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ABSTRACT

We investigate the dynamics of two identical artificial active particles suspended in a free-standing fluid film with a trap of finite radius in
an acoustic tweezer. In the two dimensional Oseen approximation, their hydrodynamic coupling is long ranged, which naturally raises the
question as under what conditions they can simultaneously reside in the trap. We determine a critical value of the hydrodynamic coupling
below which that happens and study the ensuing active pair dynamics inside the trap. For larger couplings, only one particle sits in the
trap, while the other diffuses freely until it eventually replaces the particle in the trap. Such a mechanism repeats itself with a characteristic
noise-dependent mean residence-retrapping time.
Published under license by AIP Publishing. https://doi.org/10.1063/1.5038149

I. INTRODUCTION
The motion of artificial microswimmers (also known as active
particles) is sustained by backflows in the suspension fluid, which,
depending on the details of the self-propulsion mechanism,1–4 may
impact active diffusion at the geometric boundaries,5,6 in sheared
flows,7,8 and, even more, in the clustering processes.9,10
In a recent paper,11 we investigated the hydrodynamic interaction between two harmonically trapped microswimmers moving
in a free-standing film at low Reynolds numbers.12–14 The problem is important in the context of the emerging technology of active
devices.15 The situation considered there should not be mistaken
with well-studied quasi-two dimensional (2D) setups,13,16 where
the momentum flow of the suspension fluid is not restricted in a
plane. In those cases, calculating hydrodynamic effects is still an
intrinsically three-dimensional task although with more complicated boundary conditions.
The stochastic motion of a free particle along the streamlines
of a viscous sheared fluid17 and that inside a harmonic trap swept
through by the same shear flow are related.18,19 Such a relationship
has been investigated by comparing the persistent Brownian motion
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of a free20 and a trapped active particle21 in a shear flow. Of course,
trapped particles allow an easier characterization of the Brownian motion of an individual particle22 as they are not affected by
unwanted hydrodynamic interactions with the flow boundaries.23
Moreover, for application purposes, traps in the form of tweezers
allow to control the position of a tagged particle so as to best manipulate it. In this context, the acoustic tweezers recently realized by
Takatori et al.24 represent a significant improvement with respect
to common optical tweezers, which can confine microswimmers
only within very small working areas of radius no larger than their
persistence length.
Hydrodynamic interactions in 2D are characterized by long
range tails of the fluid flow propagator.12 To explicitly account for
the far-field properties of the system in Ref. 11, we used the 2D Oseen
tensor, recently proposed by Di Leonardo et al.14 for passive colloidal particles. The strength of such an interaction is controlled by
a hydrodynamic coupling constant, defined as the particle radius to
film thickness ratio. We observed that as one drives two particles
closer and closer by means of two independent harmonic traps, the
effective hydrodynamic repulsion grows to the point that their final
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average distance is not determined by the traps’ separation as much
as by the hydrodynamic coupling. In the process, the microswimmers synchronize their phases to move, in average, opposite to one
another with respect to the midpoint between the traps.
In this work, we specialize the model of Ref. 11 to consider a
more realistic situation, where an acoustic tweezer of finite radius
operates across a thin 2D fluid film containing more active particles.
We ask ourselves whether it can trap two such particles at the same
time despite the average long-range repulsion between them and
if so, under what conditions. We determine, both analytically and
numerically, a critical value of the hydrodynamic coupling below
which an active pair can indeed reside in the same finite trap and
analyze its dynamics. For larger hydrodynamic couplings, we show
that one particle has to leave the trap: It freely diffuses inside the
fluid film until it finally falls back into the trap by kicking the other
out. In the case of an active pair suspended in a 2D film of finite size,
the mechanism repeats itself indefinitely.
This paper is organized as follows. In Sec. II, we introduce the
Langevin equations that model the dynamics of an active pair suspended in a thin fluid film and coupled via a 2D Oseen tensor.
For the trapping potential associated with the tweezer, we assumed
a symmetric Gaussian profile with tunable radius and depth. In
Sec. III, we show that the pair trapping only occurs for low values
of the hydrodynamic coupling, lest one of the particles is set free
and the other tighter bound. In Sec. IV, we analyze the effects of the
hydrodynamic interaction by numerically integrating the Langevin
equations of Sec. II. We observe how in average the two active
particles effectively repel one another by maximizing their relative
distance inside the trap. In Sec. V, we study the case of trap’s single occupancy in the regime of high hydrodynamic coupling. For
numerical purposes, we numerically simulate an active pair confined
to a 2D square with reflecting boundary conditions and a trap at
the center and investigate its dynamics with particular attention to
the statistics of the particles’ mean first residence-retrapping times.
Finally, in Sec. VI, we draw a few conclusions and suggest possible
applications.
II. MODEL
The overdamped 2D dynamics of an active pair can be modeled
by a set of coupled Langevin equations,
Ṙi = F(Ri ) + G(Ri − Rj )F(Rj ) + v0,i + ηi ,

