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In this paper, we have investigated the effect of secondary electron emission on nonlinear
propagation of dust acoustic waves in a complex plasma where equilibrium dust charge is negative.
The primary electrons, secondary electrons, and ions are Boltzmann distributed, and only dust grains
are inertial. Electron-neutral and ion-neutral collisions have been neglected with the assumption that
electron and ion mean free paths are very large compared to the plasma Debye length. Both adiabatic
and nonadiabatic dust charge variations have been separately taken into account. In the case of adiabatic dust charge variation, nonlinear propagation of dust acoustic waves is governed by the KdV
(Korteweg-de Vries) equation, whereas for nonadiabatic dust charge variation, it is governed by the
KdV-Burger equation. The solution of the KdV equation gives a dust acoustic soliton, whose amplitude and width depend on the secondary electron yield. Similarly, the KdV-Burger equation provides
a dust acoustic shock wave. This dust acoustic shock wave may be monotonic or oscillatory in nature
depending on the fact that whether it is dissipation dominated or dispersion dominated. Our analysis
shows that secondary electron emission increases nonadiabaticity induced dissipation and consequently increases the monotonicity of the dust acoustic shock wave. Such a dust acoustic shock wave
may accelerate charge particles and cause bremsstrahlung radiation in space plasmas whose physical
process may be affected by secondary electron emission from dust grains. The effect of the secondary
electron emission on the stability of the equilibrium points of the KdV-Burger equation has also been
investigated. This equation has two equilibrium points. The trivial equilibrium point with zero potential is a saddle and hence unstable in nature. The nontrivial equilibrium point with constant nonzero
potential is a stable node up to a critical value of the wave velocity and a stable focus above it. This
critical value increases with increasing secondary electron emission. Thus, in the presence of secondary electron emission, higher velocity shock waves are monotonic. The results have been numerically
explained considering the presence of Al2O3 dust grains in the plasma. Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.4976711]

