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abstract
Bivariate zero-inflated Poisson regression models have recently been used in various
medical and biological settings to model excess zeros. However, there has not been any
definite approach to deal with the same in the event of missing responses. The model itself
is complex and as the responses are paired, missing values can occur in either or both
coordinates. We propose a flexible Monte Carlo expectation maximization based approach
to handle bivariate zero inflated count data with missing responses. We report the results
of a simulation study designed to evaluate the performance of the proposed approach.
To illustrate the application of our model and methodology, we consider a bivariate data
concerning the demand for health care in Australia.
© 2016 Elsevier Inc. All rights reserved.

1. Introduction
Although data are often meant to comprise all the information on individuals at each assessment time or location, missing
observations occur frequently. Incompleteness of data presents considerable challenges for standard methods. Analysis
with missingness ignored may lead to biased results. To handle missingness of responses in univariate data, Diggle and
Kenward [9], Little [13], and Ibrahim et al. [10] explore maximum likelihood methods. Robins et al. [18] and Rotnitzky
et al. [19] discuss semiparametric approaches to deal with repeated responses with missingness. Liu and Wu [14] and Yi
et al. [25] propose semiparametric methods to handle missingness in responses for error contaminated data, and Yi et al. [26]
consider a pairwise likelihood approach for binary data with incomplete responses.
Considerable work has been done with missing responses and covariates; see, e.g., [22,23,6,21,5]. However, there is
relatively limited work concerning multivariate outcomes. Generally speaking, correlated outcomes (counts) can typically
arise as genuine multivariate data (several outcomes recorded on the same individuals) or as longitudinal measurements
(one outcome recorded over time for the same individuals). As an example, when health-care utilization is measured by
two dependent event counts such as the numbers of doctor visits and non-doctor health professional visits, it is desirable
to consider the two measures jointly, while accounting for permanent non-users of both services.
In the last decade, there has been increased interest in statistical models to account for excess zeros. These models are
often called zero inflated models. A review of the literature on such models is given by Ridout et al. [17]. Li et al. [12] discuss

∗

Corresponding author.
E-mail address: kalyanstat@gmail.com (K. Das).

http://dx.doi.org/10.1016/j.jmva.2016.02.010
0047-259X/© 2016 Elsevier Inc. All rights reserved.

74

M. Yang et al. / Journal of Multivariate Analysis 148 (2016) 73–82

the use of multivariate zero inflated Poisson (ZIP) models in manufacturing processes. Dagne [7] considers a hierarchical
regression model in the Bayesian context, where the formulation is based on prior distributions, but the likelihood is not
based on bivariate modeling.
This paper proposes a bivariate regression model for count data in the presence of missing observations. In the univariate
case, a zero inflated regression with missing observations is considered by Chen and Fu [4]. Here, we discuss the use of the
expectation maximization algorithm [8] for finding exact maximum likelihood estimates in the BZIP models setting with
missing data. The Monte Carlo EM (MCEM) introduced by Wei and Tanner [24] is a modification of the EM algorithm where
the expectation in the E-step is computed numerically through Monte Carlo simulations. Since the E-step of the algorithm
involves an integral that cannot be evaluated analytically, we consider computer-intensive alternatives. We propose an
implementation of the Monte Carlo EM algorithm [24] in which simulation methods are used to evaluate the intractable
integral at the E-step. The method uses simulated random samples from the exact conditional distribution of the missing
data u given the data y, obtained via approximating discrete distributions.
Simulation studies are presented which show the merit of our approach. For illustration purposes, we consider health
care data from a 1977–1978 Australia health survey. Two variables are used as responses: the number of consultations with
a doctor or a specialist (Doctorco), and the total number of prescribed medications used in the past two days (Prescrib).
Karlis and Ntzoufras [11] fit bivariate Poisson models and diagonal inflated models to these data. We further extend their
model to the case where data is missing. A missing bivariate value can be categorized into three types, according as the first,
second, or both components are missing. We deal with these three kinds of missing data to come up with an estimation
procedure using the MCEM procedure.
The paper is organized as follows. In Section 2 we introduce the BZIP regression model. The bivariate missing data
mechanism is then proposed in Section 3, where we also demonstrate the methodology of estimation of parameters in
the presence of missing data using the MCEM approach. We then turn to several simulation results and also the analysis
of Australia health data in Section 4 to illustrate our methodology. Finally, we summarize our findings and conclude with
some comments in Section 5.
2. Bivariate zero-inflated Poisson model
For bivariate count data with excess zeros, we construct a BZIP model analogous to Li et al. [12] as a mixture bivariate
Poisson, two univariate Poisson, and a point mass at (0, 0), viz.


