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A theoretical investigation is presented on the steady states of a planar plasma diode where static ions
uniformly occupy the inter-electrode region. A cold and purely monochromatic electron beam is
injected from the emitter plate, and the emitted electrons are carried to the collector plate through the
uniform background of stationary ions. It is considered that the electrons suffer collisions with the
other particles (with ions or neutral atoms) during its transportation through the inter-electrode gap.
The effects of collisions are incorporated through a simplified one-dimensional model. With the help
of Lagrangian description of fluid-Maxwell’s equations, time-independent states are explored for
arbitrary values of the neutralization parameter. Using the emitter electric field as a characteristic
parameter, the steady-state solutions are categorized into “Bursian” and “Non-Bursian” branches in
“emitter electric field vs diode gap” parametric space. The Non-Bursian solutions are found to be
very sensitive to the dissipative term as they only exist for small, non-zero values of the normalized
collision-frequency. Published by AIP Publishing. https://doi.org/10.1063/1.5038614

I. INTRODUCTION

In modern technology, there are so many sophisticated
devices, such as Q-machines,1–3 microwave generators,4
electronic switches,5 and particularly Thermionic Energy
Converters (TIC)6 where space charge limited (SCL) current
plays an important role to control their operational conditions. In the field of space-research, the new generation of
TIC efficiently fulfills the requirement of powerful sources
which can produce electrical power of the order of 100 kW
to 10 MW within the realistic size. TIC converts heat energy
into electricity. When a cathode is heated to a high temperature (>1800 K), it emits energetic electrons. The emitted
electrons are carried through a small electrode gap to be collected by a cooler anode surface. Generally, a TIC operates
in a collisionless (Knudsen) regime with surface ionization.
Theoretical analysis6 suggests that with an emitter temperature of 2600 K, the TIC can achieve the specific power as
high as 50 W/cm2 and the efficiency close to 30%, when
the collector temperature is kept around 1500 K. In practice,
a binary Cs-Ba filling is used to achieve this limit.
In a realistic scenario, dissipative sources such as collision are inevitable, and this kind of dissipative sources can
strongly influence the space charge limited flow, modifying
the optimum operational conditions of plasma diode based
instruments. In TIC, cesium atoms are used to create ions
which neutralize the negative space charge of electrons near
the emitter, and in this way, a strong increase in the electron
current is ensured. The maximum specific power of the converter is achieved at the cesium pressure which corresponds
to the transition regime between the collisionless (Knudsen)
and the collisional states.7 Therefore, it is necessary to study
the influences of electron collisions on the operating mode of
the TIC.
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Besides, strong nonlinear oscillations of the electron
current are observed in the Knudsen regime of the TIC.8,9
The Bursian-Pierce instability plays a dominant role for the
existence of these oscillations.10–12 This instability is particularly developed in the plasma diode when the electrons are
emitted with a very small velocity spread. If the velocity distribution function of the emitted electrons differs strikingly
from the beam-like one, the instability cannot develop. The
nonlinear oscillations in the Knudsen TIC are quenched
when the electron scattering is reasonably strong or there is a
magnetic field which is transverse to the electron trajectories.8,9 Earlier, Ioffe Institute proposed an application where
TIC can be used for alternate current generation (see, e.g.,
Ref. 13). The related mechanism is based on the development of diode instability for which electron current is cutoff
for some specific values of relevant parameters. However,
the operation of this proposed AC-current generator was considered in the Knudsen regime when the electrons flow
through the diode with a small velocity spread. But in a realistic situation, it is very important to take into account the
effects of the two crucial factors (transverse magnetic field
and electron-scattering) on the excitation of instability in
plasma diodes. Previously, we had studied the effect of the
transverse magnetic field on the plasma diode states and their
stability features.14–17 It was shown in Ref. 18 that the physical dynamics of a TIC can be successfully modeled by means
of the Pierce-like diode in which injected electrons have the
beam-like velocity distribution. Here, in our analytic investigation, we replicate a TIC by a planar model of the Piercelike plasma diode and investigate the effects of the electron
collision on the steady-state characteristics.
Pierce diode is a non-neutral plasma diode where a beam of
monoenergetic electrons is transported through the background
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of uniformly distributed immobile ions. It was Pierce who studied such kind of system first theoretically12 and found that a limiting value of the steady-state current exists beyond which
current density falls substantially due to the generation of an
aperiodic instability (Pierce Instability).12,19,20 The term
“Pierce” was first introduced by Kuhn21 for this kind of diodes.
The stationary states of Pierce diode (collisionless) is generally
represented through the “emitter field strength vs diode gap”
diagram.22 It is observed that they can be divided into two major
parts: Bursian and non-Bursian family of solutions. The general
features of Bursian family are similar to the solutions of Bursian
diodes. The non-Bursian solutions in the Pierce diode arise
because of wavy potential distributions (PDs).22,23
For a given applied voltage between the electrodes, the
Bursian curves in “emitter field strength-diode gap” parametric
plane contain two bifurcation points. The right bifurcation
points are called SCL-point (space charge limit), and it signifies
the state with the maximum diode current. Each curve ends at
“zero-point” (for purely monoenergetic beam), and it corresponds to the situation when the longitudinal electron velocity
vanishes due to the formation of a strong potential barrier (virtual cathode). Beyond this point, there is no steady state as all
the electrons are reflected back to the emitter end.24,25
As the electrons are injected by the emitter, they travel
through the inter-electrode gap to reach the collector. On
their path, they may suffer collisions with ions and other
neutral atoms. Previously, an analytical theory for the space
charge limited flow in a vacuum diode (Bursian diode)11 was
developed by Akimov and Schamel to incorporate the effects
of collision.26 They presented the improved SCL characteristics by using one-dimensional cold fluid equations where the
collisional effect was treated by a rather simple model
(Drudes model). The effect of collision was modeled by a
friction parameter , which was assumed to be constant.
Although such a one-dimensional model is rather a simplified approximation to describe the actual process of electron
scattering, utilizing this model we can check qualitatively
how collision alters the time-independent states of the
plasma diode. We have to keep in mind that such a model is
valid more or less for the case when the collisional frequency
is less than the electron beam frequency or it is of the order
of the electron beam frequency. In this present work, we
employ a similar kind of analytical approach to study the
time-independent solutions of a generalized Pierce diode22
in the presence of collisional effects. A comprehensive analysis reveals that the presence of collisional drag can cause
the disappearance of the non-Bursian branches.
The article is organized as follows: Section II presents
the electron dynamics in the presence of the self-consistent
electric field. In Sec. III, the analytical solutions are derived
for the steady states with the help of Lagrangian description
and their properties are investigated. In Sec. IV, the results
obtained are briefly summarized.
II. TREATMENT OF THE PROBLEM AND
DIMENSIONLESS VARIABLES