I. INTRODUCTION

Dust grains of different sizes and materials are found
everywhere in space where temperature reduces below the
melting point. Charging of these dust grains is influenced by
several processes, among which secondary electron emission
plays a dominant role.1–3 Several laboratory experiments
have been performed to study this secondary electron emission from dust grains.5 When primary electrons impacting
sample surfaces are energetic enough, they interact with the
bulk material and loose energy due to many collisions. This
consequently excites material electrons. Some of the excited
electrons then leave the surface, which are the so-called secondary electrons. Such secondary electrons have typical
energies of few eV with Maxwellian-like energy distribution.1–4 The secondary electron yield is defined as the mean
number of emitted secondaries per unit primary electron.
The energetic dependence of this secondary electron yield
can be described by the Sternglass universal curve.6 This
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curve shows a maximum value of the secondary electron
yield at few tens of eV and approaches zero value at very
low and very high energies. The maximum secondary electron yield and the corresponding maximum energy depend
on the sample material.
Escape flux of the secondary electrons represents secondary electron current. The sum of the primary electron
current, secondary electron current, and ion current vanishes at three values of potential, out of which two are stable and one is unstable. Between two stable equilibrium
states, one is positive and the other is negative.2,3,7 The secondary electron current flowing out of the dust grains produced by the emitted electrons reduces the negativity of
grain charge caused by primary electron current flowing to
the dust grains. Consequently, equilibrium dust charge may
be negative or positive depending on the magnitude of the
secondary electron yield. For the low secondary electron
yield, equilibrium dust charge remains negative, whereas
for the high secondary electron yield, equilibrium dust
charge becomes positive.7 In this paper, we shall consider
only negative equilibrium dust charge, for the study of nonlinear propagation of dust acoustic waves.
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Secondary electron emission influences wave propagation characteristics in the dusty plasma. The dusty plasma
sustains low frequency dust acoustic and dust ion acoustic
waves whose linear and nonlinear theories have been extensively studied by several authors since the last decade of the
twentieth century considering both fixed charges and variable charges on dust grains.8–11 All of these theories were
developed considering the dust charging by the flow of
plasma current. No secondary emission was taken into
account. The effect of secondary electron emission on wave
propagation in the dusty plasma was first considered by
Gupta et al.12 Its linear theory was investigated considering
both negative and positive equilibrium dust charges.12–14
The effect of secondary electron emission on the growth of
Jean’s instability in a self gravitating dusty plasma has also
studied for both weak and strong secondary electron
yields.15,16 The presence of nonthermal electrons and ions
along with secondary electrons has also been considered in
further study.17,18 But nonlinear wave propagation in the
presence of secondary electron emission from dust grains in
a complex plasma is still unexplored, which is reported first
time in this paper.
Charge variation on dust grains may be of both adiabatic
and nonadiabatic nature. For adiabatic dust charge variation,
dust charging frequency is very high compared to dust
x
plasma frequency, which makes pdd zero, where xpd is the
dust plasma frequency and d is the dust charging frequency.
Hence, the time scale of dust charging (reciprocal of the dust
charging frequency) is very small compared to the time scale
of oscillations of dust grains in the plasma, which causes a
very fast dust charging. On the other hand, for nonadiabatic
dust charge variation, dust charging frequency is small, and
hence, charging time is large compared to the adiabatic dust
charge variation. Thus, nonadiabatic dust charging process
is a slow process. Baisong et al.19 showed that the effect of
adiabatic variation of dust charges generates rarefied dust
acoustic solitary waves when the Mach number lies within
an appropriate regime depending on the system parameters.
In the magnetized dusty plasma, such adiabatic charge variation was considered by Shen20 to show the generation of
rarefied dust acoustic solitary waves and studied their instability region under transverse perturbation.
The effect of nonadiabaticity of dust charge variation on
dust acoustic solitary waves was first considered by Gupta
et al.10 who reported the generation of the dust acoustic
shock wave caused by the nonadiabaticity generated dissipative effect. None of the above studies of the effect of adiabatic and nonadiabatic dust charge variations on the dust
acoustic solitary wave involved the secondary emission
effect. We are first time reporting the effect of secondary
electron emission on nonlinear dust acoustic wave propagation in the presence of both adiabatic and nonadiabatic dust
charge variations.
In the present paper, equilibrium dust charge has been
considered negative. As dust acoustic waves are very low frequency waves, primary electrons, secondary electrons, and
ions are considered to follow Boltzmann distribution, only the
dust grains under consideration are inertial. Both electronneutral and ion-neutral collisions have been neglected with
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the assumption that electron and ion mean free paths are very
large compared to the plasma Debye length. Our reductive
perturbation analysis shows the existence of the dust acoustic
soliton whose amplitude and width both depend on secondary
electron yield dM . Numerically, it has been seen that this
dust acoustic soliton is rarefied, and its amplitude decreases
and width increases with increasing secondary electron emission. This is because increasing secondary electron emission
increases both coefficients of nonlinearity and dispersion
when equilibrium dust charge is negative. Consequently, dust
acoustic solitons move slower. Excitation of dust acoustic
solitary waves by pulse modulating discharge voltage in an
Argon plasma impregnated with kaolin dust particles with
negative potential and its propagation was experimentally
investigated21 but any experiment on dust acoustic solitary
wave including the effect of secondary electron emission has
not been reported yet.
Earlier investigations10,11 showed that nonadiabaticity
in the dust charge variation causes the Burger effect giving
rise to the dust acoustic shock wave. This shock wave is dispersion dominated for weak nonadiabaticity and dissipation
dominated for strong nonadiabaticity. Our investigation
shows that the ratio of the coefficients of the Burger term
(dissipation) and the dispersion term increases with increasing secondary electron emission, which implies that secondary emission pronounces the dissipative character in the
wave propagation process. Consequently, the dust acoustic
shock wave gains monotonicity. Nakamura et al.22 experimentally observed that an ion acoustic oscillatory shock
wave in the Ar plasma transforms to the monotonic shock
wave when it travels through the dusty plasma column. They
integrated the KdV-Burger equation numerically taking
experimental parameters into account and compared the
results with experimental findings. Observation of the dust
acoustic shock waves in the strongly coupled dusty plasma
has been recently reported by Sharma et al.23 allowing a
supersonic flow of charged microparticles to perturb a stationary dust fluid to excite the dust acoustic shock wave.
There has not been reported yet any experiment on the dust
acoustic shock wave including the effect of secondary electron emission.
We have also studied the nature of the phase space trajectories near the equilibrium points of the KdV-Burger
equation determining the nature of the dust acoustic shock
wave near those equilibrium points. By stability analysis, we
have obtained a cutoff value of the wave velocity below
which the nontrivial equilibrium with constant nonzero
potential is a stable node and above which it is a stable focus.
The phase space trajectories of the nonlinear system with
nonadiabaticity generated dissipation approach the stable
node monotonically and the stable focus spirally. Our analysis shows that for stronger secondary emission, this cutoff is
higher. Hence, the nontrivial equilibrium point remains a stable node even at higher wave velocity. The trivial equilibrium point is a saddle and hence unstable in nature. This
stability analysis of the KdV-Burger equation was previously
reported by Gupta et al.10 without considering the effect of
secondary emission. So the effect of secondary electron
emission on the nonlinear dust acoustic wave propagation in
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the presence of both adiabatic and nonadiabatic dust charge
variations with negative equilibrium dust charge and its
effect on the stability property of the dynamical system governed by the KdV-Burger equation is being reported first
time in this paper.
II. FORMULATION OF THE PROBLEM

