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The dark and bright solitons in different systems are already known. If the intrinsic
field is only considered, then the modal dynamics for small oscillations could be characterized by the bound state in a limited range of frequency, revealed via associated
Legendre polynomial. The pairing and interplay between the dark and bright solitons
occur. The disappearance of the bound state after a critical frequency gives rise to
dark solitons in the unbound states that propagate through the domains. Above the
upper boundary of the bound states, the estimated frequencies of dark solitons match
C 2014 Author(s). All arwith those experimentally found for ‘acoustical memory’. 
ticle content, except where otherwise noted, is licensed under a Creative Commons
Attribution 3.0 Unported License. [http://dx.doi.org/10.1063/1.4891466]

I. INTRODUCTION

In the field of condensed matter physics, one of the well-studied materials is ferroelectric, which
has a variety of important applications in nonlinear optics, such as electro-optics and second harmonic generation, and non-volatile memory devices.1 Ferroelectrics have also emerged as important
materials as piezoelectric transducers, pyroelectric detectors, surface acoustic wave (SAW) devices,
four-phase mixing doublers. Such applications and many more as nano devices are mentioned in
Refs. 2–4. One of the most important ferroelectric materials is lithium niobate (LN) that is widely
used as an optical material for its various high frequency photonic and optoelectronics applications.
For holographic memory applications, LN has also found to be a suitable candidate.5 In the field
of memory, it was reported earlier that a light-induced electric field could imprint a new refractive
index along one dimension of a ferroelectric crystal.6 Leaving aside the nonlinear optical properties
of LN, it was not known till 2002 whether LN can also remember sounds, as revealed by McPherson
et al.7 in an elegant experimental work. To note its impact on device formulations, these authors
sent acoustical waves through a LN sample and seeing that the tone reappears a moment later, and
this effect had importance as a non-destructive probe of the material, which is commonly used in
telecommunications devices. They sandwiched a slip of lithium niobate between two transducers,
one to send a sound wave in and another to measure the output. When they applied a tone pulse
to the crystal, it briefly rang like a bell and then quieted. But to their surprise, a signal with the
same frequency and phase popped up after a 70-microsecond delay. The ferroelectric had apparently
stored energy from the acoustical wave and then released it. The amplitude of memory signal also
depended upon the frequency of the applied pulse, being strongest at 26 MHz in the experimental
samples.7
In the field of matter-wave relations, experiments show nonlinear excitation within the wave
that is known as solitons. The properties of such quasi-particles, i.e. both bright and dark solitons
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would allow us to manipulate them in periodic or other potential, but the concept of bound state still
remains somewhat ellusive, despite a lot of activities on nonlinear optical systems that are important
for many devices. To theoretically understand the acoustical memory, this gives us motivation to
study bound state with both lower and upper bounds in relation to frequency. In this letter, for these
solitons, our main focus lies on both the bound and unbound states in two frequency regimes, and a
critical frequency is also shown beyond which the dark solitons or phonons take over in the unbound
states in the high frequency regime that are related to the acoustical memory.
Regarding solitons, it is simply impossible to write about them in detail, but among many
important books on the subject, it is worth mentioning about the book by Dauxois and Peyard
and also about a popular book on optical solitons by Kivshar and Agarwal.8 Recent theoretical
investigations on discrete solitons need to be mentioned, as in Ref. 9, particularly by Kevrekidis,
which contains many important references on solitons in general. In a slightly unrelated work, both
dark and bright solitons were studied in a hard-core boson system by a non-GPE type of equation
using spin-coherent state averages by Balakrishnan et al.,10 wherein both the solitons played their
role below and above acoustic velocity. Ohberg and Santos11 made an interesting study in a two
components system on soliton-soliton bound pair wherein dark soliton can be transferred from one
component to the other at the domain wall when it exceeds a critical velocity.
Apart from interesting observations made in Refs. 10 and 11, it should be noted that in a
nonlinear system (e.g. LN), solitons are basically considered as phonons that have both optical
and acoustic branches in the dispersion curve, as nonlinearity arises from the anharmonicity of the
inter-atomic forces including the quantized vibrations, i.e. phonons. While both bright and dark
solitons are sensitive to optical excitations, dark solitons mainly respond to acoustic stimulation or
pulses that is a subject matter of this paper. Hence, the same material (LN) may respond to optical
pulses in one frequency range and then in another frequency range, it could also remember sound
and respond to an acoustic pulse, as has been demonstrated in Ref. 7. Hao and Maris12 did an elegant
experiment with picosecond ultrasonic pulse technique on different crystalline solids and showed
the usefulness of solitons via KdV equation. It is beyond the scope of this paper to write about the
merits of different soliton solutions and their respective responses to ultrasonic waves.
All these investigations motivate us for taking a further look at the bound state and consequently
on the unbound state to probe the dark solitons to unveil the mystery or rather theoretical confirmation
of acoustic tone-burst that has not been attempted so far. Moreover, for acoustical memory, above
the upper boundary of the bound state, we show some relevant results in terms of matching the
frequency of the propagating dark solitons.
II. THEORY

