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The workability of beyond Born-Oppenheimer theory to construct diabatic potential energy surfaces
(PESs) of a charge transfer atom-diatom collision process has been explored by performing scattering
calculations to extract accurate integral cross sections (ICSs) and rate constants for comparison with
most recent experimental quantities. We calculate non-adiabatic coupling terms among the lowest
three singlet states of H+3 system (11 A′, 21 A′, and 31 A′) using MRCI level of calculation and solve
the adiabatic-diabatic transformation equation to formulate the diabatic Hamiltonian matrix of the
same process [S. Mukherjee et al., J. Chem. Phys. 141, 204306 (2014)] for the entire region of nuclear
configuration space. The nonadiabatic effects in the D+ + H2 reaction has been studied by implementing
the coupled 3D time-dependent wave packet formalism in hyperspherical coordinates [S. Adhikari
and A. J. C. Varandas, Comput. Phys. Commun. 184, 270 (2013)] with zero and non-zero total angular
momentum (J) on such newly constructed accurate (ab initio) diabatic PESs of H+3 . We have depicted
the convergence profiles of reaction probabilities for the reactive non-charge transfer, non-reactive
charge transfer, and reactive charge transfer processes for different collisional energies with respect
to the helicity (K) and total angular momentum (J) quantum numbers. Finally, total and state-to-state
ICSs are calculated as a function of collision energy for the initial rovibrational state (v = 0, j = 0)
of the H2 molecule, and consequently, those quantities are compared with previous theoretical and
experimental results. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4998406]

I. INTRODUCTION

The adiabatic potential energy surfaces (PESs) and the
non-adiabatic coupling terms (NACTs) are the two important outcomes of the well known Born-Oppenheimer (BO)
treatment.1,2 The radiation less reactions could be truly nonadiabatic processes,3–5 where the NACTs play a crucial role and
those interstate couplings should be treated elegantly.6–9 As the
adiabatic PESs and the NACTs are physically realizable and
the removable components of those NACTs are usually very
sharp functions of nuclear coordinates with singularities in the
same configuration space, a unitary transformation can be carried out to obtain the diabatic representation of the Schrödinger
equation (SE). Consequently, the couplings among the electronic states become smooth functions of nuclear coordinates,
and thereby, the dynamical calculations on the diabatic PESs
would be numerically accurate and stable. Baer prescribed
a line integral approach6 over the NACT to transform the
adiabatic SE to the diabatic framework for a two-electronic
state sub-Hilbert space along with required conditions for
the existence and uniqueness of the integral equation solution. Such adiabatic to diabatic transformation (ADT) for a
a)
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given sub-Hilbert space is guaranteed only when the vector
fields created by the NACTs satisfy the so-called curl conditions.10,11 Adhikari and his co-workers depicted a practical
way to use the “Curl” and “Curl condition” for the formulation of the approximated Extended Born-Oppenheimer (EBO)
equation.12,13 Moreover, a generalized BO treatment for any
three/four coupled electronic states was derived with detailed
analysis of “Curl Conditions” in terms of ADT angles, where
the explicit form of NACTs, their curl-divergence equations,
curl conditions, and diabatic PESs in terms of those angles
were formulated.14,15 Finally, Adhikari et al. have incorporated
molecular symmetry (MS) to assign the appropriate irreducible
representation of the NACTs by correcting their signs16,17 at
different points in the nuclear configuration space so that the
transformed PES matrix (diabatic) is totally symmetric. Such
a complete theory is expected to provide single-valued, continuous, smooth, and symmetric diabatic PESs to carry out
nuclear dynamics. At present, the diabatic PESs for the first
three singlet states of H+3 have been constructed with this theory, and thereafter, scattering calculations are performed for
the D+ + H2 reaction to validate the accuracy of the surface for
comparison with other theoretical18–23 and experimental24–26
cross sections and rate constants.
After the original detection of H+3 by Oka,27 it gained
much attention for experimental28 and theoretical29 studies
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due to its molecular simplicity. As a major cation in hydrogen plasma, H+3 serves as a significant proton donor 30,31 in
chemical reactions in the interstellar medium, and its dissociative recombination (DR) rate determines the densities of
many astronomical species.32 Moreover, one of the most fundamental ion-molecule collision processes is the H+ /D+ + H2
system as it evolves on coupled electronic PESs. State-to-state
cross section data for both inelastic vibrational excitation and
endoergic charge transfer processes are of immense importance in astrophysics and plasma/fusion energy research. The
charge transfer process has been identified as one of the basic
reactions in the evolution of the early universe leading to the
formation of first neutral molecules. It is now well established
that the charge transfer process in the H+ + H2 (v, j) ⇋ H +
H+2 (v ′, j ′) reaction involves the ground and first excited singlet electronic states,33 whereas depending upon the collision
energy, the second excited singlet state also affects this reaction
composing a classic example of a non-adiabatic event.
In spite of being a simple two-electron system with a
three-fold symmetry, H+3 did not receive much theoretical
investigations for the global PESs of ground as well as higher
excited electronic states even up to the recent times. The accurate electronic structure calculations of local PESs have been
reported for the H+ + H2 system34–36 covering only few points
on the minimum region of the ground state. An analytic fit of
the ground PES is carried out 37 using the available ab initio
data points38,39 to study the inelastic vibrational excitation with
the classical trajectory method.40 Later on, ab initio calculations of the ground electronic state for the H+ + H2 system
have been performed41,42 to obtain correct global behavior.
On the other hand, calculations to obtain a good description
of the excited states43,44 of H+3 are somewhat not adequate.
There are very few diabatic PESs available45–49 based on
the diatomics-in-molecule (DIM) method which were used to
study nonadiabatic processes of the title system for the singlet states. Ushakov et al.50 have studied the dynamics of the
collinear arrangement of the H+ + H2 reaction using quantum
mechanical and trajectory surface hopping methods to account
nonadiabatic transitions involving the ground and first two
excited singlet states with the ab initio data points of Ichihara
and Yokoyama.44 Quantum dynamics calculation have been
done51 within the vibrational close-coupling infinite-order
sudden approximation approach using the two ab initio quasidiabatic PESs to obtain state-to-state differential cross sections (DCSs), total DCSs, and integral cross sections (ICSs).
Recently, Adhikari et al. have calculated52 the adiabatic PESs
of the three lowest singlet states of H+3 and the NACTs
between those states in hyperspherical coordinates using the
MRCI level of method and constructed the diabatic PESs
through numerically exact adiabatic-diabatic transformation.
Soon after this calculation, Alijah et al. have also presented53
ab initio calculated NACTs among the four lowest singlet
states of H+3 , and their profiles are consistent with the ones
presented in Ref. 52.
The “exact” solution of the 4D quantum mechanical problem for any triatomic reaction can be formulated in terms of
coupled 3D wave packets in hyperspherical coordinates with
hyperradius (ρ) and hyperangles (θ and φ), and the helicity
quantum number K. Although the primary formulations for
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time-dependent wave packet approaches were done in Jacobi
coordinates in order to calculate initial state resolved reaction probabilities54 and cross sections,55 the Coupled Channel
(CC) approach in hyperspherical coordinates22,56–70 holds the
advantage in performing reactive scattering calculations as it
can resolve the awkward problem of coordinate transformation by smoothly changing the frame of reference from the
reactants, A + BC, to the products, AC + B and AB + C. On
the other hand, by introducing the so-called “reactant-product
decoupling” (RPD) scheme, Zhang and co-workers71 and later
on, Kouri and co-workers72–74 had overcome the above said
problem by formulating necessary theoretical development,
where Althorpe and co-workers75–79 were able to calculate
integral as well as differential cross sections for J , 0 by implementing an efficient algorithm. Several other calculations
were performed by employing the time-dependent wavepacket
approach, where product coordinate-based (PCB)80 and reactant coordinate-based (RCB) methods81–83 were introduced
to extract S-matrix elements and further to compute reaction probability as well as differential cross sections (DCSs)
on various triatomic reactive systems. Recently, Guo and
co-workers84 have extended this formalism with the RCB
approach which is advantageous over the PCB method due
to the requirement of smaller grid size to calculate reaction
probabilities and differential cross sections for the tetra-atom
reactive scattering case both in abstraction and exchange product channels. Zhang and Han85 developed a dynamics code
on graphics processing units (GPUs) to perform state-to-state
reactive scattering calculations for triatomic systems. In hyperspherical coordinates, the simplest cases of J = 0 and J = 1
were solved by Billing and co-workers61,62 employing 3D
as well as coupled 3D wave packet calculations. Recently,
Adhikari and Varandas69 took a step further by implementing
this formulation for performing time-dependent wave packet
calculations on triatomic systems both for J = 0 and J , 0 situations. Later on, the state-to-state three-atom time-dependent
reactive scattering calculation was computed by Crawford and
Parker 86 using adiabatically adjusting principal axes hyperspherical (APH) coordinates for H + H2 and F + H2 with J
= 0. Adhikari, Varandas, and co-workers have employed an
OpenMP parallelized algorithm [fully close coupled (FCC)
approach] to investigate the D+ + H2 reaction on the lowest
adiabatic singlet (11 A′) sheet of double many body expansion (DMBE) PES48 in the very low energy regime,70 where
the charge transfer processes are not expected to interfere
due to the truly adiabatic nature of the reaction. State-tostate as well as total cross sections as a function of collision
energy and rate coefficients as a function of temperature for
the reactive non-charge transfer (RNCT) process have been
reported therein,70 where the calculated profiles are found
to be in good agreement with the experimental ones.24,26
Further, they went on to scrutinize the competence of their
dynamical code using the same PES for the collision energy
range 1.7–2.5 eV.22 Due to the presence of avoided crossings between ground and first excited singlet states, Adhikari,
Varandas, and co-workers23 extended their time-dependent
wave packet methodology with an OpenMP-MPI algorithm
and investigated the D+ + H2 reaction on the lowest three
singlet states (11 A′, 21 A′, and 31 A′) of DMBE PES48 to explore
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the non-adiabatic effects beyond the collision energy of
∼1.8 eV. The total reaction probability as well as cross section
for all three competing processes (RNCT, RCT, and NRCT)
has been displayed in comparison with existing experimental
measurements.25
The presence of an extraordinary deep well (∼4.0 eV)
in the entrance channel of the reaction path makes quantum
mechanical calculations “difficult” despite of the relative simplicity of the H+3 system. The charge transfer processes on
multiple PESs have eventually motivated to endeavor a lot of
theoretical calculations47,48,52 with reactive and non-reactive
processes. On the experimental side, the guided beam technique87 was employed to obtain integral cross sections for the
reaction H+ + D2 , whereas Fehsenfeld et al.88 were able to
measure the rate constants at various collision energies for
the ion-atom exchange reactions H+ + D2 and D+ + H2 . In
turn, Villinger et al.89 carried out drift tube experiments for
the isotopic variant reactions H+ + D2 → HD + D+ and D+
+ H2 → HD + H+ in the energy range <0.3 eV. At the same
time, Henchman, Adams, and Smith90 utilized a temperaturevariable selected ion flow-tube technique to observe the forward and reverse rate constants for the above isotope exchange
reaction at the low temperature regime (205 < T /K < 295). A
while later, rate coefficients for D+ + (normal) H2 in the temperature range 180-350 K and integral cross sections down to
1 meV were measured by Gerlich26 using the merged beam
technique. For understanding various processes in the same
reaction, several scattering calculations have been performed
on approximate44,50 and DIM fitted45–49 diabatic PESs. For
high-energy regimes, time-dependent and time-independent
3D quantum scattering47,91–93 calculations in hyperspherical
coordinates were executed on three diabatic surfaces constructed by the DIM fitted with ab initio data to explore the
effect of non-adiabaticity in the D+ + H2 reaction at J = 0.
On the other hand, considering both the centrifugal sudden
(CS) and close coupled (CC) approximations with non-zero
total angular momenta, time-independent scattering47,92,94,95
and time-dependent wave packet18–21 calculations have also
been investigated for the same energy range using ab initio
fitted DIM diabatic PESs. Some other essential details of the
H+3 charge transfer and non charge transfer processes are highlighted in the recent review articles.96–98 Recently, Adhikari,
Varandas, and co-workers23 performed dynamical calculations on the lowest adiabatic singlet state (11 A′) as well as
on lowest three singlet states (11 A′, 21 A′, and 31 A′) known
as DMBE adiabatic and diabatic PES(s), respectively, developed by Varandas and co-workers.48 These calculations have
explored the workability of our time-dependent scattering code
for wave packet propagation in hyperspherical coordinates on
single and multiple electronic states. At present, we carry
out the dynamics on the most recent and accurate diabatic
PESs for lowest three singlet states of H+3 constructed by
Mukherjee et al.52 by employing ab initio calculated nonadiabatic coupling terms using the BBO theory.12 Since theoretically calculated and experimentally measured cross sections and rate coefficients are available, our motivation is to
investigate the accuracy of the newly constructed diabatic
PESs52 by calculating those observables (cross sections and
rate coefficients) with the dynamics code,23 which in turn
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also verify the workability of the OpenMP-MPI parallelized
scattering algorithm.69
In summary, we wish to investigate three competing
processes, namely, reactive non-charge transfer (RNCT): D+
+ H2 → DH + H+ ; non-reactive charge transfer (NRCT):
D+ + H2 → D + H+2 , and reactive charge transfer (RCT):
D+ + H2 → DH+ + H employing newly constructed multisheeted diabatic PESs52 of the H+3 system, thus scrutinizing
the workability of our BBO theory and competence of our
quantum dynamics methodology22,23,69,70,99 in hyperspherical
coordinates. In this article, we present the analytic description of the adiabatic PESs for three lowest singlet electronic
states of the H+ + H2 system in hyperspherical coordinates,
where the ADT angles are fitted with an appropriate expression
to provide the diabatic Hamiltonian over the entire region of
the collision process. Quantum dynamics is performed using
the coupled three dimensional time dependent wave packet
methodology in hyperspherical coordinates to account nonadiabatic processes in the D+ + H2 reaction for both zero and
nonzero values of the total angular momentum (J).
II. THEORETICAL BACKGROUND
A. Beyond Born-Oppenheimer theory for three-state
sub-Hilbert space