Ie ¼ pr0 2 e
Ise

We consider here a dusty plasma whose dust grains are
charged by secondary electron emission mechanism due to
the impact of energetic electrons with dust grains. In the
presence of secondary electron emission, three equilibrium
dust charge states exist, out of which two are stable and one
is unstable. Moreover, between two stable equilibrium dust
charge states, one is negative and the other is positive.1–3,7
We are interested here with the negative equilibrium dust
charge state. Thus, the dusty plasma under our consideration
consists of primary electrons, secondary electrons, ions, and
negatively charged dust grains and satisfies the quasineutrality condition,
nio ¼ neo þ nso þ zd0 nd0 ;

2

(1)

where nio , neo , nso , and nd0 are the equilibrium number densities of ions, primary electrons, secondary electrons, and dust
grains, respectively, and zd0 is the number of charges on the
dust grains in equilibrium. Dust charge is fluctuating and
behaves as a dynamical variable.
Since we are studying the nonlinear behavior of dust
acoustic waves, both electron and ion inertia should be
neglected, and only dust inertia should be taken into account.
The basic equations describing the model are
 
e/
ne ¼ ne0 exp
;
(2)
Te
 
e/
;
(3)
ns ¼ ns0 exp
Ts


e/
;
(4)
ni ¼ ni0 exp 
Ti
@nd
@
þ ðnd ud Þ ¼ 0;
@x
@t

(5)

@ud
@ud
q @/
þ ud
¼ d
;
@t
@x
md @x

(6)

@qd
@q
þ ud d ¼ Ii þ Ie þ Ise ;
@t
@x

(7)

@2/
¼ 4pðqd nd þ eni  ene  ens Þ;
@x2

(8)

where Ti ; Te , and Ts are the ion, primary, and secondary
electron temperatures and / is the plasma potential, qd ; md ;
ud ; nd are, respectively, the charge, mass, velocity, and number density of cold dust grains. Ii and Ie are the ion and primary electron current flowing to the dust grains and Ies is the
secondary electron current flowing out of the dust grains. In
the case of negatively charged dust grains, Ii , Ie , and Ies
take the form,2

rﬃﬃﬃﬃﬃﬃﬃﬃﬃ


8Te
eqd
;
ne exp
r0 T e
pme

rﬃﬃﬃﬃﬃﬃﬃﬃﬃ

  
8Te
eqd
EM
:
¼ 3:7dM pr0 e
F5
ne exp
r0 T e
pme
4Te
2

(9)

(10)

(11)

Here, r0 is the grain radius, mi and me are the ion and electron masses, and dM is the maximum yield of secondary
electrons, which occurs when the impinging electrons have
the maximum kinetic energy EM. The function F5 ðxÞ is
given by8
ð1
EM
u5 exp½ðxu2 þ uÞdu; where x ¼
F5 ðxÞ ¼ x2
:
4Te
0
(12)
Here, Ii and Ise both correspond to positive sign as both of
them increase the positivity of the dust charge in spite of
the fact that Ii flows towards the dust grain and Ise flows out
of the dust grain. On the other hand, the sign of Ie is negative
as it increases the negativity of the grain charge.
III. INVESTIGATION OF SMALL AMPLITUDE
STRUCTURES