(1)

F(Ri ) = −∇R U(R)∣R=Ri ,

(2)

where in Einstein summation convention, the subscripts i and j refer
to the pair components 1 and 2, respectively, Ri = (xi , yi ) denote their
positions in the plane (x, y), and v0,i denote their self-propulsion
velocities. Contrary to our previous studies,11,21 we assume here
zero shear flow to avoid distracting technical complications. The
vectors F(Ri ) are the restoring drives a finite-size trap centered at
the origin exerts on the particle of coordinates Ri , that is,
where U(R) = −U 0 exp(−kR2 /2U 0 ) and R2 = x2 + y2 . The function
U(R) represents the profile of a symmetric 2D trapping
potential of
√
depth U 0 , with U 0 > 0, and effective radius lU = U0 /k (defined as
its flexural point). A particle sitting at the center of the trap, R ≪ lU ,
“feels” an effective harmonic trapping potential with elastic constant
k.21 Note that in the overdamped regime of Eq. (1), the vectors F(Ri )
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have the dimensions of a force divided by an appropriate viscous
constant (the same for both particles).
For a structureless swimmer,25,26 like the active Janus particles
(JPs) considered here, the self-propulsion velocities, v0,i = v0 (cos 𝜙i ,
sin 𝜙i ), on the right-hand side of Eq. (1) have the same constant
modulus, v0 , while their orientations, 𝜙i , relative to the x-axis vary
with time subjected to the stationary Gaussian noises ξ i (t), with
˙ i = ξ i (t). Note
⟨ξ i (t)⟩ = 0 and ⟨ξ i (t)ξ j (0)⟩ = 2D𝜙 δ ij δ(t), namely, 𝜙
that, for simplicity, in a thin suspension film, the vertical component of the swimmers’ self-propulsion dynamics can be ignored.
This assumption is surely appropriate for effective 2D configurations
where the pair separation is much larger than the film thickness, that
is, for r = |R1 − R2 | ≫ h. Finally, we remark that, in contrast to optical tweezers,27 acoustic tweezers seem to exert no appreciable torque
on the trapped swimmers24 so that no rotational hydrodynamic
coupling will be considered in the following.
For the present discussion, the translational (or thermal) noises,
too, can be safely ignored because they impact the diffusion of active
particles in a trap much less than the angular noises.21 In any case,
the fluctuating sources ηi = (ηix (t), ηiy (t)) in Eq. (1) are meant to
be Gaussian with ⟨ηi (t)⟩ = 0 and ⟨ηiα (t)ηjβ (0)⟩ = 2δ ij δ αβ D0 δ(t) and
purely local, i.e., causing no additional pair coupling, at least in
leading order.28
The dynamics of JPs 1 and 2 is coupled via the 2D Oseen
tensor,14
Gαβ (r) =

a αβ
L
rα rβ
[δ (ln − 1) + 2 ],
h
r
r

(3)