(0, 0)


(P (λ1 + λ2 ) , 0)
(Y1 , Y2 ) ∼

(0, P (λ1 + λ3 ))
BP (λ1 , λ2 , λ3 )

with probability p1 ,
with probability p2 ,
with probability p3 ,
with probability p4 ,

where p1 + p2 + p3 + p4 = 1. We say that (X1 , X2 ) follows a bivariate Poisson distribution with parameters (λ1 , λ2 , λ3 ),
denoted (X1 , X2 ) ∼ BP (λ1 , λ2 , λ3 ), if
X1 = U + Z1 ,

X2 = U + Z 2 ,

where U , Z1 , Z2 are independent and have Poisson distributions with respective means λ1 , λ2 , λ3 . Then the probability
distribution of the preceding bivariate ZIP is given, for all y1 , y2 ∈ {1, 2, . . .}, by
Pr (Y1 = 0, Y2 = 0) = p1 + p2 e−λ1 −λ2 + p3 e−λ1 −λ3 + p4 e−λ1 −λ2 −λ3 ,
1 
y 
p2 e−λ1 −λ2 (λ1 + λ2 )y1 + p4 e−λ1 −λ2 −λ3 λ21 t ,
y1 !
1 
y 
Pr (Y1 = 0, Y2 = y2 ) =
p3 e−λ1 −λ3 (λ1 + λ3 )y2 + p4 e−λ1 −λ2 −λ3 λ32 ,
y2 !
Pr (Y1 = y1 , Y2 = 0) =

min(y1 ,y2 )

Pr (Y1 = y1 , Y2 = y2 ) = p4 e−λ1 −λ2 −λ3


j =0

y −j y −j

λj1 λ21 λ32
.
j! (y1 − j)! (y2 − j)!

In the spirit of generalized linear models [16], we then frame up the BZIP regression model by expressing the Poisson
means as logarithmic functions of covariates x1 , x2 , x3 with coefficients β1 , β2 , β3 respectively, viz.

λ1 = exp(x⊤
1 β1 ),

λ2 = exp(x⊤
2 β2 ),

λ3 = exp(x⊤
3 β3 ).

The zero-inflated parameters are related to the set of covariates z1 , z2 , z3 via
p4 = {1 + ez1 γ1 + ez2 γ2 + ez3 γ3 }−1 ,
⊤

p1 = p4 ez1 γ1 ,
⊤

⊤

T

p2 = p4 ez2 γ2 ,
⊤

p3 = p4 ez3 γ3 .
⊤
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Denote θ = (β1 , β2 , β3 , γ1 , γ2 , γ3 )T := (θ1 , θ2 , θ3 , θ4 , θ5 , θ6 )T . Consider data (X1 , Y1 , Z1 ), . . . , (Xn , Yn , Zn ), where for
each i ∈ {1, . . . , n}, Xi = (X1i , X2i , X3i ), Yi = (Y1i , Y2i ), and Zi = (Z1i , Z2i , Z3i ). The likelihood function is then
L (θ |X, Y, Z ) =

n 


1(Y1i =0,Y2i =0)

H1i

1(Y1i =y1i ,Y2i =0)