We shall now use the reductive perturbation technique
to study the small amplitude nonlinear structures propagating
in a dusty plasma for both adiabatic and nonadiabatic dust
charge variations. To proceed, we shall first transform all the
field variables and then all the basic equations to dimensionless ones. For this purpose, we first define an effective temperature Teff from the relation


1
1
neo nso nio
¼
;
þ
þ
Teff zdo ndo Te
Ts
Ti

(13)

which consequently defines the dusty plasma Debye length
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
zd0 Tef f
kD ¼ ð4pzTd0effnd0 e2 Þ1=2 and dust acoustic speed cd ¼
md ,

implying c2d ¼ k2D x2pd .
Dimensionless variables are,
X ¼ x=kd ;

T ¼ xpd t;

Nd ¼ nd =nd0 ;

Ni ¼ ni =ni0 ;

Ne ¼ ne =ne0 ; Ns ¼ ns =ns0 ; Vd ¼ ud =cd ;
e/
U¼
; Qd ¼ qd =ezd0 ; qdo ¼ zdo e:
Te

(14)

4pn z2 e2

Here, xpd ¼ ð d0mdd0 Þ1=2 is the dust plasma frequency and
zd0 is the number of grain charges in equilibrium.
With these normalizations, (2)–(8) take the following
forms:
Ne ¼ exp ðUÞ;
 
U
Ns ¼ exp
;
rs

(15)
(16)
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@Qd
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U
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di ds
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1þ þ
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U
þ ds exp
þ ðdi  ds  1ÞQd Nd ;
rs

(21)
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;
(22)
1
ri
pmi
ri
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I e ¼ pr0 2 e 8Te ne0 expðUÞðzQd Þ;
(23)
pme
rﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 
s
2
I e ¼ 3:7dM pr0 e 8Te ne0 expðU þ zQd ÞF5 EM ; (24a)
pme
4Te
with
di  ds  1
ni0
ns0
; ds ¼
;
; di ¼
di ds
ne0
ne0
þ þ1
ri rs
Ti
Ts
and z ¼ zd0 e2 =r0 Te :
ri ¼ ; rs ¼
Te
Te

ad ¼

(24b)

The value of z cannot be taken arbitrary. It should be chosen
in a way to maintain the quasi-neutrality condition (1). This
follows that di should be greater than 1 when equilibrium
dust charge is negative. For this purpose, we need to express
di as a function of z, which can be done from the equilibrium
current balance equation,
I i þ I e þ I s ¼ 0:
e

(25)

This gives,
a1s ¼ 1  3:7dM F5

Vd ¼ eVd1 þ e2 Vd2 þ :::;
U ¼ eU1 þ e2 U2 þ :::;

Qd ¼ 1 þ eQd1 þ e2 Qd2 þ e3 Qd3 þ ::::



EM
: (26)
4Te

Vd1 ¼ 

For the study of small amplitude structures in the dusty
plasma in the presence of secondary electron emission with
the negative equilibrium dust charge, we employ the reductive
perturbation technique, using the stretched coordinates n ¼
e1=2 ðX  kTÞ and s ¼ e3=2 T, where e is a small parameter and

Nd1 ¼ 

U1
;
k2 ad
(29)

To the next higher order in e, we have the following set of
equations:
@Nd1
@Nd2
@
@Vd2
k
þ ðNd1 Vd1 Þ þ
¼ 0;
(30)
@n
@s
@n
@n


@Vd1
@Vd2
@Vd1
1 @U2
@U1
k
þ Vd1
¼
 Qd1
; (31)
@s
@n
@n
@n
ad @n
@ 2 U1
¼ U2 þ ad Nd2  ad Qd2
@n2
2

3
di ds

 1 7
6 1 
1
1 r2 r2s
6
7
þ6 2
1 2   i
7U21 : (32)
4k ad
5
2 di ds
k
 þ1
ri rs
The above set of equations is common to both adiabatic and
nonadiabatic dust charge variations. But the reductive perturbation in the grain charging equation (20) will be different in
these two different cases. We shall now consider Equation
(20) separately for adiabatic and nonadiabatic dust charge
variations.
A. Adiabatic dust charge variation