We assume that two infinite planar electrodes are placed
at a distance d from each other. A potential difference U is
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applied across them. The z-axis is perpendicular to the emitter surface (z ¼ 0). A non-relativistic and mono-energetic
electron beam enters from the emitter with the density nb and
injection velocity vb perpendicularly to the emitter surface.
They are collected either at the collector or at the emitter
when they are turned around by the virtual cathode. The
electric field E can be calculated from the scalar potential u
which depends on the z coordinate only.
We also assume that the diode region is uniformly occupied by the infinitely massive ions of constant density ni. The
ions are assumed to be immobile. A practical situation where
ions do not participate in the diode dynamics can be created
when ions are injected perpendicularly to the direction of
electron emission.22 If their velocities are large enough, they
will leave the diode region without any considerable change
in their density distribution providing a homogeneous ion distribution in the background. The ion background is taken into
account through the dimensionless neutralization parameter
c ¼ ni =nb :

(1)

We should note that c can take any arbitrary physical value
and the situation of charge neutralization (c ¼ 1) is merely a
situation among many possible options. We refer such a
device as the Pierce diode,12 whereas, for the Bursian diode,
the neutralization factor c is zero (i.e., ions are totally
absent).11
In 1D, the time-independent states of a collisionless
Pierce diode are governed by the continuity, momentum, and
the Poisson’s equations
d
dvz
e
ðnvz Þ ¼ 0; vz
¼  E;
dz
dz
m
dE
e
¼  ðn  cnb Þ:
dz
0

E¼

du
;
dz
(2)