H2i

1(Y1i =0,Y2i =y2i )

H3i

1(Y1i =y1i ,Y2i =y2i )

H4i



,

i=1

where
H1i = Pr (Y1i = 0, Y2i = 0) ,

H2i = Pr {Y1i = y1i (>0) , Y2i = 0} ,

H3i = Pr {Y1i = 0, Y2i = y2i (>0)} , H4i = Pr {Y1i = y1i (>0) , Y2i = y2i (>0)} .
The log-likelihood is

ℓ = ℓ (θ |X, Y, Z ) =

n


{1 (Y1i = 0, Y2i = 0) ln H1i + 1 (Y1i = y1i , Y2i = 0) ln H2i

i=1

+ 1 (Y1i = 0, Y2i = y2i ) ln H3i + 1 (Y1i = y1i , Y2i = y2i ) ln H4i } .
Therefore the MLE of θ is 
θ = arg maxθ ℓ (θ |X, Y, Z ). To solve this, we can use the following Newton–Raphson algorithm,
i.e., given an initial value θ (0) , compute

θ (t +1) = θ (t ) − {V (θ (t ) )}−1 S (θ (t ) ),
where S (θ) = ∂ℓ/∂θ, V (θ) = ∂ 2 ℓ/∂θ∂θ ⊤ for successive values of t until convergence.
3. Methods
3.1. Missing values
We assume that for some individuals, one or both responses are missing. The availability of data is indicated through a
missing data mechanism as


Rℓi =

1
0

if yℓi is observed,
otherwise

where ℓ = 1, 2, and i ∈ {1, . . . , n}.
Let Rℓ = (Rℓ1 , . . . , Rℓn )⊤ for ℓ = 1, 2. Thus R1 and R2 provide information on the completeness of paired responses.
Under missing at random (MAR) mechanism

π12i = Pr (R1 = r1 , R2 = r2 |y1 , y2 , i = 1, . . . , n ) = Pr (R1 = r1 , R2 = r2 |y10 , y20 , i = 1, . . . , n ) ,
where y1 and y2 are the two vectors of counts inclusive of missing observations, and y10 and y20 are the observed counts.
If pRℓi denotes the conditional probability Pr(Rℓi = 1|y10 , y20 ) for ℓ = 1, 2 and if pR12i is the conditional probability
Pr(R1i = R2i = 1|y10 , y20 ), then the joint probability model for the paired missing response vectors can be expressed in
terms of marginal probabilities and log-odds by introducing the canonical links for
logit(pRℓi ) = w⊤
ℓi αℓ ,

ℓ = 1, 2

ln ψi = vi φ,
⊤

where wℓi and vi are functions of yℓi0 and the covariates, αℓ and φ are regression parameters, ℓ = 1, 2, and ψi is the relative
odds ratio, defined as

ψi =

Pr(R1i = 1, R2i = 1|y1i0 , y2i0 , ℓ = 1, 2)
Pr(R1i = 1, R2i = 0|y1i0 , y2i0 , ℓ = 1, 2)

×

Pr(R1i = 0, R2i = 0|y1i0 , y2i0 , ℓ = 1, 2)
Pr(R1i = 0, R2i = 1|y1i0 , y2i0 , ℓ = 1, 2)

.

Note that pR12i = Pr (R1i = 1, R2i = 1|y1i0 , y2i0 , ℓ = 1, 2) can be expressed as
pR12i