In the case of adiabatic dust charge variation, dust grains
are charged in fast time scale. Hence, dust charging frequency
d is very high compared to the dust plasma frequency. With
x
this approximation, pdd  0, which reduces (20) to,
I i þ I e þ I se ¼ 0:

(33)

Equating from both sides of the terms containing e and e2 ,
we get Qd1 and Qd2 in the following form:
Qd1 ¼ bd U1 ;

(27)

U1
;
kad

U1 þad ðNd1  Qd1 Þ ¼ 0:

Thus, z must satisfy the condition,
rﬃﬃﬃﬃﬃﬃ pﬃﬃﬃ
mi
ri z
e a1s > 1:
me ri þ z

(28)

Substituting these expansions into Equations (15)–(21) with
(22)–(26), we collect the terms of different powers of e. In
the lowest order of e, we obtain,
kNd1 ¼ Vd1 ;

where



Nd ¼ 1 þ eNd1 þ e2 Nd2 þ :::;

(19)

@2U
¼ 
@X2

rﬃﬃﬃﬃﬃﬃ pﬃﬃﬃ
mi
ri z
e a1s ;
di ¼
me ri þ z

k is the wave velocity normalized by cd . The variables
Nd ; Vd ; U, and Qd are then expanded as

Qd2 ¼ bd U2 þ cd U21 ;

(34)

where
sﬃﬃﬃﬃﬃﬃ
bb
mie
di
; ba ¼
a1s þ ;
bd ¼
zba
ri
ri
sﬃﬃﬃﬃﬃﬃ


mie
di
z
1þ
a1s ez þ
;
bb ¼
ri
ri
ri

mie ¼

mi
;
me

(35)
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The dust charge perturbation is then governed by

and
cc
; cc ¼ cc1 þ cc2 þ cc3 ;
z0 ba
2sﬃﬃﬃﬃﬃﬃ
3
sﬃﬃﬃﬃﬃﬃ


i
m
d
z
i
e
cc1 ¼ 0:54

a1s ez 5;
1þ
ri
ri 2
ri
2sﬃﬃﬃﬃﬃﬃ
3
i
me
di
cc2 ¼ 4
a1s ð1  zÞ  2 5ðzbd Þ;
ri
ri
2
sﬃﬃﬃﬃﬃﬃ 3
mie 5
1
a1s ðzbd Þ2 ; k ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ :
cc3 ¼ 40:5
ri
1 þ ad bd

Qd1 ¼ bd U1 ;

cd ¼

Qd2 ¼ bd U2 þ

(36)

(37)

where,
3

di ds
6 r2  r2  1
3 7
6
s
 þ 2ad cd  2 7
a ¼ b6  i
7;
4 di ds
k ad 5
 þ1
ri rs
2

b¼

k3 1
¼ ð1 þ ad bd Þ3=2 :
2
2

(38)

The travelling wave solution of Equation (37) can be
written as


2 ðn  MsÞ
;
(39)
U1 ¼ U1m sec h
w
which represents a soliton with amplitude U1m ¼ 3M
a and
qﬃﬃﬃ
width w ¼ 2 Mb . M is the Mach number. Here, both U1m

and w depend on the secondary electron yield dM through the
coefficients a and b, respectively. From the expressions of a
and b in (38) and ad ; bd in (24a) and (35), it is clear that a


and b are functions of di ¼ nne0i0 , which depends on dM
through a1s by (26). Thus, the change in the secondary electron yield dM changes a and b and hence changes the amplitude and width of the soliton.
B. Nonadiabatic dust charge variation

In the case of nonadiabatic dust charge variation, dust
grains are charged in comparatively slow time scale so that
dust charging frequency d is not very high compared to dust
x
plasma frequency. With this approximation, pdd is small but
finite. We assume
pﬃﬃ
xpd
¼  e;
d

where e is small and  is of order unity.


