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The two-dimensional nonlinear collective ion dynamics in the presence of external magnetic field
in an electron-ion plasma is investigated. The analysis is performed for traveling plane waves to
elucidate the various aspects of the phase-space dynamics. The presence of magnetic field makes
the dynamics of the nonlinear wave complex with a complicated phase-space behavior. Thus, the
nonlinear wave supports a wide class of nonlinear structures viz., single soliton, multi-soliton,
periodic, and quasi-periodic oscillations depending on the values of M (Mach number) and X (the
ratio of ion gyro-frequency to the ion plasma frequency). The computational results predict the
chaotic behavior of the nonlinear wave and the transition to chaos takes place when X ⲏ 0:35
depending on the direction of propagation and the value of M. The amplitude of the wave depends
on the obliqueness of the propagation and Mach number, whereas the magnetic field changes the
dispersion properties of the wave. Published by AIP Publishing.
[http://dx.doi.org/10.1063/1.4954381]

I. INTRODUCTION

Plasma is a typical nonlinear dynamical system with
many degrees of freedom. The dynamics of nonlinear wave
propagation in a plasma is one of the most important subject
of plasma physics because of its many applications in laboratory and astrophysics.1,2 In a fluid medium when nonlinearity
is balanced by the dispersion of the wave, a stable nonlinear
structure is formed which is known as soliton.3 Now, it is
well established by the computational,4,5 theoretical,6 and
experimental7,8 observations that the low-frequency nonlinear ion acoustic wave (IAW) in an electron-ion plasma
exhibits soliton structure. The dynamics of this weakly nonlinear one-dimensional (1D) IAW is described by the wellknown Korteweg-de Vries (KdV) equation.9 In this case, the
form of the soliton solution does not depend on the sign of
the dispersion term.3
In the absence of magnetic field, to generalize the
dynamics of nonlinear waves in two-dimension (2D) in a
plasma, a weak diffraction in the transverse direction (perpendicular to the direction of soliton’s propagation) is introduced. This leads to a nonlinear equation known as the
Kadomtsev-Petviashvili (KP) equation.10 In contrast to the
KdV equation, the soliton solution of this KP equation is
directly determined by the algebraic sign of the dispersion.
The 1D soliton is stable with respect to the transverse perturbation for negative dispersion as the perturbations can easily
be transferred from the soliton to the medium and then
spread around all directions. But for positive dispersion, the
linear perturbations cannot be transferred from the soliton to
the medium, and therefore they exponentially grow in time.
As a consequence, the KP equation with the positive
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dispersion does not have stable 1D soliton solution,11 instead
possesses Lump soliton.12,13
Presence of magnetic field makes the plasma anisotropic. Also, the charged particles perform gyrational
motions transverse to the field due to the Lorentz force. In
magneto plasmas, for low-frequency and long wavelength
disturbances satisfying
x  kVTe

and

k  qe ;

(1)

(where x is the frequency, k is the wave number, VTe is the
electron thermal speed, k ¼ 2p=k is the wave length of the
perturbation, and qe is the electron gyro-radius) the ions can
be treated as magnetized. But, for such oscillations (1), electrons can be treated as un-magnetized because the electron
inertial force which is at most Oððx=kÞ=VTe Þ dominates over
the Lorentz force which is Oðððx=kÞ=VTe Þðk=qe ÞÞ. In this situation, the ratio Xð¼ Xi =xpi Þ of the ion gyro-frequency (Xi)
to the ion plasma frequency (xpi) plays a decisive role in the
propagation dynamics of the nonlinear IAW. For very strong
magnetic field when X is finite, the small amplitude 2D nonlinear wave is governed by Zakharov-Kuztensov (ZK) equation.14 In this case, the plane solitons are unstable with
respect to the transverse perturbation.11,15 However, the experimental observations16,18 reveal that even large amplitude
ion acoustic solitons and other nonlinear structures are quite
stable in the presence of magnetic field. Therefore, in true
sense, the 2D dynamical behavior of nonlinear IAW in the
presence of magnetic field is more complicated. Moreover,
in most of the experiments and astrophysical plasmas, X is
small but finite.16–22 To get the insight of this complicated
behavior for small but finite value of X, a general small
amplitude nonlinear equation for IAW is modeled which is
valid for both un-magnetized and magnetized plasmas.23
This equation covers the most important region where the
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transition from stable to unstable behavior occurs. The present investigation aims at giving a computational and analytical understanding of one of such classical 2D problem
related to the complex dynamics of nonlinear IAW in the
presence of external magnetic field. This classical nonlinear
problem is analyzed by posing it as an autonomous dynamical system in a traveling (moving) wave frame to elucidate
the different aspects of the phase-space dynamics. We analyze this nonlinear equation with its full generality to realize
the complexity of the dynamics arising due to the external
magnetic field.
The main objective of the present work is to investigate
by theoretical and computational means that how the magnetic field introduces complexity in the plasma system and
controls the nonlinear collective dynamics of ions. The traveling plane wave nonlinear analysis demonstrates that the
amplitude of the nonlinear wave depends on the direction
of propagation and Mach number, whereas the dispersive
character solely depends on the strength of the magnetic
field. The nonlinear analysis confirms the soliton, oscillatory,
and quasi-periodic structures for X  1. Also, for X ⲏ 0:35,
the analysis predicts the existence of chaotic dynamics: an
aperiodic long-term behavior in a deterministic system that
exhibits sensitive dependence on initial conditions.24
In plasmas, the dynamics of single charged particle and
also the collective motion can turn chaotic in the presence of
an external static magnetic field due to the strong influence
of the Lorentz force on the dynamics (single and collective)
of the charge particle.21,25–34 As a result, a wide variety of
transitions from ordered to low and high dimensional chaotic
states are observed through different physical situations.35–39
Therefore, we believe that the present investigation will
surely contribute to an understanding of the low-frequency
nonlinear collective ion dynamics in an electron-ion magneto-plasma.
The paper is organized as follows: In Sec. II, we briefly
discuss about the origin of the nonlinear equation that
governs the dynamics of IAW in the presence of external
magnetic field. Sec. III deals with the moving-frame analysis
of the solution of the nonlinear equation through dynamical
system approach. Finally, we summarize our results in
Sec. IV.
II. THE NONLINEAR EVOLUTION EQUATION

