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The role of negative ions on small but finite amplitude dust acoustic solitary wave including the
effects of high and low charging rates of dust grains compared to the dust oscillation frequency in
electronegative dusty plasma is investigated. In the case of high charging rate, the solitary wave is
governed by Korteweg–de Vries 共KdV兲 equation, but in the case of low charging rate, it is governed
by KdV equation with a linear damping term. Numerical investigations reveal that in both cases dust
acoustic soliton sharpens 共flatens兲 and soliton width decreases 共increases兲 with the increase of
negative-ion number density 共temperature兲. Also, the negative ions reduce the damping rate. © 2005
American Institute of Physics. 关DOI: 10.1063/1.2041652兴
During the last several years, the collective processes of
both linear1,2 and nonlinear 共such as soliton,1,3–6 shock,7,8
etc.兲 dust acoustic waves in space as well as laboratory environment have been well studied for 共electropositive兲 dusty
plasmas without negative ions.
However, nowadays the physics of electronegative dusty
plasmas which are highly chemically reactive becomes very
important because of its wide technological applications such
as in plasma processing of materials useful for etching and
deposition, synthesis of novel nanomaterials, plasma coating,
environmental remediation, etc.9–12 The electronegative
dusty plasmas are also ubiquitous in astrophysical plasmas
specially in the Earth’s lower ionospheric plasmas, etc.13,14
In most of the astrophysical and laboratory plasmas, the electron number density decreases because of their attachment on
the dust grain surface and hence in this situation the negative
ions play a crucial role. Furthermore, in such dusty plasmas
the additional forces due to the interaction between negative
ions and dust grains can appear.15 The interesting phenomenon of such dusty plasmas is the surface potential acquired
by a dust grain in the presence of negative ions. Due to the
lower thermal velocity of negative ions compared to electrons, there is a reduction of dust surface potential and hence
the dust charge magnitude in electronegative dusty
plasmas.16,17 Thus it is important to study the collective behaviors of both linear and nonlinear dust acoustic waves in
charge varying electronegative dusty plasmas. Recently, in
the linear regime, the effects of negative ions on the collective behaviors of dust acoustic wave18 and ion acoustic
wave19 in electronegative dusty plasma have been investigated.
However, in this Brief Communication 共BC兲, it is shown
how the negative-ion concentration, negative-ion temperature, and also the dust charging rates 共high and low兲 affect
the dust acoustic solitary wave in unmagnetized electronegative laboratory and cosmic dusty plasmas.
We consider electronegative dusty plasmas whose cona兲
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stituents are Boltzmann-distributed electrons, singly charged
positive and negative ions, and charge fluctuating negatively
charged cold dust grains. Hence the nonlinear dynamics of
low phase velocity dust acoustic waves are governed by the
normalized dust dynamical equations:

TNd + X共NdVd兲 = 0,
共1兲

TVd + VdXVd = − 共− 1 + Q兲X⌽,
and the Poisson’s equation
⌬X2 ⌽ = ␦ exp共⌽兲 + ␦− exp共⌽/−兲 − exp共− ⌽/+兲
− ⌬Nd共− 1 + Q兲.

共2兲

In deriving this equation, we use the charge neutrality condition ne0 + zdnd0 + n−0 = n+0, where ne0共nd0 , n+0 , n−0兲 is the
electron 共dust, positive-ion, and negative-ion兲 equilibrium
number density and −zde is the charge residing on the dust
grains.
The normalized dust charging equation is
共pd/ch兲共TQ + VdXQ兲 = 共Ie + I+ + I−兲/zdech ,