1 þ ri þ z0 @U1
 kbd di
; (41)
ri ba
@n


which has been obtained from Equations (20) and
(22)–(24) with the perturbation (28) and the nonadiabaticity condition (40).
Eliminating all the second-order terms of Equations (20)
and (30)–(32), we get the standard KdV-Burger equation,

k being the normalized phase velocity of the dust acoustic
wave.
Eliminating all the second-order terms from Equations
(30) to (34), we get the KdV equation
@U1
@U1
@ 3 U1
þ aU1
þb
¼ 0;
@s
@n
@n3

cd U21

(40)

@U1
@U1
@ 3 U1
@ 2 U1
þ aU1
þb
¼l
;
3
@s
@n
@n
@n2

(42)



1
di ð1 þ ri þ zÞ
l ¼ k4 bd
ri ba
2

(43)

where

and a and b are the same as in (38).
l is the coefficient of the Burger term, which is the
nonadiabaticity induced dissipation effect and does not exist
in the case of adiabatic dust charge variation. In hydrodynamics, viscosity is a dissipative effect due to the friction
between moving fluid layers. That effect appears as the forcing term in the right hand side of Navier-Stoke’s equation.
Nonlinear waves propagating in a viscous medium obey the
Burger equation where the Burger term containing the second order space derivative arises due to the effect of the fluid
viscosity. If those nonlinear waves propagating in a viscous
medium are dispersive, they obey the KdV-Burger equation.
But in our present problem, we have not considered any viscous force in the equation of motion of dust grains. So the
Burger term here is not due to viscosity but has been generated due to nonadiabaticity of the grain charge variation. As
in the nonadiabatic process, dust grains are charged in a slow
time scale, such viscous-like dissipation comes into the
picture, which cannot be observed, if dust grains are charged
in fast time scale following the adiabatic process. Moreover,
a, b, and l are all functions of the secondary electron yield
dM , so they vary with the change in the secondary electron
emission. The KdV-Burger equation (42) possesses the
shock solution, which in this problem is a dust acoustic
shock. This dust acoustic shock is oscillatory if it is dispersion dominated, and monotonic, if it is dissipation dominated
depending upon the strength of the secondary electron
emission. This emission process influences the acceleration
of charge particles and Bremsstrahlung radiation in the
plasma generated by the nonadiabaticity induced dust acoustic shock waves.
IV. STABILITY ANALYSIS

To study the nature of the shock, we shall investigate
the stability of the equilibrium points of KdV-Burger equation (42). On transforming to the wave frame g ¼ Vs  n,
where V is the wave velocity, this equation reduces to the
ordinary differential equation,
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FIG. 1. Plot of di ð¼ nne0i0 Þ versus Z ð¼ zrdo0 Tee Þ for equilibrium dust charge
negative.



d 2 U1
dU1
aU1 2
þ
 VU1 ¼ 0;
b
þl
dg2
dg
2

(44)

2V
1
which has two fixed points ðU1 ¼ 0; dU
dg ¼ 0Þ and ðU1 ¼ a ;
¼ 0Þ.
1
The first one ðU1 ¼ 0; dU
dg ¼ 0Þ with zero potential is a
saddle point and hence unstable in nature. The second one
dU1
ðU1 ¼ 2V
a ; dg ¼ 0Þ with nonzero potential is a stable node if
dU1
dg

l2
4b

2

2

l
l
> V and a stable focus if 4b
< V. Thus, for 4b
> V, the
dust acoustic shock wave near this equilibrium point is
l2
monotonic, whereas it is oscillatory for 4b
< V.

V. NUMERICAL ESTIMATION

For numerical estimation, we have considered2,6,7 EM
¼ 350 eV ; jTe  20 eV; jTs  3 eV, ds ¼ 0:1, and Al2O3
dust for which dM lies in the range of 2–9. Here, EM =Ts ¼ 117,
which falls in the range of 100–1300 as mentioned by MeyerVernet.2 Goertz7 proposed dM ranging from 0.5 to 30, EM
ranges from 100 eV to 2000 eV, and the emitted electrons
have Maxwellian distribution with Ts ranging from 1 eV to

FIG. 2. Plot of the coefficient of nonlinearity a versus z for different dM .

FIG. 3. Plot of the coefficient of the dispersion term b versus z for different dM .