To express all relevant variables in terms of dimensionless quantities, we introduce energy and length units which
are the kinetic energy of electrons at the emitter Wb and the
beam Debye length kD, respectively,24,27


3=4
20 Wb 1=2
2 Vb
kD ¼

0:3238

10
½cm;
1=2
e2 nb
jb
Wb ¼ mv2b =2:

(3)

Here, the current density jb ¼ enb vb and accelerating voltage
Vb ¼ Wb =e ¼ mv2b =ð2eÞ of the injected beam are taken in
Amperes per square cm and Volts, respectively; the symbols
e and m represent the electron charge and electron mass; the
free-space permittivity 0 ¼ 8:854  1012 C2 =Nm2 .
The dimensionless coordinate, time, velocity, potential,
and electric field strength are introduced as f ¼ z=kD , t ¼ txb ;
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u ¼ vz = 2Wb =m; g ¼ eu=ð2Wb Þ; e ¼ eEkD =ð2Wb Þ, where

xb ¼ ½e2 nb =ðm0 Þ1=2 is the characteristic frequency. The
dimensionless inter-electrode gap and voltage between the collector and emitter are denoted via d and V, respectively.
In the steady-state condition, the presence of collisions
can be incorporated in the momentum equation by a dissipative term which is proportional to the electron velocity.26
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Therefore, our basic governing equations can be expressed
in dimensionless form as
d
ðnuÞ ¼ 0;
df

u

du
¼ e  u;
df

e¼

dg
;
df

de
¼ n þ c:
df
(4)

The coefficient  is defined as  ¼ hi=xb , where hi
denotes the average “collisional frequency,” and it is defined
as hi ¼ hvi=hki. Note that it has the dimension of “Time1 .”
Here, the parameter hki is the mean free path of electrons,
and hvi characterizes the velocity spread due to collision process. For our model, we can write hvi ¼ ub hki=kD  ub =
ðkD rnb Þ, with r being the collision scattering cross section.
To be realistic, we can treat a plasma diode collisionless
as long as the characteristic Debye length (kD) is much less
than the average mean free path of the electrons, i.e., kD

k (say, 
k ¼ hki). Equivalently, we can say that for a collisionless plasma diode, beam characteristic frequency (xb) is
larger than the collisional frequency (hi), i.e., xb  hi.
The effect of collision starts to dominate the picture when
xb  hi. For analytical purpose, it is safe to assume  to be
constant as long as  1.26 The boundary conditions at
the emitter to be used are density nðf ¼ 0Þ ¼ 1, velocity
uðf ¼ 0Þ ¼ 1, electric potential gðf ¼ 0Þ ¼ 0, and electric
field eðf ¼ 0Þ ¼ e0 . The emitter electric field e0 will be used
as a variable parameter for our following analysis. The
boundary condition at the collector is g(f ¼ d) ¼ V.
We should note that in the absence of collision ( ¼ 0),
the second and third equations of Eq. (4) yield the energy
conservation
1 2
1
u g¼ :
2
2

(5)

In the absence of collision, it follows from this equation that
the PDs g(f) should be confined within a region limited by a
straight line pðf; XÞ
gðfÞ

pðf; cÞ

gc ;

(6)

where gc ¼ 1/2 for conservative case. Interestingly, this
condition does not depend on the ion background. But in the
presence of dissipative source like collision, the conservation
of energy does not hold and the value of gc differs from the
conservative case.
III. FEATURES OF STEADY STATE: LAGRANGIAN
DESCRIPTION

To solve the non-linear equations (5), we introduce the
Lagrangian coordinate s and the Lagrange transformation
ðs
f ¼ uðs0 Þds0 :
0

Thus, ud=df ¼ d=ds. Then, Eq. (5) takes the form
d
ðnuÞ ¼ 0;
ds

du
¼ e  u;
ds

Combining Eq. (7), we can have

dg
¼ ue;
ds

de
¼ 1 þ cu:
ds
(7)

d2 u
du
þ  þ cu ¼ 1:
2
ds
ds

(8)

The relevant initial conditions are
uð0Þ ¼ 1;

d
uð0Þ ¼ e0  :
ds

(9)

Using these initial conditions, we integrate Eq. (8) and find
the velocity u in terms of the Lagrangian coordinate. Then,
integrating it we can calculate the position of an electron.
pﬃﬃﬃ
For  < 2 c, we obtain



