣ ,

共1兲

The one-dimensional behavior of the DAW is described
by the following normalized fluid equations:
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共2兲

TVd + VdXVd = − X⌽,

共3兲

⑀zX2 ⌽ = ␣e⌽ + e⌽/− − 共共1 − ⑀z兲 + ␣兲e−⌽/+ − ⑀zN,

共4兲

where ± = T± / Te. The time 共T兲 and space 共X兲 scales are
normalized in units of the dust plasma frequency
 pd共=冑z2e2nd0 / ⑀0md兲 and dust plasma Debye length
d共=冑⑀0Te / nd0z2e2兲. The velocity Vd is normalized by  pdd
whereas electrostatic potential  and dust density N are normalized by Te / e and nd0, respectively; ⌽ = e / Te and N
= nd / nd0.
The usual linear analysis shows that in terms of the
aforementioned normalizing units the linear DAW velocity in
the long wavelength limit is
=

冑

⑀z
.
␣ + 1/− + 共共1 − ⑀z兲 + ␣兲/+

共5兲

We study the nonlinear dynamics of large amplitude
DAW in the wave frame defined by  = X − VT, where V is the
velocity of such waves. The Mach number for such waves is
given by
M = V/.

共6兲

The fluid equations 共2兲 and 共3兲 can then be integrated exactly
with the boundary conditions ⌽ , ⌽ → 0; N → 1; Vd → 0 as
 → ± ⬁. After elimination of velocity, we find the following
expression for dust fluid density:
N = 共1 − 2⌽/V2兲−1/2 .

where ⑀ = nd0 / n−0 and ␣ = ne0 / n−0.
a兲

TN + X共NVd兲 = 0,

共7兲

Transforming Poisson’s equation 共4兲 to the wave frame  and
using 共7兲 and then integrating we get
13, 044503-1
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FIG. 2. Variations of d⌽⌿共⌽ , V兲 关Eq. 共13兲兴 as a function of ⌽共⬍0兲.
FIG. 1. Variations of ⑀z, Vmin =  关Eq. 共5兲兴 and Vmax as a function of ␣.

冉 冊

1 d⌽
2 d

2⌽⌿共⌽,V兲

2

共8兲

+ ⌿共⌽,V兲 = 0,

冏

⌽=0

2
⬍ 0 Þ V2 ⬎ Vmin

=

where ⌿共⌽ , V兲 is the Sagdeev potential given by

⑀z
= 2 ,
␣ + 1/− + 共共1 − ⑀z兲 + ␣兲/+

⌿共⌽,V兲 = 共⑀z兲−1关␣共1 − e⌽兲 + −共1 − e⌽/−兲

共11兲

+ +共共1 − ⑀z兲 + ␣兲共1 − e−⌽/+兲
− ⑀zV 共冑1 − 2⌽/V − 1兲兴.
2

2

where Vmin is the lower limit of the large amplitude wave
velocity V. Hence, the existence of a potential well, necessary for a solitary wave propagation, one must have V
⬎ Vmin or equivalently

共9兲

Equation 共8兲 represents the energy integral for a classical
particle of unit mass moving with velocity d⌽ / d in a potential ⌿共⌽ , V兲, where V appears as a parameter. For the
existence of a solitary wave, one requires that the potential
satisfy the following conditions11:
共i兲

⌿共⌽,V兲兩⌽=0 = 0 = ⌽⌿共⌽,V兲兩⌽=0 ,

共ii兲

⌿共⌽,V兲兩⌽=⌽m = 0,

共iii兲

⌿共⌽,V兲 ⬍ 0;

M ⬎ M min = Vmin/ = 1.

Thus subsonic solitary waves do not exist. The variation of
Vmin with ␣ is shown in Fig. 1. The nature of the solitary
wave 共compressive or rarefactive兲 is determined by the following conditions11:
d⌽⌿共⌽,V兲兩⌽=⌽m⬎0 ⬎ 0;

共10兲

␤共⌽m兲 =

d⌽⌿共⌽,V兲兩⌽=⌽m⬍0 ⬍ 0. 共13兲

The variations of d⌽⌿共⌽ , V兲 as a function of ⌽共⬍0兲 for
different V ⬎ Vmin =  is shown in Fig. 2. Figure 2 shows that
d⌽⌿共⌽ , V兲共⬎0兲 increases with the decrease of ⌽共⬍0兲 and
thereby ruling out the possibility of rarefactive 共⌽ ⬍ 0兲 dust
acoustic solitary wave. On the other hand, for compressive
soliton 共⌽ ⬎ 0兲, we see that N is real provided V2 ⬎ 2⌽m 关Eq.
共7兲兴. Also from condition 共ii兲 in 共10兲, we obtain the following
relation between soliton amplitude ⌽m and solitary wave velocity: V,

0 ⬍ 兩⌽兩 ⬍ 兩⌽m兩,

where ⌽m is the amplitude of the solitary wave. The first part
of condition 共i兲 is obvious and the second part is also satisfied by the charge neutrality condition 关Eq. 共1兲兴. Thus condition 共i兲 implies that for the solitary wave, the Sagdeev potential ⌿共⌽ , V兲 possesses a double root at ⌽ = 0. The third
condition in 共10兲 is analogous to the analysis of a particle in
the potential well, which leads to

⌽m = − ␤共⌽m兲 −

共12兲

␤共⌽m兲2
,
2V2

共␣共1 − e

⌽m

兲 + −共1 −

⌽m
e − 兲

+ +共共1 − ⑀z兲 + ␣兲共1 − e
⑀z

−

⌽m
+ 兲兲

共14兲
.
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FIG. 4. Variation of Sagdeev potential ⌿共⌽ , V兲 关Eq. 共9兲兴 with potential ⌽.
FIG. 3. Variation of soliton amplitude ⌽m with solitary wave velocity V 关Eq.
共14兲兴. Corresponding Mach numbers are given by M = V /  关Eq. 共6兲兴.