 2
R R

 ξi − ξi − 4ψi (ψi − 1) p1i p2i
=
2ψi (ψi − 1)

pR pR
1i 2i

if ψi ̸= 1,
if ψi = 1,

where ξi = 1 − (1 − ψi )
+
.
To compute the likelihood, we first derive π12i . Denote s11i = r1i r2i , s10i = r1i (1 − r2i ) , s01i = (1 − r1i ) r2i and
s00i = (1 − r1i ) (1 − r2i ). Then



pR1i

pR2i



 s 
s 
s 
s
π12i = pR12i 11i pR1i − pR12i 10i pR2i − pR12i 01i 1 − pR1i − pR2i + pR12i 00i .
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Denote ϑ = β⊤ , γ T , α⊤ , φ . Then the likelihood function is

n
n 


 
Lic ,
L ϑ; y10 , y20, =
Lic dy1m dy2m = Ey1m ,y2m
i=1

y1m

y2m

i=1

where Lic = Pr(Y1i = y1i , Y2i = y2i ) × π12i and yℓm , ℓ = 1, 2 are vectors of missing observations.
We also write the joint complete data log-likelihood

ℓc =

n


ln {Pr (Y1i = y1i , Y2i = y2i )} + ln π12i .

(1)

i=1

This shows, that in order to find the maximum likelihood estimates of (β, γ), it is sufficient to maximize the first summand
in the log-likelihood expression (1), given that π12i does not involve these parameters.
The reason to consider the missing pattern likelihood is if imputation is required for the missing data, then the prediction
of the missing pattern probability model would be required and in such a scenario, one needs to estimate these missing
pattern parameters.
3.2. MCEM
In view of the difficulty of high-dimensional integration, it is hard to obtain a closed form for (1). We consider an MCEM
approach here. Such an approach has been considered earlier in various contexts by different authors; see, e.g., [1] or [3].
E-step: In the E-step at (t + 1)Eth iteration, we consider
Q (θ; θ (t ) ) :=

n


Ey1m ,y2m (ℓic |Di ) .

i=1

Here Di denotes the data available for the ith data observation. The proposed MCEM is essentially based on the relationship
between the unconditional and conditional score, i.e.,
S (θ) =

 
n
n 
n



∂ℓ
∂
∂ℓic 
= Ey1m ,y2m
ln {Pr(Y1i = y1i , Y2i = y2i )π12i } = Ey1m ,y2m
D
:=
E
Si∗ (θ).
y1m ,y2m
 i
∂θ
∂θ
∂θ
i =1
i=1
i =1

(2)

Here Si∗ (θ) denotes the score based on complete data for the ith subject. To take the conditional expectation in (1), we need
to generate samples from (y1m , y2m |Di , θ (t ) ) for each i. This conditional distribution is discrete. We derive these expressions
in Supplemental Material and use the inverse cdf method to generate from these distributions (see Appendix A).
M-step: At the M-step, we solve for θ from
S (θ) =

Mi
n

1 

Mi ℓ=1
i=1

Si∗(ℓ) (θ) = 0,

(3)
(ℓ)

(ℓ)

where there are Mi (may be same, say M) samples generated from ( y1m , y2m |Di , θ (t ) ) and for each such generated y1m , y2m ,
(ℓ)

(ℓ)

ℓ = 1, . . . , Mi ; actually, Si∗(ℓ) (θ) is Si∗ (θ) |y1m , y2m .
At the (t + 1)th iteration, we need to generate observations from the following full conditionals, i.e.,


(t )
y1mj ∼ y1mj |y1m(−j) , y(t ) 2m , Di , θ (t ) , j = 1, . . . , ν1


(t +1) (t )
y2mk ∼ y2mk |y1m , y2m(−k) , Di , θ (t ) , k = 1, . . . , ν2 .
(ℓ) (ℓ)
Once observations y1m , y2m , ℓ = 1, . . . , Mi are generated, we obtain an estimate θ (t +1) from (3) using one step
Newton–Raphson, i.e.,
(t +1)
(t )

θ
=
θ + {V −1
S (θ)} (t ) ,
|θ

(4)

where


S (θ) =


Mi 
n

1 
∂ℓic
Mi l=1
∂θ |y(ℓ) ,y(ℓ) ,θ(t )
i=1
1m

2m

and V =



Mi
n
∂ S (θ) 
∂ℓic
1 
∂
=
.
Mi ℓ=1 ∂θ ′
∂θ |y(ℓ) ,y(ℓ) ,θ(t )
∂θ T
i=1
1m 2m
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Fig. 1. Boxplots showing the variation in the value of Pr(Y1 = Y2 = 0) in the simulation study.
Table 1
Summary for parameter estimators of simulation cases 1–4.

