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The two-stream instability has wide range of astrophysical applications starting from gamma-ray
bursts and pulsar glitches to cosmology. We consider one dimensional weakly relativistic
Zakharov equations and describe nonlinear saturation of the oscillating two-stream instability
using a three dimensional dynamical system resulting form a truncation of the nonlinear
Schrodinger equation to three modes. The equilibrium points of the model are determined and
their stability natures are discussed. Using the tools of nonlinear dynamics such as the bifurcation
diagram, Poincare maps, and Lyapunav exponents, existence of periodic, quasi-periodic, and chaotic solutions are established in the dynamical system. Interestingly, we observe the multistable
behavior in this plasma model. The system has multiple attractors depending on the initial conditions. We also notice that the relativistic parameter plays the role of control parameter in the
model. The theoretical results presented in this paper may be helpful for better understanding of
C 2015 AIP Publishing LLC.
space and astrophysical plasmas. V
[http://dx.doi.org/10.1063/1.4917333]

I. INTRODUCTION

Modulational processes in plasmas and fluids can be
described by low-dimensional models of nonlinear wavewave interactions, in the weakly nonlinear regime. Nonlinear
modulational processes can explain the generation of modulated wave envelopes commonly observed in laboratory plasmas,1,2 space and astrophysical plasmas,3–5 and oceans.6
Modulation theory is a well established method to study the
long time evolution and stability of oscillatory solutions of
partial differential equations (PDEs). The theory is applicable
to nonlinear dispersive evolution equations describing the
wave phenomena. Modulational instability (MI) is a generic
nonlinear mechanism governing nonlinear wave propagation
in dispersive media. It refers to a weak space/time dependence (modulation) of the wave amplitude, due to nonlinearity
of the medium. Under the effect of external perturbations
(e.g., noise), the wave amplitude (the envelope) may potentially grow, eventually leading to energy localization via the
formation of localized structures (envelope solitons). This
mechanism is encountered in various physical contexts,
including pulse formation in nonlinear optics, materials science, plasma physics, and electric signal transmission lines.7
The study of different type of envelope excitations and MI in
various plasma systems have been of a considerable interest
in the last many years.8–12 Weatherall5 reported modulational
instability, mode conversion, and radio emission in magnetized pair plasma of pulsars. He had shown that the modulational conversion process provides a fairly simple scenario
for pulsar emission.
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On the other hand, oscillating two-stream instability
(OTSI) of an electrostatic wave is an important issue in
nonlinear plasma physics.13–17 In this process, a long wavelength pump waves (or plasma waves) near the critical layer
excited a short wavelength standing Langmuir waves and a
purely growing density perturbation. In the region where
the electric field of the pump and Langmuir waves are parallel, the plasma is pushed away to the region where the
fields are antiparallel. Then, the depressed density region
attracts electric field energy from the neighborhood that
leads to deeper density depression and enhancement of the
short wavelength Langmuir wave.18,19 Two-stream instability occurs when there is counter-streaming plasma flow in
velocity space with sufficiently large relative velocity. In an
electron ion two component plasma, usually the electron
fluid flow velocity relative to ions generates such two
stream instability. The nonlinear saturation of this instability leads to the concept of nonlinear wave interactions in
the plasma. Malik20 studied an oscillating two-stream instability of a laser driven plasma beat wave in a plasma that
has hot and cold positive ions, negative ions, and the electrons. Prasad et al.21 investigated the effect of the density
inhomogeneity on the OTSI of a lower hybrid pump wave
with a finite wavelength.
However, most of these investigations are confined to
non relativistic plasmas. In many space observations and
also laboratory experiments in connection with ultra-intense
laser pulses interacting with matter, it has been observed that
plasma particles attain relativistic speeds.22,23 It is obvious
that in these situations, high-speed streaming ions, electrons,
and positrons cause the excitation of various kinds of nonlinear structures such as shock and solitary waves. Thus, we
expect that the relativistic motion of plasma particles may
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play a crucial role in the characterization of nonlinear plasma
waves in different astrophysical and cosmological
environments.
Modulational instability of nonlinear waves in relativistic plasmas with nonlinear Landau damping was investigated
by Pataraya and Melikidze.24 Asenjo et al.25 derived a nonlinear Schr€
odinger equation (NLSE) to describe selfmodulation of nonlinear waves in a weakly magnetized relativistic electron-positron plasma with temperature. Recently,
Lopez et al.26 investigated the self modulation of nonlinear
Alfven waves in a strongly magnetized relativistic electron
positron plasma. They had shown that the maximum growth
rate of modulational instability decreases as the temperature
increased.
A proper understanding of the dynamical evolution of
nonlinear waves is essential for most studies of nonlinear
waves in astrophysical and space plasmas. Russell and Ott27
performed a numerical study of three-waves interactions
derived from the NLSE via truncation. They found that the
model can exhibit rich dynamical behaviour including stationary equilibria, hopf bifurcations, period doubling bifurcations, chaotic solutions, tangent bifurcations, transient chaos,
and hysteresis. Ghosh and Papadopoulos28 showed that to
study the onset of Alfvenic turbulence the model of Russell
and Ott is applicable to a three waves truncation of the derivative nonlinear Schrodinger equations. Miranda et al.29 studied the nonlinear wave-wave interactions in space plasmas
and reported the phenomenon of intermittent chaos. Chaos in
a three-waves truncation model of the derivative NLSE for
nonlinear Alfven waves has been studied by Sanmartin
et al.30 and Sanchez-Arriaga et al.31–33 Mori and Janssen34
derived an expression relating the kurtosis of the sea surface
elevation and the occurrence probability of freak waves generated via nonlinear four-wave modulational interactions.
Their statistical theory is in good agreement with observational data of extreme wave events.34,35 Some nonlinear analysis of plasma model was done by many author.36,37
Existence of chaotic saddles in nonlinear modulational interactions in a plasma is shown by Miranda et al.38 One of the
most important models in plasma physics is described by the
Zakharov equations39 in which the slowly varying amplitude
of a high-frequency electrostatic fields (the Langmuir fields)
are coupled with the low-frequency density fluctuations (the
ion acoustic fields). A great deal of interest has been paid to
study the nonlinear properties of these equations by a number of authors over the last few years. Spaces plasmas and
atmospheres are dominated by waves, instabilities, and turbulence. Many attempts have been made to understand the
turbulence in terms of concepts of nonlinear dynamics and
chaos.40–44
In this paper, we consider one dimensional weakly relativistic Zakharov equation and study the nonlinear saturation of the oscillating two-stream instability using a threedimensional dynamical system resulting from a truncation
of the nonlinear Schrodinger equation to three modes.
Effects of variation of relativistic parameter and other parameters are examined. In Sec. II, the low dimensional
model of nonlinear three-wave subsonic modulational processes is formulated. The analytical results regarding
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dissipativity of the model and linear stability analysis for
existence of two-stream instability by deriving the equilibrium points and their natures are given in Sec. III.
Numerical results are presented in Sec. IV, while Sec. V is
drawn for conclusion.
II. THEORETICAL MODEL