Assuming a free energy density (g(P)), where P is the polarization in LN crystal for potential
formulations, we use associated Legendre polynomial (ALP) to reveal a much richer physics by
showing stable “upper and lower bounds”. To note that in a different context for light-induced
waveguide, Segev et al.13 used ALP function for modal composition of incoherent spatial solitons
in nonlinear Kerr medium.
Here, for the polarization domains in a rectangular array in the x-direction,3 the spatio-temporal
amplitude term f (x, t) is expressed as: f (x, t) = ψ(x)e−iωt (ω = angular frequency) and in the
context of linearization problem,14 we write our eigenvalue equation as:


∂2
2
K̄ 2 + 3ᾱ1 sec h q x ψ = X ψ
(1)
∂x

where, q = ᾱ1 /(2 K̄ ), K̄ is an interaction between the polarization domains with ᾱ1 as the Landau
coefficient that has a strong relation with nonlinearity.3 Here, X is the eigenvalue of the system
defined as: X = (2ᾱ1 − ω2 ). The value of Landau coefficient is calculated via permittivity tensor,
as in Ref. 2, and also the elastic constants are normalized into ᾱ1 (see the second reference in).4
Eq. (1) is identical with the Schrodinger equation for a particle moving in one-dimensional potential
well (g (P)). So, the bound and unbound states can be observed for this potential. For solitons, let
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us introduce ALP to estimate the frequency of non-degenerate states with different wave functions.
For soliton dynamics, in the low frequency range, the bound state will predominate and in the higher
range, the phonon mode takes over in the unbound state, and here these are the main issues for dark
soliton that guides not only optical experiments but also plays a role in acoustic emission. Let us
introduce a new variable:z = tanh q x, then Eq. (1) becomes


2
∂ψ
m2
2 ∂ ψ
ψ =0
(2)
(1 − z ) 2 − 2z
+ n(n + 1) −
∂z
∂z
1 − z2
Where, m 2 = 2X/ᾱ1 = 4 − (2ω2 /ᾱ1 ). The solution of Eq. (2) √
is: ψ = p2m (z). In the bound state,
ω is denoted as ωb and wave function ψ as ψ b . If 0 ≤ ωb ≤ 2ᾱ1 , then ‘m’ is real and ALP is
only valid if n = 2. The existence of different states is considered in the bound state in this limited
range of frequency or energy. Here, all our solutions are ‘real’ and ‘stable’ in terms
√ of interplay
between the mode index and the frequency. When the bound state frequency, ωb > 2ᾱ1 , ‘m’ will be
imaginary. Under this condition, ALP is not valid, i.e. the bound state disappears. This is considered
as a “critical” limit of frequency for the ‘upper bound’. Next, let us go ahead with the two-part
partition function for frequency related derivation. The Hamiltonian of the system can be written as:


L
2
2
f i+1
f
K̄
i+1
+ ( f i+1 − f i )2 + g  (P)
H = (d x/a)
(3)
2
2
2
0

L
d x H1 = N H1

H=

(4)

0

Where, this Hamiltonian is expressed as:


2
2
f
K̄
1 f i+1
i+1
H1 =
+ ( f i+1 − f i )2 + g  (P)
a
2
2
2

(5)

Where the lattice spacing ‘a’ has a value of 0.5 nm for lithium niobate. Dividing sample length ‘L’
into N segments, an explicit expression for partition function follows from the Hamiltonian H1 as
given below:
 
N
VN
δ f i δ f i+1 exp(β H1 ) = Z 1 Z 2
(6)
Z= N
h N!
i
Where, β = 1/(kBT ), where kB is the Boltzman constant and T the temperature of the ferroelectric
system, and the expression for the first part of partition function (Z1 ) is shown as:
VN
Z1 = N
h N!



2πak B T
K̄

 N2

∞
πiN

•

•

2
δ f i+1 exp −β f i+1
/(2a) =
−∞

Where λT is the thermal wavelength defined as:
λT =

√
 K̄
2πak B T

VN
λTN N !