The molecular wavefunction for a three-state electronic
sub-Hilbert space can be expressed in the adiabatic representation by using the BO expansion1,2 as
Ψ({se }, {sn }) =

3
X
i=1

ψiad ({sn })ξiad ({se }; {sn }),

(2.1)

where the set of nuclear and electronic coordinates are
denoted by {sn } and {se }, respectively. The expansion coefficients, ψiad ({sn })s, are actually the nuclear wavefunctions.
The total electron-nuclear Hamiltonian contains the nuclear
kinetic energy operator (T̂ {sn } ) and the electronic Hamiltonian
(Ĥe ({se }, {sn })) as the following:
Ĥ = T̂ {sn } + Ĥe ({se }, {sn }),

(2.2a)

Ĥe ({se }, {sn })ξiad ({se }; {sn }) = ui ({sn })ξiad ({se }; {sn }), (2.2b)
where the eigenfunctions and eigenvalues of the electronic
Hamiltonian are given by ξiad ({se }; {sn }) and ui ({sn }), respectively. Substituting the BO expansion of the molecular wavefunction [Eq. (2.1)] and the total electron-nuclear Hamiltonian
[Eq. (2.2a)] into the time independent Schrödinger equation
(SE), the expressions of the first [~τ (1) ] and second [τ (2) ] kinds
of non-adiabatic coupling terms (NACTs) can be written along
with their relation as
~ ξjad ({se }; {sn })i,
~τij(1) = hξiad ({se }; {sn })| ∇

(2.3a)

τij(2) = hξiad ({se }; {sn })| ∇2 ξjad ({se }; {sn })i,

(2.3b)

~ ~τ (1) .
τ (2) = ~τ (1) · ~τ (1) + ∇

(2.3c)

Finally, the kinetically coupled nuclear equations for a given
sub-Hilbert space can be written in a compact manner as
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2
~2 
~ + ~τ ψ ad + (U − E) ψ ad = 0,
∇
2m

~2 2 d
∇ ψ + (W − E)ψ d = 0,
W = A† UA,
(2.6)
2m
which is known as the diabatic representation and A is
called the “adiabatic to diabatic transformation” (ADT)
matrix. This transformation is only possible under the
condition6,10
~ + ~τ A = 0.
∇A
(2.7)

(2.4)

−

with the following form of non-adiabatic coupling [~τ (≡ ~τ (1) )]
and adiabatic PESs matrices:
0 ~τ12 ~τ13
+
*.
~τ = . −~τ12 0 ~τ23 //
, −~τ13 −~τ23 0 -

and

U = ui δij I,

(2.5)

The model form of the A matrix for a three state subHilbert space can be constructed by taking the product of three
(3 × 3) rotational matrices, A12 (Θ12 ), A23 (Θ23 ), and A13 (Θ13 ),
in different orders, where one of them is

respectively. The kinetically (adiabatic) coupled nuclear SE
[Eq. (2.4)] can be converted to the potentially coupled one as

cos Θ12 cos Θ13
sin Θ12 cos Θ23
cos Θ12 sin Θ13
+
*.
+ sin Θ12 cos Θ13 sin Θ23 //
.. − sin Θ12 sin Θ13 sin Θ23
//
− sin Θ12 cos Θ13
cos Θ12 cos Θ23
− sin Θ12 sin Θ13
// .
A(Θ12 , Θ23 , Θ13 ) = A12 (Θ12 ) · A23 (Θ23 ) · A13 (Θ13 ) = ...
/
..
+ cos Θ12 cos Θ13 sin Θ23 //
. − cos Θ12 sin Θ13 sin Θ23
− sin Θ13 cos Θ23
− sin Θ23
cos Θ13 cos Θ23
,
(2.8)

The three independent variables [Θ12 ({sn }), Θ23 ({sn }), and Θ13 ({sn })] are commonly called as ADT angles. The anti-symmetric τ
[Eq. (2.5)] and the model form of the A [Eq. (2.8)] matrix are plugged into the ADT equation [Eq. (2.7)] to obtain the following
set of coupled differential equations for ADT angles:7
~ 12 = −~τ 12 + tan Θ23 (~τ 13 cos Θ12 − ~τ 23 sin Θ12 ),
∇Θ

(2.9a)

~ 23 = −(~τ 13 sin Θ12 + ~τ 23 cos Θ12 ),
∇Θ
~ 13 = − 1 (~τ 13 cos Θ12 − ~τ 23 sin Θ12 ).
∇Θ
cos Θ23

(2.9b)
(2.9c)

On the contrary, if we substitute the different columns of the A matrix in Eq. (2.3a), the explicit form12 of τ matrix elements in
terms of ADT angles is obtained as
~ 12 − sin Θ23 ∇Θ
~ 13 ,
~τ12 = −∇Θ

(2.10a)

~ 13 − cos Θ12 ∇Θ
~ 23 ,
~τ23 = sin Θ12 cos Θ23 ∇Θ

(2.10b)

~ 13 − sin Θ12 ∇Θ
~ 23 .
~τ13 = − cos Θ12 cos Θ23 ∇Θ

(2.10c)