The normalized form of the weakly relativistic
Zakharov equations27 are the following:
i

@E @ 2 E
þ
¼ nE  ajEj2 E;
@t @x2

(1a)

@ 2 n @ 2 n @ 2 jEj2
;

¼
@x2
@t2 @x2

(1b)

where E ¼ Eðx; tÞ is the slowly
varying amplitude of the
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
electric field normalized to 8 pn0 me Te =ð3mi Þ with n0 as
the equilibrium density, Te as the electron temperature, and
me;i as the electron(ion) mass; n ¼ nðx; tÞ are the lowfrequency density fluctuations normalized to the equilibrium
density; and a is the weakly relativistic parameter given by
a  3kB Te =me c2  1, with kB as the Boltzmann constant
and c as the velocity of light. Time and coordinate
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
are non-dimensionalized as ðme =mi Þxp t ! t and me =mi
ðxp =ve Þx ! x, respectively, where xp is the electron plasma
frequency and v2e ¼ kB Te =me .
In the frame of reference of the high-frequency
Langmuir waves, the low frequency density perturbation
becomes almost static. Hence, we can assume that the time
derivative @n=@t vanishes. Setting @n=@t ¼ 0 in Eq. (1b),
integrating twice and taking the constant of integration equal
to zero, we obtain
n ¼ jEj2 :