1 1
1

ð1  cÞ cos ðbsÞ þ ðce0 þ Þ  ð1  cÞ
uðsÞ ¼ 
c c
b
2




 sin ðbsÞ exp  s ;
2


1
1
1

fðsÞ ¼ s  2 ðce0 þ  Þ þ 2 exp  s
c
c
c
2



1 
 ðce0 þ  Þcos ðbsÞ þ
ðce0 þ  Þ  cð1  cÞ
b 2

(10)
 sin ðbsÞ :

pﬃﬃﬃ
On the other hand, for  > 2 c, the functions u(s) and f(s)
read




1 1
1
þa
ðce0 þ Þ  ð1  cÞð þ aÞ exp 
s
uðsÞ ¼ þ
c ac
2
2




1
1
a
ðce0 þ Þ  ð1  cÞð  aÞ exp 
s ;

ac
2
2


1
1
1 1
fðsÞ ¼ s  2 ðce0 þ Þ  2 ð  aÞðce0 þ Þ  cð1  cÞ
c
c
ac 2




þa
1 1
 exp 
s þ 2 ð þ aÞðce0 þ Þ  cð1  cÞ
2
ac 2


a
(11)
s :
 exp 
2
Here, we introduce two parameters which are effective
“frequency” b and a
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
(12)
b ¼ c   2 =4; a ¼  2  4c:

Now the fourth equation of Eq. (7) gives the electric field in
terms of the Lagrangian variable: eðsÞ ¼ e0  s þ cfðsÞ: At
last, from the relation dg=ds ¼ ue, we obtain for the
potential
ðs
1 2
gðsÞ ¼ e0 fðsÞ  cf ðsÞ þ tuðtÞdt
2
0
ðs
1 2
(13)
¼  cf ðsÞ þ ðs  e0 ÞfðsÞ  fðtÞdt:
2
0

At the collector position [s ¼ T; fðTÞ ¼ d; gðdÞ ¼ V], we
have
ðT
1 2
V ¼  cd þ ðT  e0 Þd  fðt; e0 Þdt; d ¼ fðT; e0 Þ: (14)
2
0
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Here, T is the time-of-flight of an electron between the electrodes and the function f(s) is determined from Eq. (10) or
(11). Note that in the limit  ! 0, the formula (10) coincide
totally with Eq. (41) in Ref. 22.
Using Eqs. (10)–(13), we can calculate the electron
velocity, the density profile, the electric field, and the potential within the inter-electrode space. For particular values of
c, , and e0 , we can determine the profiles of relevant quantities by gradually increasing s up to the moment (s ¼ T)
when the potential g [Eq. (13)] takes the value equal to the
collector potential V. As a result, we find the value of the
inter-electrode gap d, as well as the time T when an electron
arrives at the collector surface.
Figure 1 demonstrates the corresponding profiles of the
potential g(f) [Figs. 1(a) and 1(b)] and the velocity u(f)
[Figs. 1(c) and 1(d)] of the electrons within the interelectrode region for both positive and negative values of e0

Phys. Plasmas 25, 083512 (2018)

with c ¼ 1.1. The potential profile shows a wavy nature for 
¼ 0 and relatively small values of . With increasing , the
wavy nature of the potential profile is gradually lost. From
the velocity profile, it is observed that, for a fixed value of c,
the velocity curves contain several minima. However,
for some particular values of the , the minimum value of
the velocity reaches to zero. The state corresponding to this
situation is called “zero-point.” In Figs. 1(e) and 1(f), the
velocity and potential plots are shown for a zero-point state.
The “zero-point” state appears when the kinetic energy of
the emitted electron becomes zero at some position within
the inter-electrode region.
The formation of potential minima within the diode
region acts as a potential barrier to the emitted electrons. As
long as the kinetic energy of the emitted electrons is greater
than the height of the potential minima, electrons can cross
the potential barrier and reach the collector end. Suppose the