共3兲

where ch = 共r0 / 冑2兲共2p+ / Vt+兲共1 + + + z + −兲 is the dust
charging frequency and − = ␦−冑m+T+ / m−T−共1 − −兲e−z/−.
The time 共T兲 and space 共X兲 scales are normalized in units of
the dust plasma frequency pd共=冑z2de2nd0 / ⑀0md兲 and the dust
Debye length d共=冑⑀0Te / nd0zde2兲, respectively. The dust velocity Vd and electrostatic potential ⌽ are normalized by dust
acoustic speed cd共=冑zdTe / md兲 and e / Te, respectively. The
dust number density Nd and dust charge qd are normalized by
their equilibrium values nd0 and zde. Also we denote ␦
= ne0 / n+0, ␦− = n−0 / n+0, ⌬ = 1 − ␦ − ␦−, + = T+ / Te, − = T− / Te,
and z = zde2 / 4⑀0r0Te. The normalized expressions for the
electron current 共Ie兲, positive-ion current 共I+兲, and negativeion current 共I−兲 for spherical dust grain of radius r0 are as
follows:16
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Ie = − Je exp关⌽ + z共− 1 + Q兲兴,

冉 冊冋

I+ = J+ exp −

冋

I− = − J− exp

⌽
+

1−

册

z共− 1 + Q兲
,
+

共4兲

册

⌽ + z共− 1 + Q兲
,
−

where J j = r20e冑8T j / m jn j0, j = e , + , −.
To study the small but finite amplitude dust acoustic solitary wave, we introduce the stretched coordinates  = ⑀1/2共X
− T兲 and  = ⑀3/2T and expand the dynamical variables Nd,
Vd, Q, and ⌽ in power series of ⑀ as follows:
⬁

f = f 共0兲 + 兺 ⑀i f 共i兲,

共5兲

f = Nd,Q,Vd,⌽,

i=1

where f 共0兲 = 1 for Nd and =0 for Vd, Q, and ⌽, respectively.
CASE I: HIGH CHARGING RATE

Here, we assume that the dust charging frequency
共⬃ch兲Ⰷ the dust oscillation frequency 共⬃pd兲. To justify
this assumption, we consider the representative parameters of
0.1C4F8 − 0.9Ar fluorocarbon laboratory-type electronegative
dusty plasmas,19 which are often used for ultrafine and
highly selective etching of polysilicons20 共n+0 ⬃ 4
⫻ 1017 m−3, nd0 ⬃ 4 ⫻ 1013 m−3, r0 = 1 m, Te = 2 eV,
T− = 0.1 eV, T+ = 0.2 eV, m− ⬃ 3.2⫻ 10−26 kg, m+ ⬃ 6.69
⫻ 10−26 kg, and dust mass density d ⬃ 1.5⫻ 103 kg m−3兲 and
observe that for ␦− = 0.4, pd ⬃ 1.46⫻ 103 s−1 and ch ⬃ 3.5
⫻ 107 s−1. Thus pd / ch ⬇ 4.2⫻ 10−4 ⇒ pd Ⰶ ch, which justifies the assumption. Hence this low value of pd / ch, can be
assumed to be pd / ch ⬇ 0 and this reduces Eq. 共3兲 to
Ie + I+ + I− ⬇ 0.

共6兲

In this case the dust charge qd instantaneously reaches its
equilibrium value at each space-time point determined by the
local electrostatic potential 共x , t兲 and hence does not give
rise to any dissipative effects 共which is known as adiabatic
dust charge variation6兲. Now using perturbation expansion
共5兲 in 共1兲, 共2兲, and 共6兲 together with 共4兲 and then equating the
terms in lowest order of ⑀, we obtain 
= 冑⌬共␤ch⌬ + 1 / + + ␦− / − + ␦兲−1,
where
␤ch = 共1 + +兲共z
+ +兲 / 关z+共1 + z + + + −兲兴. Finally, equating the terms of
next higher order of ⑀ from 共1兲, 共2兲, and 共6兲 and then eleminating the second-order terms, we derive the following
Korteweg–de Vries 共KdV兲 equation in electronegative dusty
plasmas:
3 共1兲
共1兲
共1兲
N共1兲
d + ␣Nd Nd + ␤ Nd = 0.