The ADT matrix and the adiabatic potential are substituted in Eq. (2.6) to obtain the expressions of the diabatic potential
matrix in terms of ADT angles as
W11 = u1 (cos Θ12 cos Θ13 − sin Θ12 sin Θ13 sin Θ23 )2 + u2 (sin Θ12 cos Θ13 + cos Θ12 sin Θ13 sin Θ23 )2
+ u3 sin2 Θ13 cos2 Θ23 ,

(2.11a)

W22 = u1 sin2 Θ12 cos2 Θ23 + u2 cos2 Θ12 cos2 Θ23 + u3 sin2 Θ23 ,
2

W33 = u1 (cos Θ12 sin Θ13 + cos Θ13 sin Θ12 sin Θ23 ) + u2 (sin Θ12 sin Θ13 − cos Θ12 cos Θ13 sin Θ23 )
W12

(2.11b)
2

+ u3 cos2 Θ13 cos2 Θ23 ,
= u1 sin Θ12 cos Θ23 (cos Θ12 cos Θ13 − sin Θ12 sin Θ13 sin Θ23 ) − u2 cos Θ12 cos Θ23 (sin Θ12 cos Θ13
+ cos Θ12 sin Θ13 sin Θ23 ) + u3 sin Θ13 sin Θ23 cos Θ23 ,

(2.11c)
(2.11d)

W13 = u1 (cos Θ12 cos Θ13 − sin Θ12 sin Θ13 sin Θ23 )(cos Θ12 sin Θ13 + sin Θ12 cos Θ13 sin Θ23 )
+ u2 (sin Θ12 cos Θ13 + cos Θ12 sin Θ13 sin Θ23 )(sin Θ12 sin Θ13 − cos Θ12 cos Θ13 sin Θ23 )
W23

− u3 sin Θ13 cos Θ13 cos2 Θ23 ,
= u1 sin Θ12 cos Θ23 (cos Θ12 sin Θ13 + sin Θ12 cos Θ13 sin Θ23 ) + u2 cos Θ12 cos Θ23 (− sin Θ12 sin Θ13
+ cos Θ12 cos Θ13 sin Θ23 ) − u3 cos Θ13 sin Θ23 cos Θ23 .

(2.11e)
(2.11f)

074105-5

Ghosh et al.

J. Chem. Phys. 147, 074105 (2017)

In case of H+3 , the three state sub-Hilbert space model is reasonably good approximation satisfying the curl condition12,52
quantitatively, which enables us to construct an accurate
diabatic Hamiltonian.

hyperspherical coordinates as100
(
Ĵ 2 − Ĵz2
2
~2 ∂ 2
2
+
L̂
(θ,
φ)
+
Ĥ = −
2µR ∂ ρ2 µR ρ2
µR ρ2 cos2 θ
+

B. Coupled 3D time-dependent wave packet
methodology for reaction dynamics

The form of the initial wave packet in terms of 3 ☞ j
symbols and modified spherical harmonics (Cjµ ) takes the
form
p
ΦaK = 2π sin η J(Rrη| ρθφ)(2l + 1)φvj (r) χ(R)(−1)j−l
X j l J 
C (η)AKµ ,
(2.12)
×
µ 0 −µ jµ
µ

where all the terms carry their usual meaning as defined
elsewhere.23
The diabatic Hamiltonian operator related with the
three-particle system is expressed in terms of Johnson’s

∂
i~
∂t

Ĵz2 − 4 cos θ Ĵz P̂φ
2µR ρ2 sin2 θ

)
sin θ
1 2
2
+
[Ĵ + Ĵ− ] Î
µR ρ2 cos2 θ 2 +

+ Vˆ0 (ρ, θ, φ),

(2.13)

where Î is a unit matrix, V̂0 denotes the (3 × 3) interaction
(diabatic) potential matrix for the triatomic system, and Ĵ+ , Ĵ−
are the raising and lowering operators, respectively, and other
operators are described elsewhere.23 The transformation of
the adiabatic K-component wavefunction (ΦaK,I ) for different
surfaces (I = 1, 2, 3) to the diabatic ones (ΦdK,I ) is performed by
using the matrix that diagonalizes Vˆ0 (ρ, θ, φ). From the timedependent Schrödinger equation (TDSE), one can obtain the
following set of coupled equations in terms of K-component
waves (ΦdK,I ) for all three surfaces:

 Φd 


~K(~K − 4 cos θ P̂φ ) ~2 [J(J + 1) − K 2 ]
 K,1
2
~2 ∂ 2
d 
2
+
∆V
(ρ,
θ)
+
 ΦK,2  = − 2µ ∂ ρ2 + µ ρ2 L̂ (θ, φ) +
µR ρ2 cos2 θ
R
2µR ρ2 sin2 θ
R
 ΦdK,3 
 V11 + ∆V
V12
V13 
V22 + ∆V
V23 
+  V21
 V31
V32
V33 + ∆V 

 Φd 
 dK,1 
sin θ
 ΦK,2  +
2
2
 ΦdK,3  µR ρ cos θ

where the diabatic wavefunctions ΦdK,I and ΦdK±2,I are coupled
via the coupling element,
~2 p
(J ∓ K)(J ± K + 1)(J ∓ K − 1)(J ± K + 2).
2
(2.15)
We project the time-dependent wave packet onto asymptotic eigenstates at a fixed value of R,61,62 and thereafter, the
scattering amplitude in the channel specified by vibrational,
rotational, and orbital quantum numbers v ′, j ′, and l ′ for
different surfaces (I = 1, 2, 3) can be calculated as


uJ,I
(R;
t)
=
4R
dr
dη r sin η ρ−5/2 (sin 2θ)−1/2 φIv′ j′ (r)
v ′ j′ l′
X
×
gj′ l′ µ′ A∗Kµ′ Cj′ µ′ (η)ΦaK,I (ρ, θ, φ),
(2.16)
MK,K±2 =

Kµ′

where at each time step of propagation, the adiabatic Kcomponent wavefunctions (ΦaK,I ) are transformed back from
the diabatic ones (ΦdK,I ) and φIv′ j′ is a vibrational eigenfunction
corresponding to the adiabatic state and gjlµ is the modified
constant for the 3 ☞ j symbol. The integration is performed
over the (θ, φ) grid using the relations between Jacobi and
hyperspherical coordinates as described elsewhere.23
Since the projection of the outgoing wave packet onto
asymptotic eigenstates is performed at a relatively large value
of R and the amplitude of the K-waves (ΦaK,I ) is a function of
ρ, θ and φ, we interpolate the amplitudes of the K-component

*.
.MK,K+2
,


 Φd
 K+2,1

d
 ΦK+2,2  + MK,K−2
 ΦdK+2,3 

 Φd 
 dK,1 
 ΦK,2 
 ΦdK,3 

 Φd

 dK−2,1  +/
 ΦK−2,2  / ,
 ΦdK−2,3  -

(2.14)

waves on the grid to obtain the value of ΦaK,I on the (θ, φ)-space
at R = R⋆.
The scattering amplitudes are Fourier transformed from
time to energy space after the wave packet passes through the
projection region and gets absorbed at the boundary,

1
bJ,I
(E;
R)
=
dt uJ,I
(R; t) exp(iEt/~).
(2.17)
√
v ′ j′ l′
v ′ j′ l′
2π
Thereafter, those amplitudes are expanded in terms of
incoming and outgoing waves as
out,I
−
+
′ ′
′ ′
′ ′
′ ′
bJ,I
= Ain
v ′ j′ l′ kv j R h (kv j R) + Av ′ j′ l′ kv j R h (kv j R), (2.18)
v ′ j′ l′

where
h± (kv′ j′ R) = −nl (kv′ j′ R) ± ijl (kv′ j′ R),

(2.19)

with jl and nl being the spherical Bessel and Neumann functions, respectively. It is noteworthy that the projection on
the incoming component of the scattering amplitude (Ain
)
v ′ j′ l′
should be zero at asymptotic time.
A transformation from the unique adiabatic to the approximate diabatic representation is carried out to obtain the amplitudes corresponding to the asymptotic product states, which
can be easily done asymptotically as
ΦdK,1 = ΦaK,1 ,

r < rc ,

ΦaK,2 ,
ΦaK,2 ,
ΦaK,1 ,

r ≥ rc ,

ΦdK,1
ΦdK,2
ΦdK,2

=
=
=

r < rc ,

r ≥ rc ,

(2.20)
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where the indices 1 and 2 represent the neutral (H2 ) and ionic
(H+2 ) products, respectively and these two diabatic potential
curves cross at r c . The corresponding scattering amplitudes
are then evaluated as
X
dv1′ ,j′ ,l′ =
{bJ,1
Sl 11 + bJ,2
Sr 21 },
v,j′ ,l′ v,v ′ ,j′
v,j′ ,l′ v,v ′ ,j′
v
X
(2.21)
dv2′ ,j′ ,l′ =
{bJ,2
Sl 22 + bJ,1
Sr 12 },
v,j′ ,l′ v,v ′ ,j′
v,j′ ,l′ v,v ′ ,j′
v

where Sl and Sr are the vibrational matrix elements,
 rc
′
II ′
φIvj′ φIv′ j′ ,
Slv,v
=
′ ,j′
0
∞
′
′
II
φIvj′ φIv′ j′ .
Srv,v′ ,j′ =

(2.22)

rc

The state-to-state reaction probability on the Ith surface
could be calculated as the ratio of the outgoing and incoming
fluxes,
FvI ′ j′ l′
,
(2.23)
PvI ′ j′ l′ ←vjl =
Fvjl
where
1
kv′ j′ |dvI ′ ,j′ ,l′ | 2 ,
µout
1
kvj |cEl | 2 ,
=
µin