We consider an uniform electron-ion fully ionized, nonisothermal (electron temperature Te  Ti ; ion temperature)
and low-b plasma, where b ¼ 8pn0 Te =B20 ð 1Þ, n0 is the
equilibrium density and B0 is the strength of the magnetic
field. The plasma is situated under the influence of an external constant magnetic field B ¼ B0 ^z , where ^z is the unit vector along the z axis. Let us assume that the characteristic
time of variation of IAW is larger than the ion cyclotron
period 2p=Xi , where Xi ¼ eB0 =mi ; mi is the ion mass. This
suggests that for this low-frequency oscillation, electrons are
in thermodynamical equilibrium so that the electron number
density ðne Þ follows the Boltzmann distribution. Therefore,
basic set of equations for ion dynamics are the following set
of hydrodynamic equations:
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@n
þ r  ðnvÞ ¼ 0;
@t

(2)

@v
þ v  rv ¼ r/  X^z  v;
@t

(3)

r2 / ¼ expð/Þ  n:

(4)

Here, the time and space scales are normalized in units of
the ion plasma frequency xpi ¼ ðn0 e2 =0 mi Þ1=2 and plasma
Debye length kD ¼ ð0 Te =n0 e2 Þ1=2 . The other dynamical
variables ion density (n), ion velocity ðvÞ, and potential ð/Þ
are normalized in units of n0, ion acoustic speed Cs
¼ ðTe =mi Þ1=2 , and energy Te =e, respectively. The parameter
X ¼ Xi =xpi is small but finite for practical applications.
A. Dynamics of linear waves

Here, we investigate the linear propagation characteristics of the wave mode governed by the above set of fluid
Equations (2)–(4). In the small amplitude limit, we may
consider perturbations varying as exp ½iðk  r  x tÞ and thus
derive a general dispersion relation, relating the wave
frequency x to the wave vector k. By linearizing the dimensionless fluid equations [(2)–(4)] in a homogeneous background, we obtain the dispersion relation in the following
form:
!


2
2
k
k
k
X2 ¼ 0;
(5)
x2 þ
x4  X2 þ
1 þ k2
1 þ k2
2
where k2 ¼ kk2 þ k?
; kk ðk? Þ is the wave number parallel
(perpendicular) to the direction of the external magnetic
field. The dispersion relation (5) can be written as


1
k2
2
2
2
X þ
x ¼ x6 ¼
1 þ k2
2
"
#1=2
2
2 2
2
4k
X
1
k
k

X2 þ
:
(6)
6
1 þ k2
2
1 þ k2

In this dispersion relation, the branch x ¼ xþ represents the
electrostatic ion-cyclotron (EIC) waves40 and the branch
x ¼ x represents the obliquely propagating electrostatic
ion acoustic (IA) waves.
The EIC wave propagates almost perpendicular to
the magnetic field (kk  k? ),40 and dispersion relation is
given by
x2 ¼ X2 þ

2
k?
:
2
1 þ k?

(7)

In the dimensional form, this relation reads as
x2 ¼ X2i þ

2 2
k?
Cs
;
2 k2
1 þ k?
D

(8)

where Cs is the ion acoustic speed. Equation (7) or (8)
indicates that the usual ion acoustic mode is modified by
constant ion cyclotron frequency and the phase velocity
x=k? > Cs . The ions suffer an acoustic type oscillation, and
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the X2 term is the contribution of the Lorentz force exerted
on the ions.
The dispersion relation of the obliquely propagating IA
mode in the limit of strong magnetic field (k2  X2 ð1 þ k2 Þ)
reads as
"
#
2
2
k
k
k
?
1
:
(9)
x2 ﬃ
1 þ k2
ð1 þ k 2 ÞX 2
In long wavelength limit ðk2  1Þ, the phase velocity of this
mode becomes


2
k?
x ﬃ kk 1  2 :
(10)
2X
In the dimensional form, this relation reads as
!
2 2
k?
Cs
x ﬃ kk Cs 1 
2X2i