(7)

(8)

And the second part of the partition function can be expressed as:

Z2 =

2πak B T
K̄

 N2

∞
πiN

δ f i+1 exp[−(β/a)F( f i+1 , f i )]

(9)

−∞

With the following functional form that is expressed as:
F( f i+1 , f i ) =

f2
K̄
( f i+1 − f i )2 + g  (P) i+1
2
2

(10)
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The φ n being the distribution function for field amplitude f and delta function is defined as:
  ∗ 
φn ( f 1 )φn ( f 1 )
(11)
δ f 1 − f 1 =
n

f 1

= f (0), f 1 = f (L). So, we can define Eq. (9) as:

 N /2
Z2 =
K̄ /(2πak B T )

With

n

∞
×

d f 1 . . . d f N φn∗ ( f 1 ) exp ((−β/a)F( f 1 , f n )) . . . φn ( f 1 ) exp ((−β/a)F( f 2 , f 1 ))

(12)

−∞

This expression for Z2 can be directly evaluated if φ n are eigenfunction of the transfer operator that
is expressed as:
K̄ /(2πak B T )

1/2

∞
δ f i exp ((−β/a)F( f i+1 , f i ))φn ( f i ) = exp ((−β/a)E n ) φn ( f i+1 )

(13)

−∞

so that the second part of the partition function can finally be expressed as:

(−β(L/a)E n )
Z2 =

(14)

n

For a thermodynamic system in which (L/a) → ∞, only ground state contribution is considered,
and the free energy per unit length = (−(k B T )/L) ln Z 2 . Applying the method of Ref. 15 we have
K̄ /(2πak B T )

1/2

∞


δ f i exp ((−β/a)F( f i+1 , f i ))φn ( f i ) = exp (−β/a)He f f φn ( f i+1 )

(15)

−∞

With the effective Hamiltonian expressed as:
He f f = −a 2 /(2β 2 K̄ )

∂2
2
+ g  (P)( f i+1
/2) + C0
2
∂ f i+1

(16)

Where C0 = iπ = constant, that appeared due to phase change in conversion of φn ( f i ) to φn ( f i+1 ).
Substituting Eq. (15) in Eq. (13) we have the eigenvalue equation as:
−a 2 /(2β 2 K̄ )

∂2
2
+ g  (P)( f i+1
/2) + C0 φn ( f ) = E n φn ( f )
2
∂ f i+1

(17)

III. BOUND STATE

First of all, let us explore different wave functions based on the above ALP formalism. From
Eq. (2), the ‘lower bound’ of the non-degenerate state is at ωb = 0 for which the wave function (ψ b )
with translation symmetry should give rise to Goldstone mode (GM) for m = 2:
ψb = P22 (z) = 3 sec h 2 q x

(18)

To note that only bright solitons predominate at zero frequency. This wave function is not shown
here, as it simply shows a typical Gaussian band. The wave functions for other symmetries of GM
were not worked
out to remain within our main focus on the bound state. As the frequency increases
√
to: ωb > (3ᾱ1 )/2, the system starts showing polarization within a band of m = ±1, whose wave
functions are:
ψb = P21 (z) = 3 tanh q x. sec hq x

(19)

ψb = P2−1 (z) = −(1/6) tanh q x. sec hq x

(20)
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FIG. 1. The spacio-temporal wave function (fb (x, t)) for the quasi-particle, when m = +1. The behavior is seen to move
towards positive direction starting at zero.

To note that both dark and bright solitons exist, as clearly evident from the above two equations,
and a ‘coupling’ seems to have started in the system. These equations seem to indicate a ‘pairing’
of two solitons, as the frequency starts increasing. It appears that there are various possibilities of
conversion from dark to bright solitons (and vice-versa) and pairing within them could occur in the
bound state. This coupling effect diminishes to make dark solitons predominate in the system, as
the frequency reaches a critical value and beyond. It is worth mentioning that at the domain wall,
Ohberg and Santos11 worked out a frequency range wherein soliton-soliton bound state seems to
exist after a critical velocity.
A small number of particles become polarized in opposite directions with the above value of
eigenfrequency. These wave functions when multiplied by the exponential (read, temporal) term
give rise to f (x, t) or simply fb . This is shown in Fig. 1 and Fig. 2 respectively corresponding to the
above two spatial wave functions indicating that this behavior manifests in both + and – directions
starting at zero. Finally, the wave
√ function for the ‘upper bound’ of the non-degenerate state with
the limiting frequency ωb = 2ᾱ1 is:
ψb = (1/2)(3 tanh2 q x − 1)