5 eV. Thus, our assumption EM  350eV and Ts  3 eV falls
in the range prescribed by Goertz.7 With these numerical data,


2
Figure 1 is plotted for di ¼ nne0i0 versus zð¼ zrd00 Tee Þ to fix the
range of z satisfying the inequality (27). The quasi-neutrality
condition (1) follows that the ratio nne0i0 must be greater than one
when equilibrium dust charge is negative. Figure 1 shows that
range of z is 0 < z  2:4. So, the rest of the graphs have been
plotted in the range 0:2 < z < 1 for dM ¼ 2 ; 4 ; 6. Only
Figures 8 and 9 are plotted for 0:2 < z < 0:25 for clarity of
the pictures. The graphs corresponding to dM ¼ 0 means there
is no secondary electron emission in the grain charging process. Variation of EM has been neglected since from expressions (11) and (12) secondary electron current vanishes with
the increase in EM . The effect of decrease in EM has not been
investigated here because we have taken EM  350 eV in our
numerical calculation, which is the lowermost value of the
range 350 eV–1300 eV for Al2O3 as mentioned by MeyerVernet.2
Figures 2, 3, and 4 are plotted for the coefficients of
nonlinearity “a,” dispersion “b,” and dissipation “l,” respectively. Figure 2 shows that the coefficient of nonlinearity “a”

FIG. 4. Plot of the coefficient of the Burgers term l versus z for different dM
at  ¼ 0.5 in the case of nonadiabatic dust charge variation.
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FIG. 5. Plot of the rarefied dust acoustic soliton for different dM in the case
of adiabatic dust charge variation.

is negative and increases in magnitude with increase in z,
i.e., increase in the grain charge number. Figure 3 shows that
the coefficient of dispersion “b” increases with an increase in
z and Figure 4 shows that the coefficient of Burger term “l”
first increases with z and then decreases after z ¼ 0.5. These
three figures show that all these three coefficients increase
with increasing secondary electron emission. Thus, increasing secondary electron emission pronounces nonlinearity,
dispersion, and dissipation effects when equilibrium dust
charge is negative.
The amplitude and width of the dust acoustic soliton for
adiabatic dust charge variation are plotted in Figures 6 and 7,
respectively. Figure 6 shows the existence of rarefied dust
acoustic soliton as its amplitude is negative. Moreover, the
amplitude decreases with increasing grain charge number.
On the other hand, Figure 7 shows that the width of this
rarified dust acoustic soliton increases with increasing
grain charge number. These two figures also show that the
amplitude of the dust acoustic soliton decreases and width
increases with increasing secondary electron emission,
which is also clear from Figure 5 representing the profile of

FIG. 6. Plot of the amplitude /1m of the rarefied dust acoustic soliton versus
z for different dM in the case of adiabatic dust charge variation.

Phys. Plasmas 24, 023704 (2017)

FIG. 7. Plot of the width w of the rarefied dust acoustic soliton versus z for
different dM in the case of adiabatic dust charge variation.

FIG. 8. Plot of the ratio l=b versus z for different dM at  ¼ 0.5 in the case
of nonadiabatic dust charge variation.

FIG. 9. Plot of the ratio l=b versus z for different dM at  ¼ 5 in the case of
nonadiabatic dust charge variation.
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FIG. 10. Oscillatory shock wave for different values of dM at  ¼ 0.5 in the
case of nonadiabatic dust charge variation.

the dust acoustic soliton. Thus, the dust acoustic soliton
moves slower when dust grains are charged by the secondary
electron emission process.
In Figures 8 and 9, we have plotted the ratio lb for
 ¼ 0.5 (weak nonadiabaticity) and  ¼ 5 (strong nonadiabaticity), respectively. Figure 8 shows that at  ¼ 0.5, this ratio
is less than one at all values of z for dM ¼ 2, 4, and 6. This
means that the dust acoustic shock is dispersion dominated
and hence oscillatory for all z at these three values of dM .
Figure 9 shows that for  ¼ 5, this ratio lb is greater than one
for all z and for all dM , i.e., the dust acoustic shock in this
case is dissipation dominated and hence monotonic in nature.
Both figures show that this ratio lb decreases with increasing
grain charge number but increases with increasing secondary
electron emission. This implies that the higher grain charge
number causes a stronger dispersion effect, whereas higher
secondary electron emission pronounces the nonadiabaticity
induced dissipation effect, which consequently pronounces
the monotonicity of the dust acoustic shock wave. Figure 10
shows the oscillatory nature of the dust acoustic shock for
 ¼ 0.5, M ¼ 1.1, and dM ¼ 2,4,6, which becomes monotonic