FIG. 1. (a) and (b) display potential distribution and (c) and (d) display electron velocity profile within the inter-electrode space drawn for c ¼ 1.1 and various
values of : (1)  ¼ 0, (2) 0.05, (3) 0.1, (4) 0.2, (5) 0.3. (a) and (c): e0 ¼ 0:5, (b) and (d): e0 ¼ 0:5. (e) and (f) respectively show the velocity and potential distribution for a “zero-point” state: c ¼ 1.1, e0 ¼ 0:85 and  ¼ 0.6. Dashed line in (f) corresponds to g ¼ gc ¼ 0.34.
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kinetic energy of the emitted electrons is completely exhausted
and electron velocity vanishes, when the minimum value of
the potential reaches a critical value gc at some point. In this
condition, the potential barrier is now strong enough to block
the electron flow. In the absence of collision, gc ¼ 1/2, i.e.,
the height of the potential barrier becomes equal to the kinetic
energy of the injected beam [see Eq. (6)] and the velocity of
the electron becomes zero at the position of the virtual cathode
(potential minimum). However, in the presence of collision,
the system is non-conservative. The emitted electrons suffer a
dragging effect due to collision with the ions and other neutral
atoms as they move towards the collector. As a result, the
kinetic energy is dissipated along their paths. Evidently, for
the collisional effect, “zero-point” state occurs at a lower
value of the potential barrier than the conservative one (i.e.,
jgc j < 0:5). If the emitted electron beam is purely monoenergetic, i.e., all electrons are emitted with the same velocity, all
of them are reflected back to the emitter when the minimum
value of the potential reaches the value gc. To the right of the
position of the zero velocity, there are no electrons. So, the
electron density to the right of this point is zero and hence the
diode current becomes zero. Beyond this limit, no steady state
exists, and thus zero-point serves as the boundary of our analysis. However, if there is a small spread in the velocity distribution function of the emitted electron beam, a small portion of
the emitted electrons (with the velocity little higher than vb)
can overcome the potential barrier and reach the collector producing very small amount of current. This is the case of partial
electron reflection which arises because of the nonmonochromatic nature of the emitted electron beam. Figures
2(a) and 2(b) display the velocity and potential plots corresponding to a number of “zero-point” states for c ¼ 1.1.
Let us consider the zero velocity occurs at the point f
¼ f0 for emitter electric field strength e0 ¼ e0;0 , and the corresponding value of s is s0, i.e., fðs ¼ s0 Þ ¼ f0 . The condition for “zero-point” states can be obtained from the
following relations: u(s ¼ s0) ¼ 0 and du=dsðs ¼ s0 Þ ¼ 0.
pﬃﬃﬃ
For the case  < 2 c, these two conditions give us the following relations:


1

ð1  cÞ cos ðbs0 Þ þ ðce0 þ Þ  ð1  cÞ sin ðbs0 Þ
b
2



s0 ;
¼ exp
2


1 
ðe0 þ Þ cos ðbs0 Þ 
ðe0 þ Þ þ 1  c sin ðbs0 Þ ¼ 0:
b 2
(15)
Equation (15) provides



ðe0 þ Þ þ 1  c

2
exp
s0 ;
cos ðbs0 Þ ¼
D
2


bðe0 þ Þ

sin ðbs0 Þ ¼
exp
s0 ;
D
2

D ¼ ðe0 þ Þðce0 þ Þ þ ð1  cÞ2 > 0:

FIG. 2. Velocity profile (a) and potential profile (b) for the situation when
electron velocity vanishes for the first time (zero-point). Dashed lines in (b)
correspond to relevant values of gc. Curves: 1ð ¼ 0; e0 ¼ 0:95; gc ¼ 0:5Þ;
2ð ¼ 0:25; e0 ¼ 0:904; gc ¼ 0:42Þ; 3ð ¼ 0:5; e0 ¼ 0:864; gc ¼ 0:36Þ;
4ð ¼ 0:75; e0 ¼ 0:83; gc ¼ 0:31Þ;
5ð ¼ 1; e0 ¼ 0:796; gc ¼ 0:273Þ;
c ¼ 1:1.

1

(

b arctan bðe0 þ Þ

b



)

ðe0 þ Þ þ 1  c ;
2

if c < 1 þ ð=2Þðe0 þ Þ;
(

1

p  arctan bðe0 þ Þ


ðe0 þ Þ þ 1  c
2

)!

if c > 1 þ ð=2Þðe0 þ Þ:

;

(17)

On the other hand, for e0 <  the function s0 ðc; Þ becomes
(
)!