(11)

which well agrees with the dispersion relation of Ref. 41.
Also, in the strong fieldplimit,
the obliquely
ﬃﬃﬃ
pﬃﬃﬃ propagating IA
mode exists for k? Cs < 2 Xi ( k? < 2 X) and the phase
velocity x=kk < Cs .
Finally, in the vanishing magnetic field limit (or in the
limit k? ! 0, i.e., for purely parallel propagation), the dispersion relation (5) or (6) trivially recovers the dispersion
relation of the usual IA wave
kk
x ¼ qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ :
1 þ kk2

(12)

All the above discussions reveal that an external static
magnetic field changes the dispersive properties of the
IAWs. Actually, the system considered here is a coupled
transverse–longitudinal ion dynamical system described by
the above set of fluid equations [Eqs. (2)–(4)]. The external
magnetic field through E  B term makes coupling between
the EIC and IA waves and thereby introduces complexity in
the collective ion dynamics.
B. Dynamics of nonlinear waves

To investigate the dynamical behavior of the nonlinear
IAW in the presence of static external magnetic field, we
introduce the following space and slow time scales:
pﬃﬃ
n ¼ ðz  VtÞ; f ¼ x
g ¼ y;

s ¼ 3=2 t;

(13)

where V is the normalized phase velocity of the linear wave
and the parameter ð0 <  < 1Þ characterizes the smallness
of the amplitude.42 The dependent variables are expanded in
powers of  in the following way:
1
0
0 1 0 1 0 ð1Þ 1
n
nð2Þ
1
n
B ð2Þ C
B vz C B 0 C B
vzð1Þ C
C 2 B vz C
B C ¼ B C þ B
p
ﬃﬃ
þ

C
B pﬃﬃ ð2Þ C þ  : (14)
B
ð1Þ
@ v? A @ 0 A @ v A
@ v ? A
?
0
/
/ð2Þ
/ð1Þ

The IAW in the presence of an external static weak magnetic
field is observed in laboratory19,20 for Xi < xpi (the frequency range is Xi < xpi ⱗ10 Xi ). This frequency range
clearly shows that
0:1 ⱗ X ¼

Xi
< 1:
xpi

Therefore, to incorporate the effect of magnetic field on the
dynamics of the small amplitude nonlinear IAW, we consider the following scaling:
pﬃﬃ
X Oð Þ
(15)

which is consistent with the perturbations (13) and (14).
Substituting (13)–(15) into the basic equations [Eqs.
(2)–(4)], we obtain the following relations in the lowest
powers of :
vzð1Þ ¼ Vnð1Þ ;

Vvzð1Þ ¼ /ð1Þ ;

nð1Þ ¼ /ð1Þ :

(16)

In the derivation of the above relations, we use the boundary
conditions for localized solutions. This system of equations
(16) self-consistently determines the phase velocity of the
linear wave V ¼ 1.
Finally, combining all the higher order terms, the usual
perturbation analysis yields the following nonlinear
equation:23
#
!"
ð 1Þ
ð 1Þ
3 ð1Þ
@2
@n
@n
1
@
n
ð
Þ
þn1
þ
þ X2
@s
@n
2 @n3
@n2
"
#
1 @ @2
@2
þ 2 nð1Þ ¼ 0:
(17)
þ
2
@g
2 @n @f
This equation governs the dynamics of small amplitude nonlinear IAW in the presence of an uniform external magnetic
field. Depending on the strength of the magnetic field, several comments of physical interest are as follows: In the absence of magnetic field ðX ¼ 0Þ, we recover the KP
equation10
"
#
ð1Þ
@ 2 @nð1Þ
1 @ 3 nð1Þ
ð1Þ @n
þn
þ
@n
2 @n3
@n2 @s
"
#
1 @ @2
@ 2 ð1Þ
þ
(18)
n ¼ 0:
þ
2 @n @f2 @g2
Furthermore, for 1D motion (@f ¼ @g ¼ 0), we recover the
well known KdV equation9
@nð1Þ
@nð1Þ 1 @ 3 nð1Þ
¼ 0:
þ nð1Þ
þ
@s
@n
2 @n3

(19)

Finally, for sufficiently strong magnetic field X2  @n2 , we
obtain the following equation:
"
#
ð1Þ
@nð1Þ
1 @ 3 nð1Þ X2 @ @ 2
@ 2 ð 1Þ
ð1Þ @n
þ
þn
þ
þ
n ¼0
2 @n @f2 @g2
@s
@n
2 @n3
(20)
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which is similar to the ZK equation.14 All these discussions
demonstrate that Equation (17) provides a more general
description of the small amplitude nonlinear IAW in the
presence of an external magnetic field. In the subsequent sections, we will investigate the possible complex structures of
IAW in the three limits: X Oð102 Þ (vanishingly small
magnetic field), X Oð101 Þ(0 < X  1: moderate magnetic field), and X ⲏ 0:35 (relatively strong magnetic field)
in the frame work of Equation (17).

where

In this section, we perform the nonlinear analysis for
traveling plane wave. Also, to incorporate the spatial dimensional effect, we consider oblique propagation of the plane
wave. Thus, we search for traveling wave solutions of the
nonlinear Equation (17) that depends only on the independent variable
h ¼ kn n þ kg g þ kf f  Ms;
where kn ; kg , and kf are the direction cosines (proportional to
the wave numbers) along the n, g, and f directions, respectively (thus kn2 þ kg2 þ kf2 ¼ 1) and M is the Mach number.
Note that if kx, ky, and kz are the wavenumbers along the x, y,
and z directions, the corresponding direction cosines are as
follows:

2

kz
;
k

kz2

kx2

kg ¼

ky
;
k

and kf ¼

kx
;
k

ky2 .

where k ¼ þ þ
Also, the condition of direction
cosines kg2 þ kf2 þ kn2 ¼ 1 never implies (un-normalized)
k2 k2D ¼ 1 and thus justifies the IAW physics. As a result, the
analysis will not change qualitatively for different k.
In the h-frame, Equation (17) transformed to




 3
2
k
1

k
2
n
kn :::
n :::
d
X ¼ 0;
X þ ð kn X  MÞX_ þ
kn2 2 þ X2
2
2
dh
(21)
where X nð1Þ and dot ðÞ represents the derivative with
respect to h. In this transformed Equation (21), we use the
condition kg2 þ kf2 ¼ 1  kn2 . Therefore, the variability of
wave numbers in g and f directions are incorporated through
variability of kn . The above Equation (21) is a fifth order
nonlinear ordinary differential equation. To reduce the
dimension of the trajectory in phase-space, we derive the
:::
€€
_ X;
€ X;
XÞ of the above Equation (21)
first integral Iðh; X; X;
in the h frame, which reads as
I


kn5
kn 
€€
Xþ
1 þ ðX2  1Þkn2 þ 2Xkn2  2Mkn X€
2
2
X2
2
þ kn3 X_ þ
ð kn X  2MÞX ¼ C:
2

n

n

n

III. TRAVELING PLANE WAVE ANALYSIS:
PHASE-SPACE DYNAMICS

kn ¼

symmetry group.50 Therefore, we choose C ¼ 0 in (22) and
construct the following fourth order autonomous nonlinear
dynamical system in the h frame:
8
>
X_ ¼ Y;
>
>
>
>
>
_
>
> Y ¼ Z;
<
Z_ ¼ W;
(23)




>
>
2
2
4
>
akn þ 2X Z 2Y 2
X X  dkn X
>
>
>
_ ¼
>
W
;


>
2
2
:
k
k4
k
a¼

ðX2  1Þkn2  2Mkn þ 1
kn4

and

d¼

2MX2
:
kn5

(24)

In the above system (23), the effective space variables are
ðX; Y; Z; WÞ and represent a four dimensional conservative
dynamical system where h plays the role of time.

A. Linear stability analysis

The dynamical system (23) has the following two equilibrium (stationary) points:


2M
S0 ð0; 0; 0; 0Þ and S1
; 0; 0; 0 :
kn
The nature of these stationary points fS0 ; S1 g can be examined by linearizing the set of equations (23) and solving the
corresponding eigenvalue problem. The linearized set of
equations in the neighborhoods of S0 and S1 are given by
X_ ¼ Df ðS0 ÞX and

X_ ¼ Df ðS1 ÞX;

(25)

where X ¼ ½X; Y; Z; WT is a column vector, Df ðS0 Þ and
Df ðS1 Þ are the Jacobian matrices at S0, and S1 given by
2
3
0 1 0 0
6
7
60 0 1 07
7
Df ðS0 Þ ¼ 6
6 0 0 0 1 7 and
4
5
d 0 a 0
2
3
0 1
0
0
6
7
6 0 0
1
07
6
7
6
7
0
1
(26)
Df ðS1 Þ ¼ 6 0 0
7;
!
6
7
6
7
2M
4 d 0  a þ 3
05
kn
respectively. The corresponding eigen value equations
jDf ðS0 Þ  k I4 j ¼ 0 and jDf ðS1 Þ  k I4 j ¼ 0 are then become

(22)

In this situation, without the loss of generality, we may
choose C ¼ 0 since we may add a constant to X at the cost of
adjusting the Mach number M according to the Galilean

k4 þ Kk2 7d ¼ 0;

(27)

where ðþÞ sign before d corresponds to the stationary point
S0 ðS1 Þ, k is the eigen value, and I4 is the 4  4 identity matrix. This determines the eigen values as
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k21ð2Þ


qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
¼ K6 K2  4ð7dÞ ;
2
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(28)

where
KS0 ¼ a;
K S1 ¼ a þ

2
4M ðX  1Þkn2 þ 2Mkn þ 1
¼
:
kn4
kn3

The following three conditions are necessary and sufficient
for both roots k21ð2Þ of the quadratic Equation (27) in k2 to be
real and negative (all eigen values are purely imaginary)
ðiÞ

k21 k22 ¼ 7d > 0

ðiiÞ k21 þ k22 ¼ K < 0

ðiiiÞ k2 real ) K2 > 4ð7dÞ:

(29)

At the stationary point S0, the condition (i) is violated as d is
always positive [Eq. (24)] and therefore S0 is always an
unstable point. However, at the stationary point S1, the conditions (i) and (ii) are satisfied as KS1 > 0. Condition (iii) is
also satisfied because it can be written in the following form

i
1h 8 2
kn a þ 8Mkn 1  kn2 > 0:
8
kn
In this case, the eigen values are purely imaginary, and hence
there is a possibility that stationary point S1 to be a stable
point.
B. Nonlinear analysis