(2)

Now, substituting Eq. (2) into Eq. (1a), we obtain
i

@E @ 2 E
þ
þ ð1 þ aÞjEj2 E ¼ 0:
@t @x2

(3)

Equation (3) is the well-known non-linear Schr€odinger equation. Following Russell and Ott,27 we include the term i^c E in
Eq. (3), where ^c represent the linear damping rate of E and
obtain


i


@E
@2E
þ ^c E þ 2 þ ð1 þ aÞjEj2 E ¼ 0:
@t
@x

(4)

Here, ^c > 0 implies damping, however negative values
of ^c is of interest in the context of the complex GinzburgLandau type equation, where ^c plays the role of the instability parameter. We now consider an approximate solution of
(4), for which E consists a three travelling waves
Eðx; tÞ ¼ E0 ðtÞ exp½iðk0 x  x0 tÞ þ E1 ðtÞ

 exp½iðk1 x  x1 tÞ þ E2 ðtÞ exp½iðk2 x  x2 tÞ;

(5)
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where 2k0 ¼ k1 þ k2 , and xr ¼ kr2 ðr ¼ 0; 1; 2Þ and d1;2 
x1;2  x0 : We consider a solution which is periodic in x.
Here, k0 is the wave number of the fundamental mode. The
fundamental mode is coupled to a pair of shorter wavelength
daughter waves whose wave numbers are k1 and k2.
Introducing Eq. (5) in Eq. (4), we obtain the following
set of complex ordinary differential equations:

þ 2jE2 j E0 þ 2E0 E1 E2 expð2idtÞ;

(6b)

E_2 ¼ ^c ðk2 ÞE2 þ ið1 þ aÞ½jE2 j2 E2 þ 2jE0 j2 E2
þ 2jE1 j2 E2 þ 2E0 2 E1 expð2idtÞ;

(6c)

where d ¼ ðd1 þ d2 Þ=2, dr ¼ xr  x0 ðr ¼ 1; 2Þ, and ðÞ
¼ d=dt: Equations (6) represent a consistent solution of (4)
only if additional wave vector components are strongly
damped.
Introducing amplitude-phase variables Er  ar ðtÞ
expðiwr ðtÞÞ; r ¼ 0; 1; 2, where ar and wr are real, Eq. (6)
reduce to four real equations
a_0 ¼ c0 a0 þ 2ð1 þ aÞa0 a1 a2 sin /;
a_1 ¼ c1 a1  ð1 þ aÞa20 a2 sin /;

a_2 ¼ c2 a2  ð1 þ aÞa20 a1 sin /;
/_ ¼ 2d þ ð1 þ aÞ





a2 a1
þ
cos / ;
 a21 þ a22  2a20 þ 4a1 a2  a20
a1 a2

(7)

where
/ðtÞ ¼ 2w0  w1  w2  2dt; c0 ¼ ^c ðk0 Þ; c1;2
¼ ^c ðk1;2 Þ and we assume that c0 ; c1 ; c2 are all positive. With
this choice of sign, wave 0 represents a linearly unstable
(pump) wave, and waves 1 and 2 represent linearly damped
(daughter) waves. By assuming equally damping rates for the
daughter waves 1 and 2 ðc2 ¼ c1 ¼ cÞ, one can obtain
a1 ¼ a2. Furthermore, we may normalized the amplitude a0
and the time such that c0  1. Now Eq. (7) reduce to the following set of three ODEs
a_0 ¼ a0 þ 2ð1 þ aÞa0 a21 sin /;
a_1 ¼ ca1  ð1 þ

aÞa20 a1

sin /;

/_ ¼ 2d þ 2ð1 þ aÞ½a21  a20 þ ð2a21  a20 Þ cos /:

(8a)
(8b)

(9c)

It is clear that the above dynamical system has a threedimensional cartesian phase space, ðb0 ; b1 ; /Þ. The divergence of the system is given by
(10)