FIG. 11. Monotonic shock wave for different values of dM at  ¼ 5 in the
case of nonadiabatic dust charge variation.
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FIG. 12. Plot of the cutoff l2 =4b versus z for different dM at  ¼ 0.5 in the
case of nonadiabatic dust charge variation.

at  ¼ 5 as shown in Figure 11.24,25 Both figures show
that the magnitude of the potential diminishes with increasing secondary electron emission. Figure 12 plots the cutoff
l2
value 4b
of wave velocity V, below which the dust acoustic
shock wave is monotonic near the equilibrium point ðU1
dU1
¼ 2V
a ; dg ¼ 0Þ of the KdV-Burger equation reduced to the
nonlinear ordinary differential equation (44).
This cutoff increases with increasing secondary electron
emission, which implies that in the presence of secondary
emission higher velocity shock waves are monotonic. Thus,
an increase in secondary emission increases the monotonicity of the dust acoustic shock waves when equilibrium dust
charge is negative.
VI. CONCLUSION

In this paper, we have studied nonlinear evolution of
dust acoustic waves in a complex plasma in the presence of
secondary electron emission with negative equilibrium dust
charge. The reductive perturbation technique has been used
for this analysis. The effect of both electron-neutral and
ion–neutral collisions has been neglected. The orbit motion
limited (OML) theory has been used to calculate the expressions of primary electron, ion, and secondary electron fluxes
over the dust surface. Both the adiabatic and nonadiabatic
dust charge variations have been considered. For adiabatic
dust charge variation, dust charging frequency is very high
compared to the dust plasma frequency, which reduces the
ratio of the dust plasma frequency to the dust charging frequency zero value. In this fast grain charging process, nonlinear analysis of the basic equations using the reductive
perturbation method gives rise to the KdV equation, which
has a soliton solution. In our problem, it is the dust acoustic
soliton. Numerical estimation shows that this dust acoustic
soliton is rarefied as the coefficient of nonlinearity possesses
a negative numerical value. Numerical estimation also shows
that the magnitude of the coefficients of nonlinearity and dispersion both increase with increasing grain charge number as
well as with increasing secondary electron emission from
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dust grains. As we know, soliton amplitude is inversely proportional to the coefficient of nonlinearity and soliton width
is directly proportional to the coefficient of dispersion; in the
case of our problem, amplitude of the dust acoustic soliton
should decrease and its width should increase with increasing grain charge number and increasing secondary electron
emission. We have justified these by Figures 6, 7, and 5,
respectively. Thus, stronger secondary electron emission
produces slowly moving dust acoustic solitons as smaller
and wider solitons move slowly than taller and sharper
solitons.
On the other hand, for nonadiabatic dust charge variation, dust charging frequency is smaller than that of the
adiabatic case. Thus, the ratio of the dust plasma frequency
to the dust charging frequency in this case is small but a
finite number. So, it is a slow grain charging process. In
this process, reductive perturbation analysis shows that
nonlinear evolution of the dust acoustic wave is governed
by the KdV-Burger equation, which possesses the dust
acoustic shock solution. This Burger term arises solely due
to the nonadiabaticity of dust charge variation. The dust
acoustic shock wave is monotonic if it is dissipation dominated, and oscillatory, if it is dispersion dominated. Our
numerical estimation shows that secondary electron emission from dust grains increases the magnitude of the
dissipation-dispersion ratio and pronounces the monotonicity of the dust acoustic shock waves. The amplitude of
both the oscillatory and monotonic shock waves diminishes with increasing secondary electron emission. Finally,
we can conclude that in the presence of negatively charged
dust grains, strong secondary electron emission reduces the
amplitude of both the dust acoustic soliton and the dust
acoustic shock wave. Hence, grain charging by the secondary electron emission process is not favorable for nonlinear
propagation of dust acoustic waves when equilibrium dust
charge is negative. Nonadiabaticity induced shock waves
may be responsible for many important physical phenomena in space plasmas. It may accelerate the charge particles
and cause bremsstrahlung radiation. Increasing secondary
electron emission may slower this acceleration process as

Phys. Plasmas 24, 023704 (2017)

it reduces the amplitude of dust acoustic shock when equilibrium grain charge is negative.
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