where, as above, α and β denote the Cartesian projections x and y of
the particles’ separation vector, r = Rj − Ri , with i ≠ j. Here, a and h
are the particle radius and the film thickness, as shown in Fig. 1(a),
where 2a < h. We remind that the cut-off length L ensures that for
r ≪ L, three main conditions hold: (1) infinite size of the film; (2)
negligible inertia; and (3) negligible viscous drag at the interfaces.
The last assumption, in particular, requires that the viscosity of the
bounding fluid is much smaller than the viscosity of the film itself.
As in Ref. 11, we assume that L is considerably larger than the film
thickness, h, to ensure the validity of the 2D model also in the limit
a/h → 0.
According to our model [Eq. (1)], in the absence of trapping
forces, the two swimmers would be fully decoupled and move forcefree inside the suspension film. In the overdamped regime, their
self-propulsion velocities, v0,i , are often interpreted as due to selfpropulsion “forces.”29 However, these are not real forces and, therefore, are decoupled in Oseen’s approximation. A more sophisticated
analysis30 shows that in 3D, under realistic conditions, the swimmer
self-propulsion mechanism does modify the translational and rotational pair speeds outside the trap but with corrections that scale,
respectively, like O(1/r3 ) and O(1/r4 ) for r ≫ a. In 2D, corrections to the translational and rotational pair speeds turn out to decay
slower with r but still according to a power law, that is, respectively,
like O(1/r) and O(1/r2 ). As a consequence, for not too small pair
separations, the ensuing contribution to untrapped pair coupling is
negligible with respect to the logarithmic hydrodynamic coupling
of a pair in the trap [see the 2D Oseen’s tensor of Eq. (3)] and,
therefore, was ignored altogether in Eq. (1). By the same token, we
also ignored torques acting on the vectors v0,i as an effect of the
hydrodynamic coupling. We remind that we have already neglected
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FIG. 1. Active Janus particles in a thin free-standing film of thickness h: (a) Ideal experimental setup. A pair of identical Janus particles of radius a and self-propulsion speed
v0 diffuses in a square box of side l in the presence of an orthogonal acoustic tweezer (orange cylinder). The hydrodynamic pair coupling is proportional to the ratio a/h. (b)
Profile of the trapping potential along the x-axis. In our simulations, U(R) is a symmetric 2D Gaussian function of depth −U0 and effective radius l U , with lU2 = U0 /k. Note
that R = l U denotes the locus of U(R) flexural points in the plane (x, y).

the torque due to the trapping mechanism. Moreover, in our
model, like in real experiments,24 the angular noise due to the selfpropulsion mechanism can easily offset any residual hydrodynamic
torque.
To determine the system’s free parameters, one can rescale
space and time, rα → r′ α = rα /(v0 /k) and t → t ′ = kt. Tunable
are two hydrodynamic parameters [the pair coupling, a/h, and the
cut-off
length, L′ = L/(v0 /k)], one trap parameter (the trap’s radius
√
kU0 /v0 ), and one self-propulsion parameter, D′𝜙 = D𝜙 /k. In our
simulations,31 one could implicitly use dimensionless units by setting k = v0 = 1 and dropping the prime signs altogether.11 In
this paper, however, for reader’s convenience, we prefer to use
dimensional units.
III. PAIR TRAPPING CONDITION
The pair trapping condition can be easily obtained by imposing
that the maximum distance between two hydrodynamically coupled
active JPs in the trap is smaller than the effective trap’s radius, lU .
To this purpose, we make use of the formalism developed in Ref. 11.
From Eq. (1), one easily derives the equations
r

dr
= r ⋅ [λ r− ∆F + ∆v0 ],
dt

For a/h < (a/h)c , both active particles reside in the trap despite the
average hydrodynamic repulsion (double trap occupancy), whereas
for a/h > (a/h)c , one of them is expelled from the trap (single trap
occupancy) and freely diffuses away from it.
The numerical data plotted in Fig. 2 graphically demonstrate
such a trapping-untrapping mechanism and, most remarkably, validate our estimate for the critical coupling. As in all our simulations, the film thickness was kept constant, h = 1; from now on, we