One necessary condition for bounded orbits is the contraction of phase volume with time. Volume of the phase space
varies in time according to VðtÞ ¼ Vð0Þ expð2ðc  1ÞÞt:
Therefore, the system is dissipative, i.e., phase volume
shrinks exponentially if damping rate c > 1. On the other
hand, c < 1 implies unbounded orbits because the damping
rates of the waves are too low to saturate the instability of
the pump wave. Since saturation of the instability is not possible for c < 1, we do not consider this case. The case c ¼ 1
implies VðtÞ ¼ Vð0Þ, therefore system is conservative and in
this case there is a possibility of instability saturation but we
do not consider this case in this work.
B. Oscillating two-stream instability

For the linear parametric instability, we consider a0 
a1 and neglect any time dependence of a0 [i.e., disregard the
self-consistent evolution of a0 generated by Eq. (8a)]. In this
case, (8c) becomes
/_ ¼ 2ðd þ ð1 þ aÞa20 ½1 þ cos /Þ:
Since we are interested on purely growing modes, we
set /_ ¼ 0, and obtain an equation for cos /


cos / ¼  1 þ

d
ð1 þ aÞa20



:

Now for real values of / we must have d < 0 otherwise
cos / value will be greater than 1 which gives imaginary values of /. According to Eq. 8(b), the instability growth rate is
c  ð1 þ aÞa20 sin /: Thus, for instability, sin / should be
negative and c  ð1 þ aÞa20 sin / > 0, i.e., ð1 þ aÞ2 a40 sin2 /
¼ ð1 þ aÞ2 a40 ð1  cos2 /Þ > c2 : Therefore, the linear instability threshold conditions are a20 > ðc2 þ d2 Þ=ð2dÞð1 þ aÞ
and d < 0: Thus, only negative d need to be considered in
our subsequent discussion. The two-stream instability occurs
due to relative motion of electrons with respect to ions.

(8c)

In Secs. III and IV, we shall analyze this system both analytically and numerically.
III. ANALYTIC RESULTS

C. Equilibria and their stability

Equilibrium points of the system (8) are obtained by setting a_0 ¼ a_1 ¼ /_ ¼ 0, which are given by
c
;
ð1 þ aÞsin /

(11a)

1
;
2ð1 þ aÞsin /

(11b)

a0 2 ¼ 

A. Phase space contraction

Setting b0  a20 and b1  a21 , Eq. (8) become
b_0 ¼ 2b0 þ 4ð1 þ aÞb0 b1 sin /;

(9b)

(6a)

E_1 ¼ ^c ðk1 ÞE1 þ ið1 þ aÞ½jE1 j2 E1 þ 2jE0 j2 E1
þ 2jE2 j2 E1 þ 2E0 2 E2 expð2idtÞ;

/_ ¼ 2d þ 2ð1 þ aÞ½b1  b0 þ ð2b1  b0 Þ cos /:

@ b_0 @ b_1 @ /_
¼ 2ðc  1Þ:
þ
þ
@b0 @b1 @/

E_0 ¼ ^c ðk0 ÞE0 þ ið1 þ aÞ½jE0 j2 E0 þ 2jE1 j2 E0
2

b_1 ¼ 2cb1  2ð1 þ aÞb0 b1 sin /;

(9a)

a1 2 ¼ 
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1
3
d c  6ðc  1Þ d2 þ  c
2
4
;
sin / ¼
2
2
d þ ðc  1Þ
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(11c)

where a1;0 and / denote stationary values of a1;0 and /,
respectively. The necessary condition for the existence of
equilibrium points is sin / < 0. If d2 > ðc  34Þ satisfying
sin / < 0, there are two possible stationary state solutions
corresponding to the two possible signs in (11c). If
d2 < ðc  34Þ, there are no solutions of Eq. (11), since (11c)
becomes complex.
We now do the linear stability analysis of stationary solutions of the system (8) assuming d < 0 and c > 1.