FvI ′ j′ l′ =

(2.24)

Fvjl

(2.25)

where all terms carry their usual meaning.69 The weight of the
scattering amplitudes in energy (E) and wave vector (k) space
for a Gaussian wave packet is related as
 µ  2p
in
|cEl | 2 =
2/π A0 exp[−2A20 (k − k0 )2 ],
(2.26)
~k
with A0 defining the width of the Gaussian wavepacket.
Total integral cross sections (ICSs) at a particular collision energy are evaluated by summing over the state-to-state
reaction probabilities for all those J values as follows:
′

′

jmax X
vmax X
Jmax
π X
(2J + 1)PvJ′ j′ ←vj (E)
σv′ j′ ←vj (E) = 2
κ vj j′ =0 v′ =0 J=0

(2.27)

with all the details of various terms are described elsewhere.23
Moreover, the partial cross section (PCS) is defined as
′

σvJ′ j′ ←vj (E)

′

jmax X
vmax
π X
(2J + 1)PvJ′ j′ ←vj (E).
= 2
κ vj j′ =0 v′ =0

(2.28)

1. The absorbing potential, propagation, projection,
and computation details

Subsequently after the projection but before reaching the
grid boundary, a negative imaginary potential [−iVIm (ρ)] is
plugged in at the last 20% of ρ-grid points for each hyperangle in order to avoid any unrealistic reflection. Thus, the total
potential can be written as
V (ρ, θ, φ) = V0 (ρ, θ, φ) − iVIm (ρ).

(2.29)

Although the imaginary potential can be of any form, we have
employed a linear absorbing potential91,101 of the following

form in our present calculation:

 Vmax · (ρ − ρI ), ρI ≤ ρ,
VIm (ρ) = 
 0,
otherwise,


where V max monitors minimum reflection from the boundary
and ρI is the starting point of that potential.
The kinetic energy operators are evaluated by using the
Fast Fourier Transformation (FFT)102 method, which can efficiently scale the computational cost as cN log N, with N being
the total number of grid points in hyperspherical coordinates.
In order to minimize the effect of singularities of the Hamiltonian on wavefunctions, while evaluating the corresponding
kinetic energy operators on the wavefunction by FFT routine,
the θ range is extended from π/2 to π and the associated amplitudes on the grid points are taken as the inverse mirror image of
those from 0 to π/2 so that the resulting function is an odd function around θ = π/2. This extension of the domain of θ leads
to sine transformation, where the amplitudes of the wavefunction naturally become zero at θ = 0, π/2, and π. Moreover, time
propagation of the wave packet is performed by the iterative
Lanczos reduction technique,103 which is able to control the
recursion by handling the magnitude of last few vectors and
naturally keeps very small amplitudes both at θ = 0 and π/2 due
to the use of sine transformation technique. The high computational demand as illustrated in our previous articles22,23,69
is overcome by implementing the Open Multi-Processing
(OpenMP) parallelization scheme for a set of K-component
waves for a particular J on a specific PES. On the other hand,
by employing the Massage Passing Interface (MPI) parallelization scheme,23 we are able to reduce the elapsed time further
by simultaneously performing the dynamics on all the three
states.
III. AB INITIO CALCULATION AND ADIABATIC
TO DIABATIC TRANSFORMATION

We have previously calculated the global adiabatic PESs
of the lowest three singlet states (11 A′, 21 A′, and 31 A′) of
the H+3 system and NACTs between those states in hyperspherical coordinates as functions of hyperangles θ (0➦
≤ θ ≤ 90◦ ) and φ (0➦ ≤ φ ≤ 360◦ ) for a grid of fixed values of hyperradius (1.5 ≤ ρ ≤ 20 bohr), whereas the PESs
and NACTs for ρ = 10 bohr are specifically presented in
our earlier publication.52 For the sake of completeness, we
describe very briefly about the ab initio calculation in this
article.
The hyperspherical coordinates can be described104 in
terms of the three inter-particle distances as

ρ 
R1 = √ d3 1 + sin θ cos(φ + ǫ 3 ) 1/2 ,
(3.1a)
2
ρ
R2 = √ d1 (1 + sin θ cos φ)1/2 ,
(3.1b)
2

ρ 
(3.1c)
R3 = √ d2 1 + sin θ cos(φ − ǫ 2 ) 1/2 ,
2
p
√
P
where di = mi (mj + mk )/µM, M = 3i mi , µ = (m1 m2 m3 /M),
ǫ 2 = 2 tan−1 (m3 /µ), and ǫ 3 = 2 tan−1 (m2 /µ). For H+3 , m1 = m2
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= m3 = 1.008 amu, M = 3.024 amu, µ = 0.582 amu, d 1 = d 2
= d 3 = 1.075, and ǫ 2 = ǫ 3 = 120.0.
Since the system belongs to the D3h point group, we have
exploited the inherent symmetry of the molecule and carried out ab initio calculations in C s symmetry using the cc
☞ pV 5Z basis set,105 only for one third of the configuration
space. The MCSCF calculations have been performed involving the first six (6) electronic states in which two (2) electrons
are distributed over ten (10) active orbitals generating fifty six
(56) numbers of configuration state functions, where internally
contracted MRCI calculations are carried out with the above
reference for the first three (3) singlet states. We have used
the numerical finite difference method (DDR) to calculate the
ij
NACTs [τk (k = θ, φ) i = j = 1, 2, 3, i < j] among those three
states. A semi-circular conical intersection (CI) seam of C s
symmetry passing through a C2v point is observed between
the ground and the first excited state of the H+3 system on θ - φ
space over a range of hyperradius (5 ≤ ρ ≤ 12 bohr). It is
interesting to note that due to accidental degeneracy, (a) the
three CIs at θ = 60◦ with φ = 30◦ , 150◦ , 270◦ are shown up at
C2v geometry only, whereas the six CIs for θ ≥ 60◦ at different φs are originated for equivalent scalene triangle geometry
formed by the triatom. In other words, the scalene geometry of the triatom (C s point) along the semi-circular CI seam
is passing through an isosceles triangle (C2v point) geometry. Moreover, Pseudo Jahn-Teller (PJT) interaction has been
observed between the first and second excited states of the H+3
molecule. Potential energy curves (PECs) as a function of the
hyperradius for the three lowest singlet states are presented in
Fig. 1 for the equilateral, isosceles, and linear configurations
formed by the three particles. Panel (a) depicts the curves for
the equilateral triangle geometry, i.e., in the D3h arrangement
of the triatom (θ = 0◦ and φ = 0◦ ), where the degenerate 1 E ′
state (21 A′ and 31 A′) is presented. The PECs along the C2v
arrangement (θ = 30◦ and φ = 60◦ ) are presented in panel (b),
whereas the potential cuts along linear configuration (θ = 90◦
and φ = 30◦ ) are shown in panel (c).
The ab initio calculated NACTs are plugged into the ADT
equations [Eqs. (2.9)] and those stiff coupled differential equations are solved over a 2D grid of geometries as functions
of θ and φ ranging from θ = 0➦ to 90◦ and φ = 0➦ to 360◦
for each ρ to obtain the ADT angles. If we substitute those
ADT angles calculated by using a specific closed path to construct ADT [Eq. (2.8)] and diabatic PES [Eqs. (2.11)] matrices,
such matrices would be related through an orthogonal transformation with the corresponding matrix obtained from any
other path, but the calculated observable for all cases is predicted to be the same.16 In Fig. 2, the ADT angles between
the first two states (Θ12 ) as a function of φ for different ρ at
θ = 90◦ are shown, where the angle attains π around ρ = 10
bohr describing the six CIs in the configuration space. Substituting the ADT angles and the adiabatic PESs in Eqs. (2.11),
we obtain a single-valued, continuous, smooth, and symmetric diabatic potential energy matrix. There are six crossing
seams between the first two diabatic states which imply the
six avoided crossings between the corresponding adiabatic
PESs. The present diabatic PES matrix shows the correct symmetry of the H+3 system and motivates us to carry out the
reactive scattering dynamics of the D+ + H2 reaction with a

J. Chem. Phys. 147, 074105 (2017)

FIG. 1. Adiabatic potential energy curves as a function of hyperradius, ρ.
Panel (a) shows cuts along the D3h arrangement, where the three atoms form
an equilateral triangle; panels (b) and (c) depict the same for C2v (isosceles
triangle) and linear arrangements, respectively.

non-zero total angular momentum by employing our coupled
3D time-dependent wavepacket methodology in hyperspherical coordinates.
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(2)
UDC
(R) = −

"

X

Cn χn (R)R−n ,

(3.7)

n=4

R
R2
χn (R) = 1 − exp −An − Bn 2
L
L

!# n

.

(3.8)

The auxiliary functions (An and Bn ) are described as An
= α0 n−α1 and Bn = β0 e−β1 n . The coefficients in Eq. (3.8)
are given in Table 2 of the supplementary material.
The three body expansion terms are required to be symmetric with respect to a permutation of the coordinates and,
in general, can be expressed as a sum of polynomials in the
following basis:
Γ1 = S1 ,
FIG. 2. ADT angles between the first two singlet states as a function of φ are
presented for different ρ at θ = 90◦ .