(4)

=
dt
for the relative distance vector, r = R1 − R2 , expressed in polar coordinates r and θ. Here, ∆F = F1 − F2 , ∆v0 = v0,1 − v0,2 , and θ is oriented
in the ẑ direction [i.e., orthogonally to the film; see Fig. 1(a)]. The
factors λ r− = 1−(a/h) ln(L/r) and λ θ− = 1−(a/h)[ln(L/r)−1] are the
eigenvalues of the mobility tensor, 1δ αβ + Gαβ , introduced in Eq. (1);
they represent opposite particle displacements of coordinates r and
θ, respectively.14
The largest pair distance, rmax , is achieved for long persistence
times, D𝜙 /k → 0, when the two particles approach a position of
quasi-equilibrium inside the trap, with the vectors v0i pointing in
opposite directions, so that Ri = R and r = 2R. Such a condition varies
adiabatically with time; the stationary value of the pair distance can
be obtained by setting the right-hand side of the first Eq. (4) to zero.
This leads to the transcendental equation,
κv0
λ r− (r) =
,
(5)
2F(r/2)
r

2 dθ

with r = rmax , where κv0 ≐ max{∆v0 ⋅r̂}. Of course, as the two vectors
v0i point steadily in opposite directions, κ = 2. More details on the
meaning of the factor κ are given in Sec. IV.
Two trapped active JPs tend to repel one another so that trapping occurs only under the condition that rmax ≤ 2lU . Therefore,
setting κ = 2 and rmax = 2lU in Eq. (5) yields a simple estimate of
the critical hydrodynamic coupling, that is,
√
1 − (v0 e/klU )
a
.
(6)
( ) =
h c
ln(L/2lU )

r × [λ θ− ∆F + ∆v0 ],
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FIG. 2. Active pair trapping condition: For a > ac , one particle diffuses outside
the trap, while for a < ac , both orbit inside with an average relative distance that
grows with their hydrodynamic coupling. Samples 3000 time units long of the corresponding trajectories are shown, respectively, in the top-right and bottom-left insets
for different a values. Other simulation parameters are L = 50, h = 1, k = 1, and
D𝜙 = 0.01. In the main panel, ac is plotted versus v0 for increasing U0 . The dashed
lines represent the relevant analytical predictions of Eq. (6).
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FIG. 3. Active JPs in a trapping potential U(R) with k = 1 and U0 = 10 for different
D𝜙 : (a) average pair distance ⟨r⟩ vs. a and (b) angular synchronization factor
Rθ vs. a. Other simulation parameters are L = 50, h = 1, and v0 = 0.2. The dashed
curve represents our estimate for ⟨r⟩ vs. a at large a and vanishingly low angular
noise (see text). Data sets for fixed angular noise, D𝜙 = 0.01, and finite thermal
noise, D0 > 0 (empty symbols), are plotted to illustrate noise induced detrapping.
In the inset is a contour plot of Pi (x, y) for a = 0.4 and D𝜙 = 0.1. For the sake
of a comparison, in (a) and (b), ⟨r⟩ and Rθ are plotted also for a pair of passive
particles with v0 = 0 and increasing D0 .