共7兲

The coefficient of nonlinearity ␣ and coefficient of dispersion ␤ are given by

冉再

冋 冉

␦− 1

␣ = 3 1 − 共2␤ch兲 + 4 ⌬−1 2 − 2 + ␦
2
− +
+
where

␤ch+
A
共1 + +兲

册冎冊

,

␤=

3
,
2

冊

共8兲

A = 兵1 + 关−共1 + −兲 / −共z + +兲兴其共z␤ch − 1兲2

FIG. 1. Variation of coefficients of nonlinearity ␣ 共solid curve兲 and dispersion ␤ 共dotted curve兲 关Eq. 共8兲兴 with ␦−共=n−0 / n+0兲 for +共=T+ / Te兲 = 0.1 and
for different −共=T− / Te兲. The different curves are 共a兲 − = 0.05 and 共b兲 −
= 0.1.

+ 2z␤ch / 关+共z + +兲兴 − 共1 / +2兲. The expressions for ␣ and ␤
关Eq. 共8兲兴 show the dust charge variation 共⬀␤ch兲 and also the
negative ions 共⬀␦−兲 significantly modify the characteristics
of dust acoustic solitary waves in electronegative dusty
plasma. The variations of ␣ and ␤ with ␦− for different −
are drawn in Fig. 1. The single soliton solution of KdV equa2 冑
tion 共7兲 is N共1兲
d 共 , 兲 = 共3V / ␣兲sech 关 V / 4␤共 − V兲兴, where
冑
V, 3V / ␣, and 4␤ / V are the velocity, amplitude, and spatial
width of the solitary wave, respectively.
CASE II: LOW CHARGING RATE

Here, we assume ch Ⰶ pd. To justify this, we consider
the cosmic 共e.g., Noctilucent Cloud14,21兲 electronegative
dusty plasma parameters 关n+0 ⬃ 109 m−3, nd0 ⬃ 107 m−3, r0
= 0.1 m, Te = T+ = 0.013 eV, m+ = m− ⬃ 2.7⫻ 10−26 kg, and
dust mass density d ⬃ 292 kg m−3 共for ice dust grains兲兴 and
observe that for ␦− = 0.4, pd ⬃ 0.25 s−1 and ch ⬃ 0.07 s−1.
Thus ch / pd ⬇ 0.28, which indicates that ch / pd Ⰶ 1 , ⫽ 0.
Hence for consistent perturbation expansion, we can consider the following scaling:

ch/pd = d⑀3/2 ,

共9兲

where d ⬇ O共1兲. In this case due to the nonzero value of
ch / pd, the dust charge qd does not instantaneously reach its
equilibrium value but instead does play a dissipative role.
Using the above scaling in Eq. 共3兲 together with 共4兲 and then
equating the terms in lowest order and next to the lowest
order of ⑀, we obtain

Q共1兲 = 0 ⇒ Q共1兲 = Q共1兲共兲 = 0,

Q共2兲 = d␤ch⌽共1兲 ,
共10兲

by virtue of the boundary condition that all perturbations
vanish at X = −⬁共 = −⬁兲 for all time scales slow or fast. As
before, equating all the terms of lowest order of ⑀ and using
共10兲, we obtain  = 冑⌬共1 / + + ␦− / − + ␦兲−1. Applying the
same procedure as in case I, we derive the following KdV
equation with a linear damping term:
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FIG. 2. Variation of coefficients of nonlinearity ␣ 共solid curve兲 and dispersion ␤ 共dotted curve兲 关Eq. 共12兲兴 with ␦− for + = 1 and for different −. The
different curves are 共a兲 − = 0.1 and 共b兲 − = 1.

共1兲
共1兲
共1兲
3 共1兲
N共1兲
d + ␣Nd Nd + ␤ Nd + ␥Nd = 0.

共11兲

The coefficient of nonlinearity ␣ and coefficient of dispersion ␤ are given by

␣=

冋

冉


␦− 1
3 + 4⌬−1 2 − 2 + ␦
2
− +

3
␤= ,
2

冉

冊册

,

1 ␦−
d
+
+␦
␥ = ␤ch⌬
2
+ −

冊

共12兲

−1

.