A. Analytic expression of adiabatic PESs
and ADT angles
1. Fitting of the three lowest singlet adiabatic
potentials of H +3

We follow the prescription of Double Many Body Expansion (DMBE) theory106–108 to obtain an analytic description of
the adiabatic PESs. For the sake of completeness, we present
here only the relevant formulas to construct the DMBE basis
for the fitting, where the potential energy can be written as a
sum of one-body, two-body, and three-body terms as
U(R1 , R2 , R3 ) =

3
X

Ui(1) +

i=1

3
X

U (2) (Ri ) + U (3) (R1 , R2 , R3 ).

i=1

(3.2)
The sum of the three one-body terms is the total energy of
P
three separated particles and has the value of 3i=1 U (1) = ☞1
hartree. The two- and three-body terms are expressed as a sum
of extended Hartree-Fock (EHF) and dynamical correlation
(DC) terms as given below
(2)
(2)
U (2) (Ri ) = UEHF
(Ri ) + UDC
(Ri ),
(3)

U (R1 , R2 , R3 ) =

(3)
UEHF
(R1 , R2 , R3 )

+

(3.3)

(3)
UDC
(R1 , R2 , R3 ).

(3.4)
However, the long range forces in triatomic can be represented
by the expansion terminated at the two-body level and taken
into account by the long range forces in diatomics. Thus the
three-body DC terms are excluded. The two-body EHF terms
are written as
N
1 *X
ãi R̃i + e−γ(R̃)R̃ ,
R , i=0
g
f
γ(R̃) = γ0 1 + γ1 tanh(γ2 R̃) ,

(2)
UEHF
(R) =

Γ2 = S22 + S32 ,

(3.9b)

S33

(3.9c)

Γ3 =

where R̃ = R − Req with the equilibrium distance of the diatom,
Req = 2 bohr. The value of the coefficients
ãi and γ0 , γ1 ,

γ2 for the three diatomic potentials, H2 X 1 Σg+ , H+2 X 2 Σg+ ,


and H+2 A2 Σu+ , is collected in Table 1 of the supplementary
material which are obtained from the fitting procedure by the
simulated annealing (SA) method with our ab initio data. The
DC terms are modeled using the expression

−

3S3 S22 ,

where S i s are the symmetry coordinates defined by
1
1
1
√ +
*. √ √
3
3
3 // R̃1
S
*. 1 +/ ...
/* +
1
1
.. S2 // = .. 0 √ − √ /// ... R̃2 /// ,
. / ..
2
2 // . /
.
// , R̃3 S
3
1
2
1
, - .
√ −√ −√
6
6, 3
and R̃i s are the Morse displacement coordinates,
#

"
R
−β R i −1
0
β −1
R̃i = 1 − e

(3.10)

(3.11)

with the parameters, β = 0.5 and R0 = 1.4a0 . The EHF threebody term is now written as
f
(3)
UEHF
(R1 , R2 , R3 ) = P1N (Γ1 , Γ2 , Γ3 )
g
p
(3.12)
− Γ2 P2M (Γ1 , Γ2 , Γ3 ) T (Γ1 ).
The polynomials of order L are defined as
X
n i j k
PnL (Γ1 , Γ2 , Γ3 ) =
cijk
Γ1 Γ2 Γ3 ,

(3.13)

i+2j+3k ≤L

and T (Γ1 ) is the range determine factor that makes the threebody term tending to zero for large interatomic distances. We
have used the following expression for this factor:
1
,
(3.14)
T (x) =
1 + eγ(x−x0 )
where γ = 0.5a0−1 and x 0 = 12a0 .
We have subtracted the one- and two-body terms from the
each of our ab initio data points (E) to obtain the three-body
EHF term as given by

(3.5)
(3.6)

(3.9a)

ǫ =E−

3
X
i=1

Ui(1) −

3
X

U (2) (Ri ).

(3.15)

i=1

The coefficients of the three-body EHF term are calculated
by minimizing the following cost function by using SA
methodology:
Xf
g
(3) 2
ǫ − UEHF
,
(3.16)
χ2 =
where the summation runs over all the ab initio data points.
We have taken the maximum order of the polynomials in the
three-body EHF term [see Eq. (3.12)] as twelve (12) and
the numerical magnitudes of the coefficients as defined in

074105-9

Ghosh et al.

Eq. (3.13) are tabulated in Table 3 of the supplementary material for the three lowest singlet states. The root mean square
deviation of our fitted three-body EHF term with respect to the
ab initio data points of the ground, first, and second excited
states is 0.25, 0.34, and 2.83 cm☞ 1 , respectively.
In order to describe the asymptotic regions of the H+3 system, we have computed the diatomic potentials separately for
the ground state (X 1 Σg+ ) of H2 and the first two states (X 2 Σg+
and A2 Σu+ ) of H+2 by the same level of ab initio calculation as
done for the global adiabatic PESs of the triatomic system.
Those ab initio points are fitted according to the EHFACE2U
model as described107 by Varandas et al. We have computed
nearly 2 × 105 numbers of ab initio data points for each state to
cover one third of the configuration space due to the inherent
D3h symmetry of the molecule. These data points are fed to
the DMBE basis functions to obtain the analytic description of
the adiabatic PESs for the three states. It should be noted that
no interpolation techniques have been used during the fitting
of the PESs. The huge numbers of data really facilitate the
fitting procedure and thereby, such low root mean square deviations are observed. Figure 3 depicts the fitted potential energy
curves as a function of φ for the three states along with the ab
initio data points at a fixed ρ = 10 bohr for different values of
θs. These geometries are the crucial ones due to the presence
of conical intersections (CIs) and easily comparable with the
curves plotted in our previous publication.52 It is clearly evident that not only the fitted curves attribute well with the ab
initio data but also the cusps around CI points are described
adequately.

J. Chem. Phys. 147, 074105 (2017)

2. Fitting of ADT angles

Since there is a huge variation in the functional form of
the ADT angles as a function of ρ, we have fitted the ADT
angles in the θ − φ space for each ρ. The general analytic
expression of the adiabatic to diabatic transformation (ADT)
angles in hyperspherical coordinates [Θmn (θ, φ | ρ); m, n = 1,
2, 3 and m < n] as functions of θ and φ for a fixed ρ is the
following:
XX
i
Θmn (θ, φ | ρ) =
Amn
ij θ cos(3jφ)
i

+

j

XX
i

Bijmn θ i sin(3jφ)

j

mn θ cos φ

+α e

+ β mn eθ

+ γ mn e−θ + κ mn θ 2 + λ mn θ.

(3.17)

We have employed singular value decomposition (SVD)
methodology in least square sense using the above expression
to obtain the coefficients of the three kinds of ADT angles.
Those coefficients for six representative ρ s (= 2, 5, 8, 10,
12, 16 bohr) are tabulated in Tables 4–9 of the supplementary material, and the parameters are given in Table 10 of the
supplementary material. In panels [(a)–(c)] of Fig. 4, we have
presented the scatter plots of the calculated three ADT angles
(Θijcalculated ) for a fixed ρ = 10 bohr employing Eqs. (2.9) with
the fitted ones (Θijfitted ) using Eq. (3.17). In a similar way, the ab
initio calculated NACTs (τijab initio ) are compared with the recalculated ones (τijback ) obtaining from the fitted ADT angles

FIG. 3. Potential energy curves as a function of hyperangle, φ at a fixed ρ = 10 bohr for different θs. The fitted curves are presented by lines, whereas the
symbols [triangles: ground state (11 A′ ), squares: first excited state (21 A′ ), and circles: second excited state (11 A′ )] depict the ab initio calculated data points.
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FIG. 4. Panels [(a)–(c)] depict the scatter plots of the calculated three ADT angles with the fitted ones, whereas
the comparison between the ab initio NACTs and recalculated NACTs obtained from the fitted ADT angles
are shown in panels [(d)–(f)].

[using Eqs. (2.10)] through the scatter plots of panels [(d)–
(f)]of Fig. 4. In all the cases, the nature of the plots shows
reasonably good agreement between the calculated and the
fitted quantities (ADT angles and NACTs).
IV. SCATTERING DYNAMICS ON D+ + H2 REACTION

We have performed time-dependent coupled 3D wave
packet [ΦdK,I (ρ, θ, φ)] dynamics in hyperspherical coordinates
for the D+ + H2 (v = 0; j = 0) reaction on the lowest three
singlet states (11 A′, 21 A′, and 31 A′) of H+3 . Those diabatic
PESs52 are constructed by using most recent and accurate ab
initio calculated adiabatic PESs and NACTs by implementing
BBO theory12 as described in Secs. II A and III. State-to-state
as well as total reaction probabilities for all three competitive
processes, namely, RNCT, RCT, and NRCT, are calculated for
both J = 0 and J , 0 situations. Moreover, we have employed
the fully closed coupled (FCC) approach by inclusion of all
helicity quantum numbers (K), since it had been illustrated
elsewhere22 that all those K-component waves do contribute
to the reaction probabilities for various total angular momenta,
J. On the other hand, a large grid basis (Nρ = 256, Nθ = 64,
Nφ = 128) is used in all of our dynamical calculations as the
interpolation of the wave packet on the ρ coordinate at a particular R (=R∗ ) during the projection requires a higher number
of grid points. Table I gathers the various dynamical parameters utilized in our present calculation, where the definitions
of such parameters can be found elsewhere.69
A. Reaction probability and opacity function

In panel (a) of Fig. 5, we have shown total reaction probabilities as a function of collision energy (E col = 1.7–2.5 eV) for
the reactive non-charge transfer (RNCT) process for the J = 0
case. Comparisons are made with the other theoretical calculations performed by Adhikari, Varandas, and co-workers23 on
DMBE PES48 and by Chu and Han18 on KBNN PES.47 One

can observe that the present calculation is generally in good
agreement with the previous ones. Indeed, the fluctuation of the
magnitude of the reaction probability around ∼0.7 in the lower
energy regime (1.7–2.0 eV) and ∼0.6 in the higher energy
regime (2.0–2.5 eV) states that the RNCT reaction probability
gradually decreases with the increase of collision energy. Also
it is noteworthy that the present result shows some resonances
over the entire energy regime as in the case of the Chu and Han

TABLE I. Dynamical parameters for initialization, projection, and absorbing
potential: v = 0, j = 0, J = 0, 1, . . . , 34.
Grid size
Nρ
Nθ
Nφ
(ρmin , ρmax ) (Å)
Translational wave packet
R0 (Å)
Rf (Å)
σ (Å)
k 0 (Å☞ 1 )

256
64
128
(1.0, 10.0)
5.50 (∼6.56)a
1.70 (∼2.75)a
0.20
36.352 3

Rovibrational energy
E vj (eV)

0.269 763

Propagation
∆ t (fs)
Magnitude of the normalized five last Lanczos vectors

0.050
10☞ 8 –10☞ 7

Absorbing potential
V max (eV)
ρI (Å)
Range of the absorbing potential (Å)
Projection
R∗ (Å)
Vibrational states
Rotational states
a The

transformed values in the ρ-space are given in parentheses.