refer to ac as the critical pair hydrodynamic coupling. Note that ac
decreases with increasing the self-propulsion speed, v0 , and decreasing the depth of the trap, as to be expected. Moreover, since in our
model, the coupling ratio a/h is not allowed to exceed 1/2, Eq. (6)
also defines a critical cut-off length, Lc (v0 ), below which an active
pair of self-propulsion speed v0 can never be confined in a trap of
preset parameters k and U 0 .
To this regard, we stress that in our simplified model, the
hydrodynamic coupling is associated with the trapping forces only.
This means that outside the trap or in the absence of traps (U 0 = 0),
there is no hydrodynamic pair interaction (dipole-dipole terms were
explicitly discarded). Vice versa, the hydrodynamic coupling inside
the trap is not related to the diffusive dynamics of the trapped pair.
Accordingly, in Eq. (6), the condition (a/h)c < 1/2 can be satisfied also for a passive pair with v0 = 0. The underlying angular
synchronization effect is illustrated in Fig. 3.
IV. DYNAMICS OF A TRAPPED PAIR
We analyze first the dynamics of a trapped active pair with
a < ac . The contour plots of the probability density functions (p.d.f.)
Pi (x, y) of the two active JPs illustrate best the hydrodynamic repulsion mediated by the Oseen tensor (an example is shown in the inset
of Fig. 3). At small a, these contour plots (the same for JPs 1 and 2)
consist in a thin annular structure centered at the bottom of the trap.
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For low self-propulsion speeds, the annulus radius is of the order
of v0 /k (harmonic approximation21 ). On increasing a, the p.d.f.’s
retain their ring-like structure, except their radius appears to grow
exponentially, little sensitive to D𝜙 .
In Ref. 11, we noticed that at large a, the average pair distance, ⟨r⟩, plotted in Fig. 3(a), is comparable to the diameter of
the corresponding Pi (x, y) annular structures. This property signals a phase synchronization of the trapped particles as confirmed
by the a-dependence of the ratio Rθ = −⟨sin θ1 sin θ2 ⟩/⟨sin2 θ2 ⟩, displayed in Fig. 3(b) for a comparison. Here θi are the particles’ polar
angles measured with respect to the x-axis. For a/h → 0, the two
active JPs are statistically uncorrelated and, therefore, the numerator of Rθ is identically zero. On increasing a with 0 < a < ac , due
to the effective hydrodynamic repulsion, they tend to occupy positions diametrically opposite to the trap’s center, that is, θ1 = −θ2 ,
and as a consequence, Rθ → 1. Effective repulsion and synchronization of an active pair in a trap are thus manifestations of the same
hydrodynamic coupling mechanism.
The appearance of an effective hydrodynamic interaction
between trapped passive particles, mentioned in Sec. III, is a matter of symmetry.32,33 Driving two particles around a circle produces
radial repulsion, while driving them radially produces angular repulsion; see Eq. (4). Since the trapping forces are radial, one should
expect angular repulsion, i.e., a certain degree of orbital synchronization, also in the absence of self-propulsion, as confirmed by the
data for v0 plotted in Fig. 3.
The curves ⟨r⟩ versus a at low D𝜙 can be closely reproduced by
making use of the stationary condition of Eq. (5). At equilibrium,
upon averaging over the angular noise, ⟨∆v0 ⋅ r̂⟩ = v0 , that is,11 κ = 1.
By numerically solving Eq. (5) for κ = 1 and 0 < a < ac , we obtained
the solution r = ⟨r⟩ plotted in Fig. 3(a). While the agreement with
the numerical data is quite close at large a, this estimate fails by a
numerical factor11 in the limit a → 0.
We investigate next in more detail the annular structure of the
2D functions Pi (x, y). As the trap was assumed to have a circular
symmetry, we resorted to computing the radial distribution, p(R),
of the active particles inside the trap. The curves of Fig. 4 clearly
show the emergence of a finer radial structure that went unnoticed
in our previous work. This effect, however, is restricted to low levels of the angular noise. Indeed, on increasing D𝜙 , the three peaked
profile of p(R) collapses into one central peak. In Fig. 4, we have
labeled with 1 and 2 the most prominent p(R) peaks, respectively, for
small and large D𝜙 . At low D𝜙 , two smaller peaks also appear, labeled
a and b, which are symmetrically located with respect to peak 2. On
increasing D𝜙 , peaks a and b actually merge into peak 2.
The position of all four peaks can be predicted from Eq. (5)
for an appropriate choice of κ. Clearly, peak 1 emerges when the
pair distance is the largest, namely, rmax = 2R1 (see Sec. III). As
D𝜙 → ∞, peak 2 shrinks around a well-defined position. Indeed, for
large angular noises, one expects ⟨∆v0 ⋅ r̂⟩ = 0, due to the independent strong randomization of the v0,i orientations. This corresponds
to repeating the procedure of Sec. III with r = 2R2 , except that now
κ = 0. The peaks a and b reflect an intermediate situation, where
the projection of ∆v0 along r̂, although vanishing in average, can be
2 1/2
regarded as
√ fluctuating between ±⟨(∆v0 ⋅ r̂) ⟩ , the r.m.s. of ∆v0 ⋅ r̂
valbeing v0 / 2. Inserting in Eq. (5) the minimum and maximum √
ues of ∆v0 ⋅ r̂ in place of its average amounts to setting κ = ∓1/ 2;
solving the resulting Eq. (5) for r yields, respectively, 2Ra and 2Rb .
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FIG. 4. Probability density function, p(R), of the particle distance, R, from the center
of a trap of potential U(R) with k = 1 and U0 = 10, for different noise levels, D𝜙 .
Other simulation parameters are L = 50, a = 0.4, h = 1, and v0 = 0.2. The highest
p(R) peaks for small (κ = 2) and large D𝜙 (κ = 0) are labeled 1 and 2, respectively.
The side peaks emerging at vanishingly small D𝜙 are labeled with the letters a and
√
b and correspond to κ = ∓1/ 2 (see text).