In this section, we numerically analyze the nonlinear dynamical system (23) with the help of the MATLAB based
Runge-Kutta-Fehlberg (RKF) method to get insight of the
complexity of the nonlinear equation (17) in the traveling
wave frame h.
1. Numerical analysis

In the previous subsection III A, we have already seen
that S0 and S1 are two stationary points of the dynamical

system (23). In this section, we analyze the system (23)
numerically in the parameter space ðkn ; M; XÞ.
At first, we discuss the dynamics of a small perturbation
in the vicinity of the point S0 ¼ ð0; 0; 0; 0Þ. For the illustration purposes, here we solve the system (23) by the RKF
method for the following sets of parameters:
)
kn ¼ 0:6; X ¼ 0:01
Figs: 1ðaÞ and 1ðbÞ
M ¼ 0:1
kn ¼ 0:6; X ¼ 0:1
)
kn ¼ 0:8; X ¼ 0:01
Figs: 1ðcÞ and 1ðdÞ:
kn ¼ 0:8; X ¼ 0:1
The solutions and the corresponding projections of phasespace trajectories on the X – Y plane are displayed in Fig. 1.
The curves (dash-dot) in Figs. 1(a) and 1(c) show that a
small disturbance around the point S0 develops into the solitonic structures for vanishingly small X ¼ 0:01. On the other
hand, the curves (solid) in the same figures reveal the multisolitonic structures for relatively large value of X ¼ 0:1. The
corresponding phase-space trajectories [Figs. 1(b) and 1(d)]
represent the homoclinic orbits: the signatures of soliton solutions. The comparison between the solitonic structures in
Figs. 1(a) and 1(c) clearly demonstrates that the soliton
amplitudes decrease with the increase of the value of kn
(effect of obliqueness).
These results can be understood physically as follows.
The dispersion relation of the nonlinear wave described by
Equation (17) is given by
x¼

kk3

2
kk k?
:
þ 
2 2 k 2  X2
k

(30)

This determines the following group velocities in parallel
and transverse directions:
2

3
2
2
2
2
k
k
þ
X
3kk
?
k
7
þ 
vgk ¼ 6
2 5 and
4
2
2
2
2 kk  X
(31)
kk k?
:
vg? ¼ 
kk2  X2
FIG. 1. Numerical solutions of the
nonlinear system (23) in the neighborhood of ð0; 0; 0; 0Þ. The physical parameters for different figures are: (a)
kn ¼ 0:6 M ¼ 0.1, X ¼ 0:01 (dash-dot
blue) and X ¼ 0:1 (solid red) and (c)
kn ¼ 0:8 M ¼ 0.1, X ¼ 0:01 (dash-dot
blue) and X ¼ 0:1 (solid red). Figs. (b)
and (d) represent the projection of the
corresponding phase-space trajectories
on the X – Y plane. The curves in Figs.
(b) and (d) clearly indicate the homoclinic nature of the orbits. The different curves in this figure show the
single solitonic and mulit-solitonic
structures of nonlinear wave.

062315-6

S. Poria and S. Ghosh

Phys. Plasmas 23, 062315 (2016)

FIG. 2. Numerical solutions of the system (23) in the neighborhood of
ð0; 0; 0; 0Þ. The parameters for different figures are: (a) kn ¼ 0:6 M ¼ 0.5,
X ¼ 0:01 (solid blue), (c) kn ¼ 0:6
M ¼ 1.2, X ¼ 0:01 (solid violet), and
(e) kn ¼ 0:8 M ¼ 0.5, X ¼ 0:01 (solid
red). Figs. (b), (d), and (f) represent the
projection of the corresponding phasespace trajectories on the X – Y plane.
The curves in Fig. (b) show the elliptical orbit of the ion trajectory, while,
Figs. (d) and (f) indicate that the ion
trajectories lie on the surface of a
torus. The different curves in this figure reveal the periodic and quasiperiodic structures of nonlinear wave.

Clearly, an external magnetic field changes strongly
(weakly) the transverse (parallel) dispersion properties of the
obliquely propagating IAW. As can be seen from the above
relations [(30) and (31)] that vgk < 0 and @vgk =@kk < 0 in
both the weak ðX ! 0 kk > XÞ and strong ðX ! 1
kk < XÞ field limits. Also, @vgk =@X < 0ð> 0Þ for weak
(strong) field limit. Thus, for almost parallel propagation
[kn ð kk =kÞ ! 1], the dispersive properties of the wave
decrease with X in the weak field limit. As a result, a single
soliton disintegrates into multi-solitons for relatively large
values of Xð< kk Þ as observed in the numerical solutions
[Figs. 1(a) and 1(c)]. This is the indication of the destruction
of solitonic structures for strong magnetic field strength.
Furthermore, vg? > 0ð< 0Þ and @vg? =@k? > 0ð< 0Þ for
weak (strong) field limit. Then, in a frame moving with the
linear group velocity vg? , any amplitude modulation in the
transverse direction will decrease (grow) because of the nonlinear effects. As a consequence, the 1D stable solitons will
feel the transversely destabilizing effects under certain conditions.43–45 However, it is to be noted that throughout the
computation, we consider the weak field limit ðkk > X
kk Cs > Xi Þ. This is compatible with our physical assumption and also the scaling of the magnetic field [Eq. (15)] on
the basis of which the nonlinear equation (17) is derived.
Next for computation purposes, we consider the following sets of parameters:
X ¼ 0:01