0.163
8.0
8.0–10.0
5.25 (∼6.45)a
v ′ = 0,. . .,10
j′ = 0,. . .,12
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FIG. 5. Total reaction probability as a function of collision energy for the
(a) reactive non-charge transfer (RNCT) process; (b) reactive charge transfer
(RCT) process; (c) non-reactive charge transfer (NRCT) process in comparison with previous theoretical calculations performed by Adhikari, Varandas,
and co-workers23 on DMBE PES48 and Chu and Han18 on KBNN PES.47

profile calculated on KBNN PES compared to the calculated
profile of Adhikari, Varandas, and co-workers on DMBE PES.
One of the reasons of observing richer resonance structures in
the current profile may be due to the higher accuracy of the
diabatic PES52 constructed by using first principle based BBO
theory. Though, in all three cases, the average of total reaction
probability for those profiles seems to vary around similar values; the present one is having higher average at lower energy

J. Chem. Phys. 147, 074105 (2017)

but lower average at higher energy. In panel (b) of Fig. 5, the
reaction probability as a function of collision energy for the
reactive charge transfer (RCT) process at the zero total angular
momentum case is shown along with the results for other theoretical calculations, where all profiles seem to have a similar
threshold around ∼1.8 eV. It can be seen that as the collision energy increases, the RCT reaction probability gradually
increases. The present profile seems to be in close agreement
with the previous theoretical calculation by Adhikari, Varandas, and co-workers on DMBE PES, but our profile is slightly
higher at the higher energy regime ∼2.5 eV. On the other hand,
one can observe that the calculated profile for Chu and Han is
generally overestimating the RCT probability. Finally, panel
(c) of Fig. 5 demonstrates J = 0 reaction probabilities for the
non-reactive charge transfer (NRCT) process. In contrary to
the other theoretical calculations, the present one is exhibiting higher magnitude for reaction probability at the higher
collision energy regime. The low value of the current reaction probability profile for the NRCT process at low collision
energy is again an indication of the threshold for opening the
charge transfer processes. Moreover, while carrying out the
dynamics on the present PES,52 the prominent resonances all
over the energy regime in the NRCT profile are quite noticeable likewise the RNCT and RCT cases. The richer resonance
structure in the present reaction probability profiles may be
attributed to the effect of non-adiabatic interaction terms via
diabatic coupling elements. It could be noted that the first two
sheets of the diabatic PESs52 have six crossings along seams
in certain configuration of θ − φ space over a wide range of
hyperradii, ρ, both in the reactant and product channels, and
a strong PJT effect is observed from the third one to the other
two sheets (see Figs. 11 and 12 of Ref. 52), which may lead
to some distinct behavior of the present reaction probability
profiles compared to the previous one.
Once we get the reaction probabilities for J = 0 and J , 0
cases, the partial cross sections (which are often termed as
opacity functions) for various Js are calculated by using
Eq. (2.28). Panel (a) of Fig. 6 depicts the PCS as a function of
total angular momentum for the RNCT process at five different
collision energies, E col = 1.7, 1.9, 2.1, 2.3, and 2.5 eV. It is evident from the figure that as the collision energy increases from
1.7 eV to 2.5 eV, the corresponding magnitudes of the opacity
function gradually decrease, whereas all the profiles generally
start with a lower value, then pass through some maxima and
finally decrease with increase of J. The very small value of
PCS at higher J values (J = 30–34) indicates the convergence
of reaction probabilities, where the position of the maxima
of the profiles gradually shifts towards a higher J value with
the increase of collision energy. On the other hand, the features of the RCT profiles as shown in panel (b) of Fig. 6 are
reverse to that of the RNCT profile. It indicates that as the collision energy increases from 1.7 to 2.5 eV, the magnitude of the
opacity function gradually increases. The magnitude of PCS
for the RCT process at 1.7 eV at all Js is very close to zero,
which is essentially the signature of existence of the threshold
value for the opening of charge transfer processes. Likewise
the RNCT case, the PCS profiles for the RCT process at those
five energies start with some small value at J = 0 and then,
go through some maxima, and afterwards, decrease leading
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does not occur at such collision energy. Also, the peak positions of the PCS profiles gradually become right shifted, and
the required values of total angular momentum for convergence of those profiles steadily increase with the increment of
collision energy.
B. State-to-state integral cross section

In panel (a) of Fig. 7, we have displayed rotationally (j ′)
summed vibrationally (v ′) resolved integral cross sections at

FIG. 6. (2J + 1)-weighted reaction probability or partial cross section as a
function of total angular momentum (J) at five different collision energies,
viz., E col = 1.7, 1.9, 2.1, 2.3, and 2.5 eV for the (a) RNCT process, (b) RCT
process, and (c) NRCT process.

to the convergence of the reaction probabilities with respect
to the total angular momentum. Also it is noticed that as the
collision energy increases from 1.9 to 2.5 eV, the required J
value for convergence gradually increases from J = 28 to 34,
respectively. On the same note, panel (c) of Fig. 6 shows the
partial cross section for the NRCT process as a function of
J. As expected, the trends of the profiles are quite similar to
that of the RCT process, where the PCS value at 1.7 eV is
nearly zero indicating that the opening of the NRCT process

FIG. 7. State-to-state integral cross section as a function of final vibrational
states (v ′ ) for the (a) RNCT process, (b) RCT process, and (c) NRCT process
at five different collision energies, viz., E col = 1.7, 1.9, 2.1, 2.3, and 2.5 eV.
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the same five different collision energies (1.7, 1.9, 2.1, 2.3, and
2.5 eV) for the RNCT process. At those energies, the common
features of the profiles are that they start at a higher value
of cross section at v ′ = 0 and then, gradually decrease as v ′
increases. Moreover, the rate of decrease of the cross section
with respect to v ′ gently diminishes with the enhancement of
collision energy. As expected, v ′ required for convergence of
such cross sections circumspectly increase as collision energy
increases from 1.7 to 2.5 eV. Also, at lower energy, the magnitude of the cross section is higher than the higher energy
counterpart, which indicates that the lower vibrational states
of the HD are more populated at lower energy. On the contrary, at higher energy, the corresponding profiles exhibit a
higher value of the cross section than the lower energy profiles, which is again an indication of higher population of
higher v ′ states at higher energy. Interestingly, the profiles
at any two different energies cross each other at a certain v ′
value and the crossing point also moves towards higher v ′
with the increase of collision energy. Similarly, panel (b) of
Fig. 7 depicts the change of state-to-state integral cross section with respect to v ′ at those five collision energies for the
RCT process. In contrary to the RNCT case, the vibrationally
resolved cross section generally increases with the increase
of collision energy. On the other hand, the integral cross section profile at 1.7 eV is close to zero, and other higher energy
profiles gently decrease with the increment of v ′ leading to
the converged state-to-state cross section with respect to v ′.
Unlike the RNCT case, crossing patterns between two different collision energy profiles are not observed, but the gaps
among such profiles steadily decrease with the increase of
final vibrational states. On a similar note, panel (c) of Fig.
7 for the NRCT profiles deciphers a similar trend as that of the
RCT profile except that the profile diminishes more steeply.
Also, it is noticeable that there are some crossing patterns (as
discussed in the case of the RNCT process) among the profiles at different collision energies at the higher vibrational
states (v ′ > 7).
On the other hand, panel (a) of Fig. 8 represents the rovibrationally resolved integral cross section for the same five
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FIG. 8. Rovibrationally resolved integral cross section as a function of final
rotational states (j′ ) for the (a) RNCT process and (b) RCT process at five
different collision energies, viz., E col = 1.7,1.9, 2.1, 2.3, and 2.5 eV.

different collision energies. Once again, the cross section profiles pass through some maxima in the final rotational state
(j ′) for all the energies. As the j ′ value increases further, the
magnitude of the cross section smoothly decreases leading to
convergence with respect to the final rotational states. Also