Now; sin /1;2

and cos /1;2

rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ


1
3
d c  6ðc  1Þ d2 þ  c
2
4
¼
2
2
d þ ðc  1Þ



 sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
3
ðc  1Þ c  7 d2 d2 þ  c
2
4
¼
:
2
2
d þ ðc  1 Þ
(12)

We label the two stationary points ða0 ; a1 ; /1;2 Þ as P1;2 ,
respectively.
The variational matrix at the equilibrium point
ða0 ; a1 ; / Þ is given by

Mvar

1
pﬃﬃﬃﬃﬃ
0
62 2c a0 cot/
C
B pﬃﬃﬃﬃﬃ
¼B
0
ca1 cot/ C
A;
@ 7 2c
M31
M32
2ð1  cÞ
0

(13)

where M31 ¼ 4a0 ð1 þ aÞ½1 þ cos /  and M32 ¼ 4a1 ð1 þ aÞ
½1 þ 2 cos / . The corresponding characteristic equation
(assuming linearized solution of the form ekt ) is given by
k3 þ C2 k2 þ C1 k þ C0 ¼ 0;

(14)

C1  ð2c= sin2 / Þð2 þ 3 cos /
where
C2  2ðc  1Þ,
2
þ2 cos / Þ, and C0  ð8c= sin2 / Þ½ðc  1Þ þ ðc  12Þcos /  ;
/ stands for /1;2 .
Now according to Routh-Hurwitz stability criterion, all
the roots of the characteristic polynomial of degree three
have negative real parts are that all Ci , i ¼ 0, 1, 2 must be
positive and C2 C1 > C0 . Now it is straightforward to show,
for both P1;2 ; C0 is zero only at c ¼ d2 þ 34 and is negative
for /1 and is positive for /2 . Therefore, the stationary point
P1 is unstable from the 1st criterion of Routh-Hurwitz.
Clearly, C1 and C2 are positive for /2 . The Routh-Hurwitz
2nd criterion for three degree polynomial is given by condition C2 C1 > C0 . Hence, the stability of P2 is determine
entirely by the previous condition.
Now C2 C1 ¼ C0 ) cos /2 ¼ 0; ð1  12 cÞ=ðc  1Þ.
Hence, the stability boundary is given by the curves c ¼
1

d
and ðcþ1Þ2 ðc1Þ4 ¼ d4 ð3c2 4cÞþd2 ð2c2 6c1Þ
2
2
ðc1Þ .

FIG. 1. Stability of the stationary point P2 . (A) c ¼ d2 þ 34, (B) ðc þ 1Þ2
ðc  1Þ4 ¼ d4 ð3c2  4cÞ þ d2 ð2c2  6c  1Þðc  1Þ2 , (C) c ¼ 12  d.

Therefore, it is found that the solution corresponding to
the choice of the plus sign in Eq. (11c) is always unstable
and the stability of the remaining root is summarized in the
d  c space diagram shown in Figure 1. Notice that the stability boundaries of the steady state solutions are independent of relativistic parameter.
IV. NUMERICAL RESULTS AND DISCUSSIONS

In this section, we illustrate the effects of relativistic parameter a in the model using numerical results. Notice that
when a ¼ 0, the model described by Eq. (3) is equivalent to
model of Russell and Ott.27 Let us see how the dynamics of
the system change as the parameter a varies. The obtained
results are compared with the previous results with no relativistic effect. We solve numerically the system of nonlinear
ordinary differential equations (8) using 4th order Runge
Kutta method. We fixed the parameter value d ¼ 6 for all
numerical calculations of this paper. Now we take the initial
condition as (4.4, 0.8, 0.5). In Figure 2, the phase diagram
and Poincare section45 of the system (8) are plotted taking
the parameter value c ¼ 5:6 and a ¼ 0:0 in the plane a0 a1 . It
is clear from Figure 2(b) that the system has chaotic dynamics. In Figure 3, we present the phase diagram as well as
Poincare section of the system keeping the parameter
c ¼ 5:6 and taking a ¼ 0:5. From Figure 3, we observe that
the whole dynamics converge to the stable stationary point.
So as relativistic parameter a changes from 0.0 to 0.5, the
system dynamics also change from chaotic to steady state.
Here, a plays the role of control parameter which can control
chaotic dynamics of the system.
Now we take the initial condition as (3.5, 0.8, 0.5). In
Figure 4, we described the phase diagram and Poincare section of the system (8) in phase plane a0  a1 with the parameter value c ¼ 5:6 and a ¼ 0:0. We confirm from Figure 4(b)
that the dynamics converge to stable stationary node. In
Figure 5, we present the phase diagram as well as Poincare
section of the system, keeping the parameter c (damping rate)
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FIG. 2. (a) Phase portrait; (b) Poincare
section of the system (8) for c ¼ 5:6
with a ¼ 0:0.