kn ¼ 0:6; M ¼ 0:5
kn ¼ 0:6; M ¼ 1:2
kn ¼ 0:8; M ¼ 0:5

Figs: 2ðaÞ and 2ðbÞ
Figs: 2ðcÞ and 2ðdÞ
Figs: 2ðeÞ and 2ðfÞ

and the results are shown in Fig. 2. In the presence of very
weak magnetic field ðX ¼ 0:01Þ, Fig. 2(a) displays the periodic (oscillatory) structure for kn ¼ 0:6 and M ¼ 0.5. This
structure is confirmed by the elliptical orbit in the phasespace diagram as shown in Fig. 2(b). For relatively large
value of Mð¼ 1:2Þ (with same kn ¼ 0:6 and X ¼ 0:01), a
multi-frequency (finite) oscillation is observed as displayed
in Figs. 2(c). On the other hand, for relatively large value of
kn ð¼ 0:8Þ (with X ¼ 0:01 and M ¼ 0.5), a qualitatively similar quasi-periodic solution with diminishing amplitude (comparison between Figs. 2(c)–2(f)) is observed as depicted in
Figs. 2(e) and 2(f). The corresponding phase portraits [Figs.
2(d) and 2(f)] reveal that the ion trajectories lie on the

surface of a torus: the signature of quasi-periodic solution.
All these solutions demonstrate that both M and kn play an
important role in the formation of the periodic and quasiperiodic structures for a very weak magnetic field.
Physically, these solutions represent nonlinearly modulated
IA waves: the wave envelope is modulated periodically or
quasi-periodically.
Then, we consider the following sets of parameters for
relatively large value of X:
M ¼ 1:2; kn ¼ 0:6; X ¼ 0:4
X ¼ 0:5
kn ¼ 0:7; X ¼ 0:35
X ¼ 0:5

Figs: 3ðaÞ and 3ðbÞ
Figs: 3ðcÞ and 3ðdÞ:
Figs: 4ðaÞ and 4ðbÞ
Figs: 4ðcÞ and 4ðdÞ:

We present the computational results graphically in Figs. 3
and 4. Note that we perform the computation for sufficiently
large span of h ð0  h  2000Þ and observe bounded solutions. However, for better clarity of the figures, we display
the solutions for the h value only up to 300 and 200 in Figs.
3 and 4, respectively. A close inspection of the solution displayed in Fig. 3(a) (and Fig. 4(a)) reveals that the nonlinear
oscillation is aperiodic and the amplitude of the oscillation is
highly asymmetric. The corresponding projected phase portrait as depicted in Fig. 3(b) (and Fig. 4(b)) shows the
bounded, aperiodic, and asymmetric nature of the solution.
The results for relatively large value of X ¼ 0:5 are displayed in Figs. 3(c) and 3(d) (and Figs. 4(c) and 4(d)). These
figures show qualitatively similar behavior of the nonlinear
wave. The comparative study between Figs. 3(a) and 4(a)
shows that in case of large kn ð¼ 0:7Þ, the bounded asymmetric behavior starts at relatively lower value of Xð¼ 0:35Þ.
These numerical solutions demonstrate the chaotic behavior
of the nonlinear IAW in the presence of an external magnetic
field, and X (the ratio of Xi to xpi) plays a decisive role for
this chaotic dynamics for large value of M. Physically, the
magnetic field in the system (23) enhances the coupling and
creates new perturbation in the ion orbits. This nonlinearity
introduced by the magnetic field generates new harmonics,
and the chaotic behavior shows these strong harmonic generation phenomena.
Furthermore, to get the insight of the transitions of different solutions of the system (23), we perform oneparameter bifurcation analysis in the parameter space
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FIG. 3. Numerical solutions of the system (23) in the neighborhood of
ð0; 0; 0; 0Þ. The parameters for different figures are: (a) kn ¼ 0:6 M ¼ 1.2,
X ¼ 0:4 (solid magenta) and (c) kn ¼
0:6 M ¼ 1.2, X ¼ 0:5 (solid red). Figs.
(b) and (d) represent the projection of
the corresponding phase-space trajectories on the X – Y plane. The curves in
this figure demonstrate the bounded
and aperiodic oscillation with asymmetric amplitude of the nonlinear
wave, the signature of chaotic dynamics of nonlinear wave.

FIG. 4. Numerical solutions of the system (23) in the neighborhood of
ð0; 0; 0; 0Þ. The parameters for different figures are: (a) kn ¼ 0:7 M ¼ 1.2,
X ¼ 0:35 (solid magenta) and (c) kn ¼
0:7 M ¼ 1.2, X ¼ 0:5 (solid red). Figs.
(b) and (d) represent the projection of
the corresponding phase-space trajectories on the X – Y plane. This figure
demonstrates the chaotic dynamics of
nonlinear wave.

FIG. 5. Bifurcation diagram of the
system (23) with respect to kn for (a)
M ¼ 0:8; X ¼ 0:01 and (b) M ¼ 1:2;
X ¼ 0:1.