ðe0 þ Þ þ 1  c
;
b1 p þ arctan bje0 þ j
2
if c > 1 þ ð=2Þðe0 þ Þ;
(

) !

1
b
ðe0 þ Þ þ 1  c
2p  arctan bje0 þ j
;
2

(16)

Equation (16) allows us to find s0 as a function on e0 .
Depending on the values of c, the function s0 ðc; Þ takes the
form for e0 > 

if c < 1 þ ð=2Þðe0 þ Þ:

(18)

The value of e0;0 can be calculated by utilizing the 2nd equation of Eq. (15) where the corresponding form of s0 ðc; Þ is
determined by Eq. (17) or (18).
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pﬃﬃﬃ
For the case  > 2 c, the conditions for zero-point
states lead us to the following equations:


 

þa
þa
ðce0 þ Þ 
ð1  cÞ exp 
s0
2
2

 

a
a
ð1  cÞ exp 
s0 ¼ a;
 ðce0 þ Þ 
2
2

 

þa
þa
ðe0 þ Þ þ 1  c exp 
s0
2
2

 

a
a
ðe0 þ Þ þ 1  c exp 
s0 ¼ 0: (19)

2
2
We can obtain the following relations from Eq. (19):


þa
ð  aÞðe0 þ Þ=2 þ 1  c
s0 ¼
;
exp 
2
ðce0 þ Þðe0 þ Þ þ ð1  cÞ2


a
ð þ aÞðe0 þ Þ=2 þ 1  c
exp 
:
s0 ¼
2
ðce0 þ Þðe0 þ Þ þ ð1  cÞ2

(20)

Whereas Eq. (20) can provide a relation between s0 and e0;0
(
)
2
ðce0;0 þ Þðe0;0 þ Þ þ ð1  cÞ2
:
ln
s0 ¼
ð  aÞðe0;0 þ Þ=2 þ 1  c
þa

(21)

We can determine s0 ðc; Þ and e0;0 from Eq. (21) and the first
equation of Eq. (19), respectively.
Solving Eqs. (15)–(18) or (19) and (20), we can find the
values of s0 and e0;0 for fixed values of c and . The variations of emitter electric field strength for zero-point states
ðe0;0 Þ, threshold value of potential minima (gc), and the position of zero velocity f0 are displayed with respect to the
dimensionless collision frequency () in Figs. 3(a), 3(b), and
3(c) for several c values.
The time-independent states of Pierce-like diodes are
generally visualized through the fe0 ; dg parametric
curves.23,24 For a purely monoenergetic electron beam, each
of these curves ends at “zero-point” (e0;0 ; d0 ). The stationary
states in fe0 ; dg plane can also be distinguished into
Bursian and non-Bursian parts. The Bursian curves are generally gathered around 0 < d=p < 1. The right boundary of
the Bursian curve represents the SCL-point or SpaceCharge-Limit, where dd=de0 ¼ 0. It corresponds to the
steady state where the plasma diode can sustain a maximum
current density. By varying the values of V, we can generate
several Bursian curves of similar general features. When the
values of V are changed, the locations of SCL and zero-point
of the curve also change.
In the Bursian diode, where the emitted electrons move
towards the collector in the absence of positively charged
ions in the background, only the Bursian family of solutions
appears. The potential profile of the Bursian diode carries
single minimum point within the inter-electrode region, and
for this reason, only the Bursian family of solutions is
observed.11,14 But due to the presence of background ions,
the potential profile of the Pierce diode is significantly different from the Bursian diode. The spatial potential profile of

FIG. 3. (a) Emitter field strength at zero-points ðe0;0 Þ vs collision frequency
() for different c– values; curve: 1 (c ¼ 0.8), 2 (c ¼ 1), 3 (c ¼ 1.2). (b) gc
vs  for different c-values; curve: 1 (c ¼ 0.2), 2 (c ¼ 1), 3 (c ¼ 1.6). (c)
Position of zero-velocity f0 vs  for different c-values; curve: 1 (c ¼ 0.8), 2
(c ¼ 1), 3 (c ¼ 1.2).