FIG. 9. Rovibrationally resolved partial cross section as
a function of total angular momentum for the NRCT
process at v ′ = 4 and for E col = 2.1 eV.
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it is noteworthy that as the collision energy increases, the j ′
value required for convergence also increases, and the maximum value of cross section generally shifts towards higher
j ′. Moreover, with the increase of collision energy, the integral cross section diminishes especially for the lower j ′s
(= 0–6), whereas at higher j ′s (>9), the trends become reverse.
Likewise the case displayed in panel (a) of Fig. 7, a crossing pattern is observable, where the crossing point between
two such curves generally shifts towards higher j ′ as the collision energy increases. Similarly in panel (b) of Fig. 8, we
have demonstrated the rovibrationally resolved cross section
for the RCT process at those five energies. We can observe
from the figure that the magnitude of the cross section at 1.7
eV is very small, but as the energy increases, the cross sections
also increase. The profiles for cross section at higher energies
(E col = 1.9–2.5 eV) show the Boltzmann type distribution pattern with respect to the change of j ′, where the peak values
seem to slide towards higher j ′ as E col increases. On the other
hand, with the increment of collision energy, the profiles for
cross section as a function of j ′ become broader indicating
that the larger number of j ′ states corresponding to the ionic
product HD+ is more occupied. On a different note, we have
demonstrated the rovibrationally resolved partial cross section
for the NRCT process in Fig. 9 as a function of total angular momentum (J) at a particular collision energy (=2.1 eV)
for a specific final vibration state (v ′ = 4) of the ionic product
H+2 . The calculated cross sections are shown for different final
rotational states (j ′ = 0, 2, 4, 6, 8, and 10). Clearly, all the
profiles for different j ′s start with very small values at lower
Js followed by reaching some maxima and finally diminish at
higher Js. Interestingly, by closely observing such profiles, it
is quite evident that for a certain E col and v ′, as the j ′ gradually
increases, the available translational energy to prevail over the
centrifugal barrier decreases and as a consequence, the largest
J allowed partial cross section also decreases, whereas the profiles become more narrower with the peak positions shifting
towards left. Also it is noticeable that the j ′ value exhibiting
the maximum magnitude of partial cross sections smoothly
increases from j ′ = 0 to 4 and then, gently diminishes as j ′s
increase further.
C. Total integral cross section

We have shown the total integral cross section as a function of collision energy over the range 1.7–2.5 eV in panel (a)
of Fig. 10 for the RNCT process, where calculations are performed on the most recent as well as accurate diabatic PES.
Also, other theoretical calculations by Adhikari, Varandas,
and co-workers23 as well as by Chu, Varandas, and Han21 on
DMBE PES48 and by Chu and Han18 on the KBNN PES47 with
the available experimental measurements by Schlier et al.25
are displayed together. One can clearly notice that the present
calculated profile starts with some higher values of ICS at
low collision energy, and then, it falls over the higher collision energy regime almost linearly. The theoretical calculation by Chu and Han generally overestimates the current
theoretical as well as experimental measured profiles over
the entire energy regime. Additionally, the profile for Chu,
Varandas, and Han starts with the similar value of ICS but

FIG. 10. Total integral cross section as a function of collision energy for the
(a) RNCT process, (b) RCT process, and (c) NRCT process in comparison
with previous theoretical calculations performed by Adhikari, Varandas, and
co-workers23 on DMBE PES, Chu, Varandas, and Han21 on DMBE PES
and Chu and Han18 on KBNN PES. Also shown is the comparison with the
experimental measurements of Schlier et al.25

decreases less steeply as compared to the present one. On
the contrary, the trend of the present profile is quite different from that of Adhikari, Varandas, and co-workers, which
at first increases to some intermediate collision energy and
then becomes plateau in the higher collision energy regime.
On the other hand, when we compare our present theoretical
calculation with the experimental results of Schlier et al., the
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agreement seems quite appreciable as the present profile falls
over the experimental error bars within the entire energy range
of consideration. Again, the total integral cross section for the
RCT process as a function of collision energy is presented
in panel (b) of Fig. 10, where we can observe that the profile starts with very small values in the lower energy regime
(∼1.7 eV) and thereafter, gradually increases as the collision
energy increases. The small magnitude of ICS in the lower
energy regime is the signature of the threshold collision energy
for the RCT process to occur. Our profile is in good agreement
with the previous theoretical calculations by Adhikari, Varandas, and co-workers but is generally lying above the theoretical
results of Chu, Varandas, and Han21 as well as Chu and Han.18
Conversely, the current profile is in excellent agreement with
the experimental measurements by Schlier et al.25 Finally, in
panel (c) of Fig. 10, the total ICS for the NRCT process as
a function of collision energy is shown in comparison with
those previous theoretical calculations.18,21,23 Generally, the
previous profiles are lower estimating the ICS as compared
to the present one. Also, one can notice that the threshold
energy for the NRCT process is manifested by the small value
of ICS at lower collision energy. Indeed, the deviation of
the present calculated cross sections from the previous theoretical calculations may be attributed to (a) yhe effect of
non-adiabatic interaction terms via diabatic coupling on the
scattering process; (b) the FCC formalism22 is employed in our
case, whereas the other ones18,21 used the ACC formalism. On
another note, it is clearly observable that, in the lower energy
regime, the RNCT process is the dominant one, whereas as the
collision energy increases, the charge transfer processes grow
with gradually enhanced contribution indicating increased
competition between non-charge transfer and charge transfer
processes.
V. SUMMARY

Since the adiabatic PESs and NACTs are physically meaningful and uniquely defined in the configuration space, it is
important to start with the adiabatic representation for any
theoretical development on beyond BO treatment and its application on the molecular system. The adiabatic SE is transformed to the diabatic one to obtain the interstate coupling
as smooth functions of nuclear coordinates. In this article,
our BBO methodology has been employed to study the nonadiabatic process in a charge transfer atom-diatom scattering
process. We have calculated the first three singlet adiabatic
PESs of the H+ + H2 system and the NACTs among those states
by MOLPRO quantum chemistry package in hyperspherical
coordinates. The interesting observation is a semi-circular CI
seam of C s symmetry passing through a C2v point between the
ground (11 A′) and the first excited singlet states (21 A′) of the
H+3 system as functions of hyperangles for each fixed hyperradius. In other words, for a fixed hyperradius, there are six
CIs as a function of φ at each θ (≥60◦ ) due to the equivalent
scalene geometry formed by the triatoms. The BBO treatment has been carried out to incorporate the effect of NACTs
accurately and to construct single-valued, continuous, smooth,
and symmetric diabatic PESs. The analytic expressions for
the three adiabatic PESs and the ADT angles are obtained by
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the fitting procedure to construct a model three-state diabatic
Hamiltonian. This first principle based BBO methodology
could able to produce “most accurate” diabatic PESs with the
correct asymptotic behavior and the three equivalent channels
in the hyperspherical coordinates appeared to be exactly the
same.
The dynamics of the title reaction have been carried out
on such newly developed multi-sheeted PESs to explore the
nonadiabatic effect on the charge transfer process vis-a-vis
to show the workability of BBO theory by employing the
coupled 3D TDWP approach in hyperspherical coordinates.
The present methodology for quantum dynamics calculation
on the diabatic PESs uses the grid representation approach
for internal coordinates, where the basis set is expanded in
terms of the Wigner D matrix in order to quantize the triatomic plane of rotation. On the other hand, the evaluation of
the kinetic energy operators is done by the well known parallel Fast Fourier Transformation (FFT) algorithm, and the time
propagation of the the wave packet [ΦK (ρ, θ, φ)] is carried out
by using the iterative Lanczos reduction technique. Moreover,
the execution time is reduced substantially further by invoking the mixed OpenMP-MPI parallelization scheme,23 where
each K-component wave is parallelized by OpenMP and the
wavepackets for three different states are solved by using the
MPI procedure.
At present, we have employed the Fully Closed Coupled
(FCC) approach for non-zero total angular momenta cases,
since it has been observed that all K-component waves contribute significantly22 while calculating the transition amplitudes in the entire energy regime. The total reaction probabilities are found to be in good accordance with previous
theoretical calculations,18,21,23 whereas the convergence profiles for total reaction probabilities at various collision energies
for non-zero total angular momenta cases are found to be in
proper trend. On the same note, the rovibrationally resolved
state-to-state ICSs are also seen to be properly converged with
respect to final rotational as well as vibrational quantum numbers. Moreover, the agreement of the calculated total integral
cross section as a function of collision energy for all three
competing processes, namely, RNCT, RCT, and NRCT, with
the existing experimental measurements is really appreciable.
SUPPLEMENTARY MATERIAL

See supplementary material for the numerical values of
the coefficients and parameters used in the analytic expressions
of three adiabatic PESs and three ADT angles.
ACKNOWLEDGMENTS

S. Ghosh, B. Mukherjee, and S. Mandal acknowledge
CSIR, India for research fellowship, whereas S. Mukherjee
acknowledges IACS for the same. S. Adhikari acknowledges DST, India for a research project grant (File No.
EMR/2015/001314) and thanks IACS for CRAY supercomputing facility.
1 M.

Born and J. R. Oppenheimer, Ann. Phys. 389, 457 (1927).
Born and K. Huang, Dynamical Theory of Crystal Lattices (Oxford
University Press, Oxford, 1954).

2 M.

074105-16
3 R.

Ghosh et al.