ðkn ; M; XÞ. In this analysis, we collect the local maxima
and minima from the time (h) series data of the variable X.
The corresponding bifurcation diagrams are presented in
Figs. 5–7.
Fig. 5 shows the bifurcation diagram of X with respect
to kn for M ¼ 0:8; X ¼ 0:01 (Fig. 5(a)) and M ¼ 1:2; X ¼
0:1 (Fig. 5(b)). This figure shows that the wave amplitude
decreases with the increase of kn . Thus, it can be inferred
that amplitude of the nonlinear wave becomes minimum

when it propagates almost parallel (kn ! 1) to the external
magnetic field (in comparison with the oblique propagation)
which is in agreement with our all numerical solutions. Also,
the transitions soliton ! periodic ! quasi–periodic structures occur and the transition value of kn depends on M
and X.
Fig. 6 displays the bifurcation diagram of X with respect
to X for kn ¼ 0:6; M ¼ 0:5 (Fig. 6(a)) and kn ¼ 0:8; M ¼
1:2 (Fig. 6(b)). Fig. 6(a) shows transition from periodic to
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FIG. 6. Bifurcation diagram of the
system (23) with respect to X for (a)
kn ¼ 0:6; M ¼ 0:5 and (b) kn ¼ 0:8;
M ¼ 1:2.

FIG. 7. Bifurcation diagram of the system (23) with respect to M for (a) kn
¼ 0:6; X ¼ 0:2 and (b) kn ¼ 0:8; X
¼ 0:5.

quasi-periodic oscillations, whereas Fig. 6(b) shows transition from quasi-periodic to chaotic oscillations.
Fig. 7 represents the bifurcation diagram of X with
respect to M for X ¼ 0:2; kn ¼ 0:6 (Fig. 7(a)) and X ¼ 0:5;
kn ¼ 0:8 (Fig. 7(b)). Fig. 7(a) shows the transitions
soliton ! periodic ! quasi–periodic, while Fig. 7(b) shows
the following transitions soliton ! periodic ! quasi–periodic
! chaos.

Note that the proper distinction between quasi-periodic
and chaotic oscillations is not possible from the bifurcation
diagrams of the model (23) presented in the above figures.
Therefore, for proper identification, we perform Poincarè
return map analysis in Section III B 2.
Moreover, a compact form of different regions of the
above discussed qualitative behaviors of the system (23) in
parameter spaces ðM; XÞ and ðkn ; XÞ is presented in Figs. 8

FIG. 8. Computational results of the
dynamical system (23) in X  M parameter space for different kn . Figs. (a)
and (b) represent the same for kn ¼ 0:6
and kn ¼ 0:8.
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FIG. 9. Computational results of the
dynamical system (23) in kn  X parameter space for different M. Figs. (a)
and (b) represent the same for M ¼ 0.8
and M ¼ 1.2.

and 9. The boundaries between the different dynamical
regions in both the figures are not perfectly distinct, because
for such nonlinear system (23), a small changes in the
parameter values resulting in sharp transitions between different dynamical outcomes. In both Figs. 8 and 9, we
observe that depending on the values of the free parameters
ðkn ; M; XÞ, nonlinear IAW exhibits soliton, periodic, quasiperiodic, and chaotic solutions. The transitions occur through
the route: soliton ! periodic ! quasi–periodic ! chaos.
Thus, IAW exhibits a large class of qualitatively different
nonlinear solutions in the presence of an external static magnetic field.
Finally, we numerically analyze the system (23) around
the other stationary point S1. The results of the numerical
analysis reveal that a perturbation around this point S1 does
not evolve and always remains in the steady state. Thus, this
stationary point is a stable point in the sense of Lyapunov.24
2. Poincarè return map analysis

Here, we confirm the quasi-periodic and chaotic behavior of nonlinear IAW through Poincarè return map analysis.
All we know that to analyze the qualitative behavior of a
higher dimensional dynamical system, Poincarè return map
is a very powerful tool.46–48 Therefore, to study the

qualitative behavior of the dynamical system (23), following
the previous works,46–48 we construct a 1D return map:
Xnþ1 ¼ f ðXn Þ
from the time (h) series data of the variable X. To construct
this return map, we collect the local maxima of X in such a
way that the ðn þ 1Þ th local maxima Xnþ1 of X is a function
f of the n th local maxima Xn. For the determination of the
nature of the dynamical behavior of the nonlinear system
(23), we plot the first return map constructed with the series
of the maxima of the variable X in Figs. 10–12. The first
return map corresponding to the time ðhÞ evolution of Figs.
2(c) and 2(e) is shown in Figs. 10(a) and 10(b). Similarly,
the return map corresponding to the time evolution of Figs.
3(a) and 3(c) and Figs. 4(a) and 4(c) is shown in Figs. 11(a)
and 11(b) and Figs. 12(a) and 12(b), respectively.
A close inspection of Fig. 10 clearly shows that the
points are densely populated and lie on smooth closed
curves. Actually, there exists single closed curve in each figure which indicates two-frequency oscillation and confirms
the existence of quasi-periodic structures of the nonlinear
IAW as shown in Figs. 2(c) and 2(e).
In the return map plots, Fig. 11(a) (and Fig. 12(a))
demonstrates that the points are densely scattered, whereas

FIG. 10. Poincarè return map of X
variable (i.e., the number density).
Figs. (a) and (b) represent return map
corresponding to Figs. 2(c) and 2(e).
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FIG. 11. Poincarè return map of X variable (i.e., the number density). Figs. (a)
and (b) represent the return map corresponding to Figs. 3(a) and 3(c).