4. Examples
4.1. Simulation studies
To establish the efficacy of the proposed MCEM method, this section presents four simulation studies based on the BZIP
model with one regressor (which is i.i.d. N (0, 1)) to keep the model simpler and the study more focused. In simulation
studies 1, 2, 5, true parameter values were fixed at (β1 , β2 , β3 , γ1 , γ2 , γ3 ) = (1, −1, 2, 1, −1, 2). In simulation studies
3, 4, 6, the true parameter values were fixed at (β1 , β2 , β3 , γ1 , γ2 , γ3 ) = (−1, 1, −1.5, −1.5, 2, −1). Furthermore, in
studies 1 and 3, the sample size of the simulation was 30 with 12 missing observations, whereas in studies 2 and 4, the
sample size of the simulation was 50 with 20 missing values, and in studies 5, 6, those become 100 observations with 40
missing; this variation allows us to compare results with respect to sample size. Fig. 1 summarizes the observed values of
Pr(Y1 = Y2 = 0) for the 50 replications for all six cases. From the boxplot we can see that the generated data all share some
kind of zero inflation since the frequencies of the event {Y1 = Y2 = 0} are all around 30%–40%. We generate the missing
data in a way similar to Marshall and Olkin [15].
By combining the parameters with the covariates, we get the secondary parameters (λ1 , λ2 , λ3 , p1 , p2 , p3 , p4 ). Then for
each i ∈ {1, . . . , n}, we can generate random numbers Ti ∼ M {1, (p1 , p2 , p3 , p4 )}. If Ti = (1, 0, 0, 0), then generate
Y1i = Y2i = 0 while if Ti = (0, 1, 0, 0), then generate Y1i from P (λ1i + λ2i ), and let Y2i = 0; if Ti = (0, 0, 1, 0), then
let Y1i = 0 and generate Y2i from P (λ1i + λ3i ); otherwise generate (Y1i , Y2i ) from BP (λ1i , λ2i , λ3i ). And we add missing
data in a way similar to Marshall and Olkin [15]. We then apply our method on the data.
We summarize the MCEM estimation results for cases 1–4 in Table 1. Each study was based on 100 replications, and
among nmis observations, nmis /2 were missing in both responses, while nmis /4 were missing in the first variable, but not
the second, and again, nmis /4 were missing in the second variable, but not the first. The average bias, mean squared error
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Table 2
Summary for secondary parameter estimators for simulation cases 1–4.

(MSE) and standard error of the derived estimates were assessed from the simulated studies. We also record a 95% confidence
interval based on the standard Normal distribution, assuming these estimates have a common mean and standard deviation,
by virtue of the Central Limit Theorem since the replication size was large. In each case, the value of M, the number of
independent samples from the conditional distribution of the missing observations given the observed values, was set to
20. In terms of bias, all estimates converged (up to two decimal places) within 20 iterations of the MCEM algorithm.
From these studies we observe that the average bias, mean squared error as well as standard deviation are mostly small
for all the primary parameters (β1 , β2 , β3 , γ1 , γ2 , γ3 ). Increasing the sample size helps to improve the performance of the
estimator, in terms of average bias, MSE and standard error; this is as expected. Every confidence interval covered the true
value under consideration.
Similar observations were made for the secondary parameters, namely pj , j = 1, 2, 3, 4, λℓ , ℓ = 1, 2, 3, and
n
1

n i =1

Pr(Yi1 = Yi2 = 0),

n
1

n i=1

Pr(Yi1 = 0),

n
1

n i=1

Pr(Yi2 = 0).