In this case, the expressions for ␣ and ␤ show that only
negative ions 共␦− ⫽ 0兲 关by Eq. 共12兲兴 modify the characteristics of dust acoustic solitary waves in electronegative dusty
plasma. The variations of ␣ and ␤ with ␦− for different −
are depicted in Fig. 2. The expression 共12兲 shows that the
damping ␥ disappears if we put d = 0, this should be so
because d = 0 implies the right-hand side of Eq. 共3兲
=0 共dQ / dT = 0兲, i.e., there is no dust charge variation 关by Eq.
共10兲; Q共1兲 = Q共2兲 = 0 ⇒ fixed charge on the dust grain surface兴.
Also note that ␥ = 0 for ⌬ 共=1 − ␦ − ␦− = zdnd0 / n+0兲 = 0 共by
charge neutrality condition兲; this is expected as ⌬ = 0 implies
the absence of charged dust grains and consequently no
charge variation. Hence the damping of the dust acoustic
solitary wave arises due to the low charging rate of dust
grains compared to the dust oscillation frequency. The variation of ␥ with ␦− for different − is depicted in Fig. 3. Employing Karpman and Maslov’s method and using the boundary conditions that all perturbed variables vanish at 兩兩 = ⬁,
we obtain the approximate analytical time evolution sech2
−共4/3兲␥
sech2兵关
solution of 共11兲 as N共1兲
d 共 , 兲 = N共0兲e
−共4/3兲
− V共兲兴 / W共兲其, where V共兲 = 关␣N共0兲 / 3兴e
and W共兲
共4/3兲
冑
= 12␤e
/ ␣N共0兲 are the velocity and width of the solitary wave, respectively, with N共0兲 = N共 = 0兲 = 3V / ␣. These
show that due to the low charging rate compared to
pd 共ch / pd Ⰶ 1 , ⫽ 0兲, ␥ ⫽ 0, the soliton amplitude and velocity decay exponentially with time  at decay rate ␥, but
the spatial width of the soliton increases exponentially with
.

FIG. 3. Variation of ␥ 关Eq. 共12兲兴 with ␦− for d = 1. The plasma parameters
are the same as in Fig. 2.

The results of this BC can be summarized as follows:
共1兲 In laboratory-type electronegative dusty plasmas,19
the dust charging rate is very high compared to the dust
oscillation frequency 共pd Ⰶ ch兲 and the dust acoustic solitary wave is governed by KdV equation 关Eq. 共7兲兴. On the
other hand, in the case of cosmic electronegative dusty
plasma 共e.g., Noctilucent Cloud兲,14,21 the dust charging rate
is low but comparable to dust oscillation frequency
关ch / pd ⬍ 1 , ⫽ 0, Eq. 共9兲兴 and this produces a dissipative
effect for which the dust acoustic solitary wave is governed
by KdV equation with a linear damping term 关Eq. 共12兲兴.
共2兲 In both cases, the coefficient of nonlinearity ␣ decreases 共increases兲 with the increase of ␦−共−兲 关Figs. 1 and 2,
solid curves兴. Thus in both cases the soliton amplitude which
is ⬀1 / ␣ increases 共decreases兲, i.e., the dust acoustic soliton
sharpens 共flatens兲 as the negative-ion density 共temperature兲
increases. Also in both cases the dust acoustic solitary wave
admits compressive soliton N共1兲
d 共 , 兲 ⬎ 0 with dust density
enhancement as ␣ ⬎ 0.
共3兲 Also in both cases, coefficient of dispersion ␤ behaves in a qualitatively similar fashion as done by ␣ 关Figs. 1
and 2, dotted curves兴. Thus the soliton width which is ⬀冑␤
decreases 共increases兲 with the increase of negative-ion density 共temperature兲.
共4兲 The damping rate ␥ 关Eq. 共12兲兴 decreases 共increases兲
with the increase of ␦−共−兲 关Fig. 3兴. This is happening due to
the fact that the increase of negative-ion number density implies the reduction of electrons from the system by charge
neutrality condition which decreases the magnitude of the
dust grain surface potential z and hence decreases the damping rate ␥ as it arises due to dust charge variation. But, the
magnitude of dust surface potential z increases with the increase of negative-ion temperature and hence ␥ increases
with negative-ion temperature.
The author would like to thank Professor M. R. Gupta of
Centre for Plasma Studies, Faculty of Science, Jadavpur University for his stimulating influence and helpful suggestions.
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