These estimates for R1 , R2 , Ra , and Rb , marked by vertical arrows in
Fig. 4, appear to closely locate the relevant p(R) peaks.
V. TRAPPING-UNTRAPPING DYNAMICS
We analyze now the case when an active pair cannot reside
inside a fine-size trap due to an exceedingly strong hydrodynamic
coupling between its constituents, that is, for a > ac . Numerical integration of Eq. (1) clearly shows that, even if both active JPs were
initially placed inside the trap, one is immediately ejected from it.
However, since the JPs’ Brownian motion is confined to a 2D film
and the trap has finite radius, lU , after a finite recurrence time,34
the free particle will diffuse back toward the trap, where, due to the
Oseen interaction, it can either bounce off or be sucked in to replace
the trapped particle. Over a sufficiently long observation time, the
two particles are indistinguishable, no matter what their initial conditions, and their trapping-untrapping statistics coincide. Note that
this mechanism may be affected by the presence of strong translational noise, whereas thermal fluctuations suffice to kick one particle
out of the trap even in the absence of hydrodynamic repulsion, as
illustrated in Fig. 3.
In order to speed up the numerical investigation of this mechanism, we further restricted the dynamics of the active pair to a
simulation square l × l with l ≫ lU , with the center at the trap’s
center and reflecting conditions at the boundary. [Replacing reflecting conditions with periodic boundary conditions does not change
the conclusions of this section.] In this configuration, the recurrence
times of the untrapped particle get much shorter and its “collisions”
with the singly occupied trap more frequent. Following the trajectory of a single JP, we then measured the time intervals the particle
spent inside the circle of radius lU centered at the origin (residence
times) and outside (retrapping times).
Some of the most notable statistical properties of the
residence and retrapping time sequences are illustrated in Fig. 5. In
the main panel, we plotted the mean residence (solid symbols) and
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FIG. 5. Average residence-retrapping times, τ, versus D𝜙 for two hydrodynamically coupled active particles with a > ac (single trap occupancy mode) and
different v0 (see legend). Equation (1) for a pair of active JPs was numerically
integrated in a 50 × 50 square with reflecting boundary conditions [see Fig. 1(a)].
The trap of potential U(R), with k = 1 and U0 = 10, was placed at the center of the
square. Other simulation parameters are L = 50, h = 1, and a = 0.5. Inset: probability density function of the residence (solid) and retrapping times (empty) for v0
= 0.5 and D𝜙 = 0.01.