the Pierce like diode exhibits wavy nature with several local
minima and maxima, supporting more than one group of solutions for fixed V. The e0  d-parametric diagram shows that
along with the family of solutions like Bursian ones (located
around 0 < d=p < 1), a group of solutions exists for other
regions of d (around 1 < d=p < 3:2) also. Unlike the
Bursian diode, steady state solutions also exist for negative
values of e0 in the Pierce diode. This new family of solutions
is called as the non-Bursian family.16,22
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e0;SCL e0 e0;0 . As the value of  is gradually increased,
the locations of SCL and zero-point change in the e0  d
parametric plane. One can see that non-Bursian states only
exist when  has rather small values ( < 0.1) and disappear
for higher values of  [ ¼ hi=xb ]. The non-Bursian states
appear in Pierce diode because of the wavy potential profile.
We can see from Figs. 1(a) and 1(d) that the wavy nature of
potential is gradually lost with the increase in .
It is interesting to compare these steady states [represented
by e0 ðdÞ curves in Fig. 4] with the states of the non-neutral
Pierce-like diode in the presence of an external transverse
magnetic field (see Fig. 3 in Ref. 16). In the latter case, the solutions are controlled by a parameter X ¼ xL =xb , where xL
and xb are the Larmor frequency and beam characteristic
frequency, respectively. One can see that the steady state solutions of these two cases resemble each other and exhibit similar kind of characteristics with respect to relevant controlling
parameters ( and X). The reason lies in the fact that both the
external magnetic field and the electron-collision modify
the beam-like velocity distribution function of the injected
electron beam. However, two cases are not same. In the presence of collisions, the system is a non-conservative type and
the energy of the emitted electron is continuously dissipated as
it proceeds towards the collector, whereas the transverse magnetic field splits the electron energy along two mutually perpendicular directions in such a way that total energy is
conserved.
Now we determine the coordinates of the SCL point.
Looking at Fig. 4, we see that the condition dd=de0 ¼ 0 has
to hold at this point. We can calculate this derivative from
Eq. (14)
dd
@d @d dT
@d @d ð@V=@e0 Þ
¼ 0:
¼
þ
¼

de0 @e0 @T de0 @e0 @T ð@V=@TÞ

(22)

Calculating the partial derivatives in Eq. (22), we have
@V
¼ ðT  e0  cdÞ u;
@T
ðT
@V
@d
@
¼ ðT  e0  cdÞ
d
fðtÞdt:
@e0
@e0
0 @e0
FIG. 4. Curves e0 ðdÞ drawn for three values of c and various values of : (a)
c ¼ 0.9;  ¼ 0 (curve 1), 0.04 (2), 0.2 (3), 0.5 (4), and 1 (5); (b) c ¼ 1.0; 
¼ 0 (curve 1), 0.04 (2), 0.1 (3), 0.25 (4), 0.5 (5), and 1 (6); (c) c ¼ 1.1; 
¼ 0 (curve 1), 0.01 (2) 0.05 (3), 0.1 (4), 0.6 (5), and 1 (6). Each curve ends
at zero-point; V ¼ 0. The SCL-points of Bursian curves are marked by solid
circles and zero-points are marked by open circles.

In our case, the relevant parameters are c, , and V. In
Fig. 4, the steady-states are depicted through the “e0  d”continuous curves for three separate values of c and a number of  values taking applied external voltage V ¼ 0. Here,
each curve ends at “zero-point,” i.e., at e0 ¼ e0;0 . Both the
Bursian (located around 0 < d=p < 1) and non-Bursian
(located around 1 < d=p < 3:2) branches of solutions are
displayed in Fig. 4. The Bursian family contains a region of
non-unique solutions between SCL-point (on the right
boundary) and zero-point (on the left boundary), i.e., within

(23)

Substituting these values in Eq. (22) and reducing the similar
terms in the numerator, we obtain
ð
@ T
fðt; e0 Þdt ¼ 0:
(24)
fðT; e0 Þ þ
@e0 0
Equation (24) gives the relation between the emitter electric
field strength e0 and the time-of-flight T. In order to find this
relation, we need to utilize the formulae for fðs; e0 Þ derived
earlier. After simplifying the mathematical terms, we obtain
from Eq. (10)
e0 cos ðbTÞ þ