We numerically solve this equation for ⌽m subject to the
condition V ⬎ Vmin for different ␣ and the variations are
shown in Fig. 3.
For numerical computation, we consider the set of dusty
plasma parameter related to Q machine with positive
charge3: K+ as positive ion 共mass m+ ⬃ 6.68⫻ 10−26 kg兲, SF−6
as negative ions 共mass m− ⬃ 2.44⫻ 10−25 kg兲, Te = T+
⬃ 0.2 eV, T− ⬃ 0.1 eV, dust grain radius r0 = 1 m, dust
mass density ⬃103 kg m−3 and ⑀ = 0.01. On the basis of these
plasma parameters, the charge on dust grains z is determined
as a function of ␣ from the following equilibrium current
balance equation3:
共共1 − ⑀z兲 + ␣兲C+e−ze

冉

− ␣Ce 1 +

2/4⑀ r T
0 0 +

冊

冉

− C− 1 +

ze2
= 0,
4  ⑀ 0r 0T e

ze2
4  ⑀ 0r 0T −

冊
共15兲

where C j = 冑8T j / m j.
The results of this BC can be summarized as follows.
共1兲 Equation 共15兲 shows that the maximum value of ␣
for which dust grains are positively charged is ␣max ⬃ 2.1
⫻ 10−3 共Fig. 1: ⑀z vs ␣兲, but if ␣ ⬎ ␣max, the dust grains are
negatively charged. Figure 1 shows that the value of ⑀z共⑀
= 0.01兲 i.e., dust charge z, Vmin =  and also Vmax decreases
with the increase of ␣.
共2兲 The variations of d⌽⌿共⌽ , V兲 as a function ⌽共⬍0兲
are shown in Fig. 2. Figure 2 shows that ⌿共⌽ , V兲 is a monotonic increasing function of ⌽共⬍0兲 and thus there does not
exist any ⌽m共⬍0兲 for which ⌿共⌽m , V兲 = 0 provided V
⬎ Vmin = . Hence for the above-mentioned plasma parameters, there does not exist any rarefactive solitary wave. Thus
in a Q machine multicomponent dusty plasma, the DAW
possesses only supersonic 共M ⬎ 1兲 compressive solitary
waves.
共3兲 The variations of Sagdeev potential ⌿共⌽ , V兲 关Eq.
共9兲兴 with ⌽ for different ␣, z, V are depicted in Fig. 4. The
dotted and solid curves of Fig. 4 show that for lower values
of ␣, i.e., higher values of z and V the depth as well as width
of the potential well increases.

共4兲 The peak amplitude of the solitary wave increases
with the increase of solitary wave velocity V and hence with
an increase in the Mach number M = V /  with a decrease in
␣ which are shown in Fig. 3.
共5兲 The potential profiles of the compressive soliton are
depicted in Fig. 5, which are finite width solitons. On the
other hand, for the same plasma parameters the dust number
density N 关Eq. 共7兲兴 profiles of compressive solitons are
drawn in Fig. 6, which are more spiky than the potential
profiles. This is due to the fact that the dust number density
N is related to potential ⌽ by the relation 共7兲 which shows
that for a given value of V, the dust number density 共N兲
increases rapidly with the increase in potential 共⌽兲.
共6兲 Numerical analysis of ⌿共⌽ , V兲 关Eq. 共9兲兴 reveals that
there exists a maximum value V = Vmax 关for z = 8, ␣ = 1.5
⫻ 10−3, Vmax = 0.32; z = 20, ␣ = 7 ⫻ 10−4, Vmax = 0.52兴 for
which ⌿共⌽ , Vmax兲 = 0 has the only solution ⌽ = 0; for V
艌 Vmax there does not exist any nonzero solution of
⌿共⌽ , Vmax兲 = 0. This happens due to the fact that for V
艌 Vmax, ⌽m as given by Eq. 共14兲 becomes so large that it
exceeds the value ⌽ = V2 / 2. The variations of Vmax with ␣ is

FIG. 5. Variation of solitary potential ⌽ with  for different V. The corresponding Mach numbers are M = 5.96 共dotted curve兲 and M = 6.1 共solid
curve兲.
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esting physical phenomena like shock wave formation in
dusty plasma 共due to delayed charging10兲. The effects of dust
charge fluctuations on nonlinear properties of large amplitude DAW using this model is under investigation. Our preliminary results predict that the dust charge fluctuations may
produce DA shock. The results of the investigation will be
communicated in due course.
The authors would like to thank Professor N. D’Angelo
of University of Iowa, Iowa City, Iowa, for helpful discussions during the course of this work.
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FIG. 6. Variation of dust number density N 关Eq. 共7兲兴 with .

drawn in Fig. 1. To find Vmax, we solve ⌿共⌽ , V兲 艌 0 at ⌽
= V2 / 2 for different ␣. The solution of this equation yields
the maximum value Vmax and correspondingly the maximum
Mach number M max = Vmax / . For the given parameters
M max ⬇ 6.2共z = 8兲 and 6.4共z = 20兲. For any value of V
⬎ Vmax共M ⬎ M max兲 the dust grains cannot get across the traveling wave potential barrier ⌽ = V2 / 2 and are reflected upstream by this potential barrier. This prevents the formation
of a solitary wave and leads to the formation of double layer
共monotonic shock like structure兲.
共7兲 In this BC the charge on the dust grains are assumed
to be constant. But, the charge fluctuations may cause inter-
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