Baer, D. Charutz, R. Kosloff, and M. Baer, J. Chem. Phys. 105, 9141
(1996).
4 A. J. C. Varandas and Z. R. Xu, J. Chem. Phys. 112, 2121 (2000).
5 S. Adhikari, G. D. Billing, A. Alijah, S. H. Lin, and M. Baer, Phys. Rev. A
62, 032507 (2000).
6 M. Baer, Chem. Phys. Lett. 35, 112 (1975).
7 Z. H. Top and M. Baer, J. Chem. Phys. 66, 1363 (1977).
8 D. R. Yarkony, J. Phys. Chem. A 101, 4263 (1997).
9 R. G. Sadygov and D. R. Yarkony, J. Chem. Phys. 109, 20 (1998).
10 M. Baer, Phys. Rep. 358, 75 (2002).
11 M. Baer, Beyond Born-Oppenheimer: Conical Intersections and Electronic
Nonadiabatic Coupling Terms (Wiley-Interscience, 2006).
12 B. Sarkar and S. Adhikari, J. Chem. Phys. 124, 074101 (2006).
13 A. K. Paul, S. Sardar, B. Sarkar, and S. Adhikari, J. Chem. Phys. 131,
124312 (2009).
14 B. Sarkar and S. Adhikari, J. Phys. Chem. A 112, 9868 (2008).
15 A. K. Paul, S. Ray, D. Mukhopadhyay, and S. Adhikari, J. Chem. Phys. 135,
034107 (2011).
16 S. Mukherjee, S. Bandyopadhyay, A. K. Paul, and S. Adhikari, J. Phys.
Chem. A 117, 3475 (2013).
17 S. Mukherjee and S. Adhikari, Chem. Phys. 440, 106 (2014).
18 T.-S. Chu and K.-L. Han, J. Phys. Chem. A 109, 2050 (2005).
19 R. F. Lu, T.-S. Chu, and K.-L. Han, J. Phys. Chem. A 109, 6683 (2005).
20 T.-S. Chu and K.-L. Han, Phys. Chem. Chem. Phys. 10, 2431 (2008).
21 T.-S. Chu, A. J. C. Varandas, and K.-L. Han, Chem. Phys. Lett. 471, 222
(2009).
22 T. Sahoo, S. Ghosh, S. Adhikari, R. Sharma, and A. J. C. Varandas, J. Phys.
Chem. A 118, 4837 (2014).
23 S. Ghosh, T. Sahoo, S. Adhikari, R. Sharma, and A. J. C. Varandas, J. Phys.
Chem. A 119, 12392 (2015).
24 F. C. Fehsenfeld, D. B. Dunkin, E. E. Ferguson, and D. L. Albritton,
Astrophys. J. 183, L25 (1973).
25 C. Schlier, U. Nowotny, and E. Teloy, Chem. Phys. 111, 401 (1987).
26 D. Gerlich, Adv. Chem. Phys. 82, 1 (1992).
27 T. Oka, Phys. Rev. Lett. 45, 531 (1980).
28 I. R. McNab, Adv. Chem. Phys. 89, 1 (1994).
29 J. Tennyson, Rep. Prog. Phys. 58, 421 (1995).
30 T. Oka, Rev. Mod. Phys. 64, 1141 (1992).
31 T. R. Geballe and T. Oka, Science 312, 1610 (2006).
32 S. Datz, G. Sundström, C. Biedermann, L. Broström, H. Danared,
S. Mannervik, J. R. Mowat, and M. Larsson, Phys. Rev. Lett. 74, 896 (1995).
33 I. Last, M. Gilibert, and M. Baer, J. Chem. Phys. 107, 1451 (1997).
34 W. Meyer, P. Botschwina, and P. R. Burton, J. Chem. Phys. 84, 891
(1986).
35 W. Cencek, J. Rychlewski, R. Jaquet, and W. Kutzelnigg, J. Chem. Phys.
108, 2831 (1998).
36 R. Jaquet, W. Cencek, W. Kutzelnigg, and J. Rychlewski, J. Chem. Phys.
108, 2837 (1998).
37 C. F. Giese and W. R. Gentry, Phys. Rev. A 10, 2156 (1974).
38 I. G. Csizmadia, R. E. Kari, J. C. Polanyi, A. C. Roach, and M. A. Robb,
J. Chem. Phys. 52, 6205 (1970).
39 C. W. Bauschlicher, Jr., S. V. O’Neil, R. K. Preston, H. F. Schaefer III, and
C. F. Bender, J. Chem. Phys. 59, 1286 (1973).
40 W. R. Gentry and C. F. Giese, Phys. Rev. A 11, 90 (1975).
41 R. Schinke, M. Dupuis, and W. A. Lester, J. Chem. Phys. 72, 3909 (1980).
42 D. Talbi and R. P. Saxon, J. Chem. Phys. 89, 2235 (1988).
43 L. J. Schaad and W. V. Hicks, J. Chem. Phys. 61, 1934 (1974).
44 A. Ichihara and K. Yokoyama, J. Chem. Phys. 103, 2109 (1995).
45 K. Preston and J. C. Tully, J. Chem. Phys. 54, 4297 (1970).
46 A. Aguado, O. Roncero, C. Tablero, C. Sanz, and M. Paniagua, J. Chem.
Phys. 112, 1240 (2000).
47 A. Kamisaka, W. Bian, K. Nobusada, and H. Nakamura, J. Chem. Phys.
116, 654 (2002).
48 L. P. Viegas, A. Alijah, and A. J. C. Varandas, J. Chem. Phys. 126, 074309
(2007).
49 L. Velilla, B. Leptit, A. Aguado, A. Beswick, and M. Paniagua, J. Chem.
Phys. 129, 084307 (2008).
50 V. G. Ushakov, K. Nobusada, and V. I. Osherov, Phys. Chem. Chem. Phys.
3, 63 (2001).
51 S. Amaran and S. Kumar, J. Chem. Phys. 127, 214304 (2007).
52 S. Mukherjee, D. Mukhopadhyay, and S. Adhikari, J. Chem. Phys. 141,
204306 (2014).
53 A. Alijah, J. Fremont, and V. G. Tyuterev, Phys. Rev. A 92, 012704 (2015).
54 A. J. H. M. Meijer and E. M. Goldfield, J. Chem. Phys. 110, 870 (1999).

J. Chem. Phys. 147, 074105 (2017)
55 D.

H. Zhang, S. Y. Lee, and M. Baer, J. Chem. Phys. 112, 9802 (2000).
Leptit and A. Kuppermann, Chem. Phys. Lett. 166, 581 (1990).
57 Y. S. M. Wu, S. A. Cuccaro, P. G. Hipes, and A. Kuppermann, Chem. Phys.
Lett. 168, 429 (1990).
58 J. M. Launay and M. L. Dourneuf, Chem. Phys. Lett. 169, 473 (1990).
59 J. D. Kress, R. T. Pack, and G. A. Parker, Chem. Phys. Lett. 170, 306 (1990).
60 Y.-S. M. Wu, A. Kuppermann, and B. Leptit, Chem. Phys. Lett. 186, 319
(1991).
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62 G. D. Billing and N. Marković, J. Chem. Phys. 100, 1085 (1994).
63 J. F. Castillo and D. E. Manolopoulos, Faraday Discuss. 110, 119 (1998).
64 M. P. de Miranda, D. C. Clary, J. F. Castillo, and D. E. Manolopoulos,
J. Chem. Phys. 108, 3142 (1998).
65 D. Skouteris, D. E. Manolopoulos, W. Bian, W. J. Werner, L. H. Lai, and
K. Liu, Science 286, 1713 (1999).
66 P. Honvault and J. M. Launay, J. Chem. Phys. 111, 6665 (1999).
67 F. Huarte-Larranaga, X. Gimenez, J. M. Lucas, A. Aguilar, and J. M. Launay,
Phys. Chem. Chem. Phys. 1, 1125 (1999).
68 A. Lagana, A. Bolloni, S. Crocchianti, and G. A. Parker, Chem. Phys. Lett.
324, 466 (2000).
69 S. Adhikari and A. J. C. Varandas, Comput. Phys. Commun. 184, 270 (2013).
70 T. Sahoo, S. Ghosh, S. Adhikari, R. Sharma, and A. J. C. Varandas, J. Chem.
Phys. 142, 024304 (2015).
71 W. Zhu, T. Peng, and J. Z. H. Zhang, J. Chem. Phys. 106, 1742 (1997).
72 S. C. Althorpe, D. J. Kouri, and D. K. Hoffmann, J. Chem. Phys. 106, 7629
(1997).
73 S. C. Althorpe, D. J. Kouri, and D. K. Hoffmann, Chem. Phys. Lett. 275,
173 (1997).
74 S. C. Althorpe, D. J. Kouri, and D. K. Hoffmann, J. Phys. Chem. A 102,
9494 (1998).
75 J. C. Juanes-Marcos and S. C. Althorpe, Chem. Phys. Lett. 381, 743 (2003).
76 S. C. Althorpe, J. Phys. Chem. A 107, 7152 (2003).
77 S. C. Althorpe, J. Chem. Phys. 121, 1175 (2004).
78 J. C. Juanes-Marcos, A. J. C. Varandas, and S. C. Althorpe, J. Chem. Phys.
128, 211101 (2008).
79 H. Gao, M. Sneha, F. Bouakline, S. C. Althorpe, and R. N. Zare, J. Phys.
Chem. A 119, 12036 (2015).
80 S. Y. Lin and H. Guo, Phys. Rev. A 74, 022703 (2006).
81 S. G. Carrasco and O. Roncero, J. Chem. Phys. 125, 054102 (2006).
82 Z. Sun, X. Lin, S.-Y. Lee, and D. H. Zhang, J. Phys. Chem. A 113, 4145
(2009).
83 Z. Sun, H. Guo, and D. H. Zhang, J. Chem. Phys. 132, 084112 (2010).
84 B. Zhao, Z. Sun, and H. Guo, J. Chem. Phys. 144, 064104 (2016).
85 P. Y. Zhang and K.-L. Han, J. Phys. Chem. A 117, 8512 (2013).
86 J. Crawford and G. A. Parker, J. Chem. Phys. 138, 054313 (2013).
87 G. Ochs and E. Teloy, J. Chem. Phys. 61, 4930 (1974).
88 F. C. Fehsenfeld, D. L. Albritton, Y. A. Bush, P. G. Fournier, T. R. Govers,
and J. Fournier, J. Chem. Phys. 61, 2150 (1974).
89 H. Villinger, M. J. Henchman, and W. Lindinger, J. Chem. Phys. 76, 1590
(1982).
90 M. J. Henchman, N. G. Adams, and D. Smith, J. Chem. Phys. 75, 1201
(1981).
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