FIG. 3. (a) Phase portrait; (b) Poincare
section of the system (8) for c ¼ 5:6
with a ¼ 0:5.

as 5.6 and taking a ¼ 0:5. It is seen that the system has chaotic dynamics. So as a changes from 0.0 to 0:5, system dynamics change from stable node to chaotic oscillation. Here,
the parameter a plays the role of controller. Therefore, the
relativistic parameter a has significant role in the dynamics of
system.
Notice that Figure 2 with Figure 4 is drawn for same set
of parameter values c and a but for different initial conditions. Therefore, system (8) has sensitive dependence on initial conditions, i.e., the system has multistable behaviour.

Similarly, Figures 3 and 5 are plotted for same set of parameter values but for different initial conditions which again establish the existence of multistability in the system (8). Phase
diagrams as well as Poincare sections are shown with damping rate c ¼ 6:08 for different values of a in phase plane
a0  a1 in Figures 6 and 7. In Figure 6, the phase diagram
and Poincare map of the system are presented for a ¼ 0:0.
Phase diagram and Poincare section results jointly predict the
existence of stable stationary point. We have plotted the
phase portrait and Poincare map of the system for a ¼ 0:5 in

FIG. 4. (a) Phase portrait; (b) Poincare
section of the system (8) for c ¼ 5:6
with a ¼ 0.0 and the initial condition
as (3.5, 0.8, 0.5).
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FIG. 5. (a) Phase portrait; (b) Poincare
section of the system (8) for c ¼ 5:6
with a ¼ 0:5 and the initial condition
as (3.5, 0.8, 0.5).

FIG. 6. (a) Phase portrait; (b) Poincare
section of the system (8) for c ¼ 6:08
with a ¼ 0:0.

Figures 7(a) and 7(b), respectively. Phase portraits and
Poincare map confirm the existence of period 2 orbit in the
system. Phase diagrams as well as Poincare sections are
shown in Figures 8 and 9 taking damping rate c ¼ 6:83 for
different values of a in a0 a1 plane. In Figure 8, the phase diagram and Poincare map of the system are presented for
a ¼ 0:5. In Figure 8(a), we get periodic system with periodicity 2 for a ¼ 0:5. Poincare map results given in Figure 8(b)
also show that it is a period 2 orbit. We have plotted the phase
portrait and Poincare map of the system for a ¼ 0:0 in

Figures 9(a) and 9(b), respectively. Existence of quasiperiodic behaviour is clear from the return map of a1 in
Figure 9(b) for a ¼ 0:0. The return map data lie on smooth
closed curves confirms the existence of quasi-periodic behaviour of the system for a ¼ 0:0 in Figure 9(b). Therefore,
changing the parameter a, we observe stable node, period 2,
quasi-periodic, and chaotic behaviour of the system.
In Figures 10 and 11, we represent bifurcation diagram
of a1 with respect to parameter c (damping rate) for different
a. Figures 10(a) and 10(b) present bifurcation diagram46 of

FIG. 7. (a) Phase portrait; (b) Poincare
section of the system (8) for c ¼ 6:08
with a ¼ 0:5.

042306-7

Pal, Poria, and Sahu

Phys. Plasmas 22, 042306 (2015)

FIG. 8. (a) Phase portrait; (b) Poincare
section of the system (8) for c ¼ 6:83
with a ¼ 0:5.

FIG. 9. (a) Phase portrait; (b) Poincare
section of the given system for c ¼
6:83 with a ¼ 0:0.

a1 with initial condition (3.5, 0.8, 0.5) for a ¼ 0:0 and
a ¼ 0:5, respectively. From Figure 10(a), we observe that it
remains periodic for 2 < c < 16, whereas from Fig. 10(b)
we notice appearance of chaotic window for 5:6 c 6:8.
Starting with initial condition (4.4, 0.8, 0.5), Figure 11(a)
shows periodic windows for 2 < c < 5:6 and 6:8 < c < 16
and chaotic window for 5:6 c 6:8, whereas Figure 11(b)
shows periodic windows for 2 < c < 6 and 6:8 < c < 16
and chaotic window for 6 c 6:8. Therefore, the effect of
variation of a is clearly noticeable in the region 5:6 c 6.