Fig. 11(b) (and Fig. 12(b)) shows that there are many islands
of densely scattered points. Moreover, both Figs. 11(a) and
11(b) (and Figs. 12(a) and 12(b)) exhibit irregular distributions of points without any known pattern. Such first-return
maps are characteristic of chaotic oscillations.46–48 Therefore,
all these observations confirm the existence of chaotic behavior of the nonlinear IAW as depicted in Figs. 3(a), 3(c), 4(a),
and 4(c).
IV. DISCUSSIONS

The nonlinearity of a physical system manifests itself in
the form of coherent complex structures. These structures
are best understood by the analytical and numerical solutions
of the dynamical equations. Therefore, in this work, we
investigate the effects of an external static magnetic field on
the propagation dynamics of the 2D nonlinear IAW in an
electron-ion plasma. In the presence of magnetic field, the
2D dynamics of the small but finite amplitude nonlinear
wave is governed by the novel nonlinear equation (17). We
analyze this equation at the simplest level by means of analytic and computation by posing the problem as fourth
dimensional autonomous nonlinear dynamical system in a
traveling wave frame. The results reveal that in the presence
of magnetic field, the finite nonlinear wave exhibits a wide
class of nonlinear structures.

The numerical analysis confirms that the nonlinear wave
exhibits the usual single soliton solution for vanishingly
small magnetic field ðX ¼ 102 Þ and low Mach number M.
However, with the increase of the magnetic field ðX ¼ 0:1Þ,
single soliton disintegrates into multi-soliton structures as
the increase of the field strength weakens the dispersive
effect. This indicates the possibility of irregularities in the
nonlinear system due to the external static magnetic field.
On the other hand, for low values of X, the increase of the
Mach number (and direction of propagation) leads to the formation of the oscillatory and quasi-periodic structures. Thus,
the Mach number (and direction of propagation) is responsible for these observed nonlinear structures. In the numerical
analysis, it is observed that the amplitude of the nonlinear
wave depends on the Mach number and the direction of
propagation of the wave.
Furthermore, we observe bounded, aperiodic, and irregular oscillations for X ⲏ 0:35 and M ¼ 1.2. This structure
demonstrates the chaotic behavior of the finite amplitude
nonlinear IAW in the presence of an external static magnetic
field. Also, bifurcation analysis and Poincarè return map
analysis confirm the quasi-periodic and chaotic dynamics of
the nonlinear wave.
The external static magnetic field induced Lorentz force
ðE  BÞ introduces the complexity in a plasma and makes
the single particle dynamics as well as the collective

FIG. 12. Poincarè return map of X variable (i.e., the number density). Figs. (a)
and (b) represent the return map corresponding to Figs. 4(a) and 4(c).
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dynamics chaotic.21,25–34 In a relativistic magnetized plasma,
the collective dynamics of electrons turns into chaotic and
the transition from regular to chaotic structure occurs32 when
X ¼ 1:5 (where X was the ratio of the electron cyclotron
frequency to electron plasma frequency) provided the (normalized) phase velocity is 1.1. Also recent theoretical and
computational investigations33,34 in the context of fusion
plasma experiment reveal that the dynamics of a single
non-relativistic electron turns into chaotic in the range
0:5 ⱗ X ⱗ 4. Thus, both macroscopic and microscopic investigations confirm that the electron dynamics become chaotic
when X Oð1Þ (is of the order of unity). However, in the
present investigation on the basis of macroscopic description
of plasmas, we observe that the collective dynamics of ions
turns into chaotic and the transition from order to chaos
occurs through quasi-periodic state for X ⲏ 0:35 provided
0:5 ⱗ M ⱗ 1:2. This is in qualitative agreement with the previous observations for electron.32–34 We have already seen
that the dynamical system (23) is a coupled transverselongitudinal ion dynamical system. The coupling occurs due
to the Lorentz force through E  B term. Therefore, the
increase in magnetic field strength enhances the coupling by
increasing the nonlinearity of the system. This creates new
perturbation in the ion orbits, which again generates new
harmonics. These strong harmonic generation phenomena
could be the viable physical process for the order to chaos
transition in an electron-ion magnetized plasma.
The generation of chaos due to the interaction between
ions and electrostatic waves in the presence of an external
static magnetic field is observed in laser plasma experiment
in the context of plasma heating mechanism.29 Actually, the
chaotic motion leads to an auxiliary heating for fusion plasmas such as stochastic heating, wave heating, and turbulent.2,49 It is well known that almost all systems reach
turbulence via chaos. Thus, the results of the present investigation could be useful to understand the complex phenomena
observed in laboratory and astrophysics.
Finally, the nonlinear equation (17) is derived23 and
here analyzed numerically (with its full generality) for the
weak magnetic field. The computation is performed for
kk Cs > Xi , i.e., for the ion gyroradius, qi ð¼ Cs =Xi Þ is large
but comparable with the wavelength of parallel propagation.
All are within the limitations of small amplitude and weak
magnetic field physical assumptions. Thus, any extrapolation
to kk Cs  Xi could provide wrong results.
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