 
1 

e0 þ c sin ðbTÞ ¼ e0 exp
T ; (25)
b 2
2

pﬃﬃﬃ
for  < 2 c: Note that, in the limit  ! 0, the parameter
pﬃﬃﬃ
b ! c and Eq. (25) converges into Eq. (20) of Ref. 16 with
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pﬃﬃﬃ
a ¼ c. Using the form of fðs; e0 Þ from Eq. (11) and perpﬃﬃﬃ
forming the same procedure for  > 2 c, we obtain from
Eq. (24)
(



e0 1
a
þa
þ
e0 þ c exp 
T
c ac
2
2



)
þa
a
¼ 0:
(26)

e0 þ c exp 
T
2
2
We can express e0 in terms of T with the help of Eq. (25) or (26).
The second relation between e0 and T can be obtained
from Eq. (14), where d ¼ fðT; e0 Þ is determined by formula
(10) or (11) depending on the relation between c and . We
do not show them here explicitly as they are too lengthy to
present. Substituting e0 ðTÞ [obtained from Eq. (25) or (26)]
into the second relevant relation of e0 and T and solving the
transcendental equation, one can first calculate TSCL,
then e0;SCL from Eq. (25) or (26), and finally dSCL from Eq.
(10) or (11).
In Figs. 5(a) and 5(b), dependencies of dSCL and d0 on 
are presented for a set of c values. Here, dSCL and d0 are the
dimensionless diode length for SCL and zero-point, respectively. The SCL point corresponds to the steady state with
maximum current density which obeys the following relation
with the inter-electrode gap: JSCL  d2SCL . Thus, we can infer
that the presence of collision reduces the maximum current
density at the space charge limit.

Phys. Plasmas 25, 083512 (2018)

IV. CONCLUSION

In this article, we have studied the stationary states of a
generalized Pierce diode by the Lagrange technique. The
effect of collision has been assimilated through a simplified
one-dimensional model. Analytical formulas for the electron
trajectories as well as for the potential and the electric field
have been obtained. It was found that the potential profile is
a wavy-type function for zero and relatively weak collisional
effect. This wavy PD brings a new family of solutions which
exists along with the Bursian one. With the increasing value
of the dimensionless collision frequency, the wavy nature of
the potential profile is lost. As a result, the non-Bursian
branches disappear and only Bursian branches remain. The
steady states are observed for both positive and negative values of the emitter electric field.
We compared our obtained results for the stationary
states with the steady states of the non-neutral plasma diode
in the presence of the external magnetic field. It is observed
that both collision and transverse magnetic field have a similar
type of effect on the time-independent states. This similarity
is connected by the fact that the beam-like form of the electron velocity distribution function gets deformed in the presence of the external magnetic field or the electron collision.
The effects of cesium pressure on nonlinear oscillations in
the Knudsen TIC were experimentally studied (see, Refs. 8 and
9). It was found that the oscillation amplitude starts to quench
when the scattering path of electrons and cesium atoms turns
out to be comparable with the diode gap. Such oscillations are
strongest in the over-neutralized situation when there are more
ions than electrons at the emitter, and the steady states of the
TIC are characterized by a monotonically increasing potential
distribution. It exhibits a quasineutral plasma region with nearly
constant potential, embedded between two space-charge
sheaths adjacent to the electrodes. The electrons are greatly
accelerated by a potential jump near the emitter and enter into
the plasma keeping a small velocity spread. In this case, the
steady states of a TIC can be successfully modeled by means
of the Pierce-like diode in which injected electrons have the
beam-like velocity distribution.18 Therefore, the results
obtained in the current paper give grounds to clearly interpret
the experimental data obtained from the Knudsen TIC.8,9
It would be an interesting problem to investigate the
stability properties of the time-independent solutions of a
non-neutral plasma as well as the case where some of the
electrons are reflected back due to an electron collision. It
will be explored next for the future publications. Such studies shall refine our knowledge on diode physics.
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FIG. 5. Dependencies of normalized inter-electrode gap [(a) for SCL (dSCL/
p) and (b) for zero-point (d0/p)] of the Bursian family on collision frequency
() for c ¼ 0.5 (curve 1), 1 (2), 1.5 (3). V ¼ 0.
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