Since all the system parameters are same in Figures 10 and
11 except the initial conditions therefore the system has multistable behaviour. Variation of maximum Lyapunav exponent47,48 of the given system with respect to c for a ¼ 0:0
and a ¼ 0:5 with initial conditions (3.5, 0.8, 0.5) and (4.4,
0.8, 0.5) is displayed in Figures 12(a) and 12(b), respectively. From Figure 12(a), we observe that the system has
periodic behaviour for a ¼ 0 but it has chaotic dynamics for
a ¼ 0:5 for the same initial condition. Effect of variation of
a is also clear from Figure 12(b) for another initial condition.

FIG. 10. Bifurcation diagram of a1 of
the system (8) with respect to parameter c (damping rate) with initial condition (3.5, 0.8, 0.5) for (a) a ¼ 0:0
and (b) a ¼ 0:5.
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FIG. 11. Bifurcation diagram of a1 of
the system (8) with respect to parameter c (damping rate) with initial condition (4.4, 0.8, 0.5) for (a) a ¼ 0:0
and (b) a ¼ 0:5.

FIG. 12. Maximum Lyapunav exponent diagram of the system (8) with
respect to damping rate c with initial
condition (a) (3.5, 0.8, 0.5), (b) (4.4,
0.8, 0.5) for a ¼ 0:0 and a ¼ 0:5.

This maximum Lyapunov exponent graph confirms the
results pointed out in Figures 10 and 11. The nature of the
dynamics drastically changes with the variation of a which
can be specifically observed from the above diagrams. The
multistable behaviour of the model is also obvious form the
maximum Lyapunov exponent diagrams (Figure 12).
Similarly, bifurcation diagram and maximum Lyapunav
exponent of a1 of the given system with respect to relativistic
parameter a, keeping damping rate c ¼ 5:6 and initial

conditions (a) (3.5, 0.8, 0.5) and (b) (4.4, 0.8, 0.5), are
drawn in Figures 13 and 14, respectively.
The saturation of instability implies the existence of finite amplitude waves in the system. The amplitudes of the
waves are bounded which is observed from numerical analysis of our model. The solution may be stationary, periodic,
multi-periodic, quasi-periodic, or chaotic as a result of the
nonlinear interaction of waves in presence of damping
depending on the system parameters. The presence of

FIG. 13. Bifurcation diagram of a1 of
the system (8) with respect to relativistic parameter a keeping c ¼ 5:6 and
initial condition (a) (3.5, 0.8, 0.5),
(b) (4.4, 0.8, 0.5).
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FIG. 14. Maximum Lyapunav exponent diagram of the system (8) with
respect to parameter a with initial condition (a) (3.5, 0.8, 0.5), (b) (4.4, 0.8,
0.5) for c ¼ 5:6.

relativistic parameter has significantly modified the system
dynamics which is obvious from numerical results.
V. CONCLUSION

In this paper, we consider one dimensional weakly relativistic Zakharov equations and study the nonlinear saturation of the oscillating two-stream instability using a threedimensional dynamical system resulting from a truncation of
the NLSE to three modes. We determine the equilibrium
points of the model and discuss their stability nature. We
performed numerical analysis of a model of nonlinear modulational processes in a weakly relativistic plasma, which
describes the onset of Langmuir turbulence. Existence of
steady state, periodic, quasi-periodic, and chaotic solutions is
established in the present model using the tools of nonlinear
dynamics such as the bifurcation analysis, Poincare maps,
and maximum Lyapunav exponents, etc. The effects of relativistic parameter and other relevant physical parameters on
the nonlinear dynamics of the present plasma system are
investigated. Effects of variation of initial conditions are also
performed and multistable behavior is observed. Finally, we
can conclude that weak relativistic effect can significantly
changes the dynamics of the system. The results of present
investigation yield an improved understanding of nonlinear
features in astrophysical and cosmological scenarios.
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