(21)

To note that there is no bright solitons or sech term and dark solitons have completely taken
over, before going to the unbound state. Here, we also need to work out the temperature-frequency
relation.
IV. UNBOUND STATE

After working out the bound state, we arrive at the unbound state to observe the propagation
of dark solitons, and the relation between the frequency and temperature needs to be worked out to
come to our main focus. Ignoring C0 from Eq. (16), we have made evaluation of the eigenvalue (En )
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FIG. 2. The spatio-temporal wave function (fb (x, t)) for the quasi-particle, when m = −1. The wavefunction behavior is seen
to move towards opposite direction starting at zero, compared to that in Fig. 1. As in Fig. 1, this figure also account for pairing
of both bright and dark solitons in the bound state below the critical frequency. Above the upper bound of the bound state,
the dark soliton alone propagates through the ferroelectric medium making it the main driving agent for acoustical memory.

for both bound and unbound states as:




1 ak B T  1/2
1 ak B T
g (P)
(−ᾱ1 + 3ᾱ1 tanh2 q x)1/2
= n+
En = n +
2
2
K̄
K̄

(22)

Where n is an integer, kB is the Boltzman constant, and  = h/2π (h = Planck’s constant). As we
go from bound to unbound state, the temperature dependence of frequency from upper boundary of
bound state to unbound state is defined as:


1 ak B T
(2ᾱ1 tanh2 q x)1/2
(23)
ωn ≈ n +
2
 K̄
The spatial extension (x) between the lower and upper edges of the bound state is about 1.19
× 10−7 m, or 1.19 nm, such that at the upper boundary of the bound state, the value of tanh 2 q x
will be unity. At the upper boundary of√the bound state, the temperature will be critical temperature
(Tc ) and the frequency (ω0 ) will be 2ᾱ1 for K̄ = 4. When x > 1.19 × 10−7 m, taking always
tanh 2 q x = 1, the Eq. (22) becomes


1 ak B T
(2ᾱ1 )1/2
ωn = n +
(24)
2
 K̄
We assume that bound state, addressed as ground state (n = 0), leads to Eq. (24) as:
ωb =

T
(2ᾱ1 )1/2
Tc

(25)

The frequency depends on the dimension of the sample. If we consider the sample length as L
then the above Eq. (24) becomes:


1 ak B T
(2ᾱ1 )1/2
(26)
ωn = n +
2 L K̄
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In the light of the above deductions, if dark soliton is the main driving agent for acoustic
emission, then its frequency at various temperatures must match those of the experiment.7 As we are
talking about the propagation of dark solitons above the upper boundary of the bound state, here let us
mention again about this important investigation on ‘acoustic tone burst’ in a LN ferroelectric, stored
inside the crystal and re-emitted later, that is characterized as an ‘acoustical memory’ by McPherson
et al.7 This acousto-electrical phenomenon is dependent on both frequency and temperature, and the
observed frequency has been tabulated from 16 to 26 MHz in a temperature range: 297 K to 319 K.
According to our above analysis and using Eq. (26), at room temperature (T = 300 K), the frequency
is ω1 = 16.37 × 106 Hz for L = 2.4 cm. For a temperature at T = 319 K and L = 2.4 cm, the
frequency will be ω2 = 29 × 106 Hz. This result is in very good correspondence with that of Ref. 7
and it is a theoretical confirmation of an elegant experimental work.
In an online news item,7 where the investigation by Breazeale and coworkers was mentioned as
‘crystal remembers sounds’, the domains were mainly held responsible for the acoustical memory.
It was already shown for a rectangular array of ferroelectric domains, how polarization behaves in
the x-direction,3 whereas details of both dark and bright solitons were also discussed in last part of
Ref. 3. In our present analysis, the length (L) of the sample was split into N segments that could
be considered as domain length, which is sensitive to the formation and hence propagation of dark
solitons. The dark soliton that definitely persists in the system in the unbound state and this could
be held responsible for the acoustical memory.
V. CONCLUSIONS

In a smaller frequency range with very small oscillations both the lower and upper bounds
of the bound state are derived through associated Legendre polynomial formalism. The bound
state disappears after a critical frequency in the system. Within the bound state, the ‘interplay’
between the dark and bright solitons gives rise to pairing or coupling between them that increases
the dark solitons. Also, at or near room temperature with increasing frequency, the dark solitons
start propagating through the domains within the system in the unbound state. Here, the estimated
frequencies match with those experimentally found for ‘acoustical memory’.
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