(5)

Increasing the sample size helps in better performance of the estimation, where as increased number of missing values
worsen the performance, in terms of average bias, MSE and standard error. However, we also observed that the estimations
of the λℓ ’s are worse than the other two.
For comparison purposes, we also estimated these parameters with the missing data excluded, and the results are
summarized in Table 2. The biases are comparatively larger than for the MCEM, but also acceptable. However, the MSE
and standard error can be incredibly large (up to 1030 ), and we no longer think they are reasonable.
At the suggestion of a referee, we increased the sample sizes and tried MCEM as well as the case with missing data
excluded. The corresponding results are summarized in Tables 3 and 4. We can see that the results of the two approaches
are close. However MCEM will give slightly smaller bias, MSE, standard error and narrower confidence intervals. This means
when the sample size is large enough, MCEM still has some advantage, but not so strong as in the small sample size case.
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Table 3
Summary for parameter estimators of simulation cases 5–6 for both MCEM and
excluding missing observations.

Table 4
Summary for secondary parameter estimators of simulation cases 5–6 for
both MCEM and excluding missing observations.
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Fig. 2. Jittered plot of Doctorco and Prescrib.
Table 5
Summary for estimators for Australia health care data.

4.2. Australian health care data
We return to the motivating example of Australia health care data in analyzing two variables, Doctorco and Prescrib.
The data are correlated (Spearman’s rank correlation is 0.349). There are many more variables in the survey, like the gender
(1 female, 0 male), the age in years divided by 100 (measured as midpoints of age groups) and the annual income in Australian
dollars divided by 1000 (measured as midpoint of coded ranges). More details on the data and the study can be found in
[2,20,27].
In this paper, for the sake of simplicity, we carry out our analysis only for the male patients. The scatter plot of the data is
provided in Fig. 2 (sample size n = 2488). As is easily seen from the figure, the data show zero-inflated property. Thus a BZIP
model should be used. By comparing the three cases, we can see that the estimators are almost the same, for the parameters
as well as the secondary parameters. This means the proposed MCEM method behaves reasonably well, as if there were no
missing data at all.
To make our study simpler and more focused, we just consider one regressor, namely age. Three cases are taken into
account in this paper: complete data, data with 720 (about 30%) missing, MCEM handled for 30% missing. For all cases
we run 50 bootstrap replications and summarize mean, median, standard error and confidence interval for estimates. The
results are presented in Tables 5–6.
We also compare Table 6 with empirical values. The mean (and median) estimates of the statistics defined in (5) from
the BZIP regression distributions are all slightly less than the empirical percentage of zero-defects, which are respectively
0.698, 0.763, 0.844 for our data. Note that the sample size makes it difficult to see the power of MCEM, but the fact that
MCEM behaves as well as the complete data illustrates its necessity.
5. Discussion
Missing responses and/or covariates frequently occur in biological studies. Whatever may be the reason, the missing
data, when taken into account for bivariate responses, lead to a complex formation of the underlying probabilistic model.
The analysis of such complex models, where, in addition, the data include a zero inflated counts, is a tremendous challenge
to statisticians and therefore deserves considerable attention. The joint mechanism of missing data for bivariate responses is
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Table 6
Summary for secondary estimators for Australia health care data.

represented by a bivariate binary model. In this article a Monte Carlo EM approach has been formulated to estimate bivariate
zero inflated data with missing observations. The proposed derivations and methodology have been tested on different
simulation examples and have been proved satisfactory. We have also worked with a real data set and summarized our
results using about 25%–30% of missing data.
The present investigation has been carried out on the basis of experiments where paired responses are observed once.
The situation is more complex if responses are observed longitudinally. In that case the missing pattern might be different
and to cope with that stiff challenge, a more sophisticated approach might be required. Further, in this article we confine
our study to situations where only the responses are missing. One could encounter a more complicated missing mechanism
if the covariates along with the paired responses are missing. All these phenomena are currently being investigated by the
authors.
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