retrapping times (open symbols) versus the strength, D𝜙 , of the
angular noise for different values of the JPs’ self-propulsion speed,
v0 . One immediately notices that the two mean times coincide for
v0 ≤ 1, whereas appreciable deviations emerge for v0 = 2 and D𝜙 < 1.
This implies that in average slowly self-propelling particles tend to
fall into the trap, even if, due to the average hydrodynamic repulsion,
only one of them actually occupies it. The two particles will switch
roles with finite probability p upon each encounter: The retrapping of one particle is always associated with the untrapping of the
other.
By inspecting the distributions of the residence and retrapping
times, one realizes that the two observables coincide in average, only.
Indeed, short (long) residence times tend to be more (less) frequent
than the short (long) retrapping times (see the inset of Fig. 5). This is
a typical threshold mechanism that occurs because the trap’s boundary (whose radius itself, lU , was defined with a certain degree of
arbitrariness) is not perfectly absorbing: A freely diffusing active JP
is allowed short-time boundary crossings without falling inside (and
the other particle escaping) the trap for good. During such short time
intervals, both particles may be counted as simultaneously inside
or outside the trap, without invalidating the trapping-untrapping
scheme.
The above picture does fail us when the self-propulsion speed
of the two JPs is so large that the trap can confine not even one
of them. From Eq. (1), it is apparent that in the low noise limit,
D𝜙 → 0, this occurs for v0 > F(R = lU ) or, equivalently, for v0 > vU ,
with vU2 = kU0 /e. For the simulation parameters of Fig. 5, vU ≃ 1.92.
However, an active particle tends to change direction over a characteristic persistence time τ 𝜙 = 1/D𝜙 . On increasing the noise strength,
τ 𝜙 grows smaller and smaller to the point that an active particle may
not make it out of the trap, even if v0 > vU . Accordingly, in Fig. 5,
the data sets of the mean residence and retrapping times tend to
overlap also at v0 = 2, provided that kτ 𝜙 ≲ 1. We recall that 1/k is
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a good estimate of the particles’ relaxation time at the bottom of the
trap.21 In the low noise regime, the residence and retrapping times
are governed by the ballistic single-particle dynamics, respectively,
inside and outside the trap, the hydrodynamic interaction entering
the switching probability, p, only.
We illustrate this point by restricting ourselves to operating
conditions when the trapping-untrapping scheme applies and comment on the noise dependence of the mean residence-retrapping
time, τ. For small D𝜙 values, all curves τ(D𝜙 ) plotted in the main
panel of Fig. 5 exhibit a horizontal branch whose length grows with
v0 . We explain this behavior by assuming a ballistic dynamics with
the two active particles in the simulation square l × l never changing the direction. The free JP hits the trap boundary with average
free-path time proportional to l/v0 ; it falls into the trap (and kicks
the other JP out of it) with probability p < 1, which depends on
the pair’s kinematics. We were unable to calculate p. We remark,
however, that the Oseen interaction is repulsive only in average: parallel displacements are favorite, which can actually facilitate particle
switchings inside the trap. Movies of the diffusing pair show that
how a free active particle approaching the trap can be either attracted
or repelled by the other particle in the trap, depending on the relative orientation of the vectors v0,i . In conclusion, we expect τ in the
ballistic regime to be proportional to l/(v0 p).
On increasing D𝜙 , the relative orientation of v0,i starts changing appreciably even during the “collision” time of the free particle
with the trap, τ U ≃ 2lU /v0 . Accordingly, the ballistic approximation must be restricted to the condition that τ 𝜙 > τ U , which yields
a good estimate of the D𝜙 value where the curves τ(D𝜙 ) start bending downward. On increasing D𝜙 beyond that value, τ diminishes
because during the “collisions,” the trapped active JP has time to randomly reorient itself (its τ 𝜙 decreases) so as to attract the approaching free JP into the trap. In the presence of the trap, pair attraction
apparently shortens the mean retrapping time more effectively than
pair repulsion increases it, hence the negative slope of the curves
τ(D𝜙 ).
A purely diffusive regime sets in when during the free-path
time, l/v0 , the untrapped active JP diffuses a distance larger than the
trap’s radius,21 namely, for 4Ds (l/v0 ) ≥ lU2 , with Ds = v02 /2D𝜙 . This
condition can be easily realized by employing an acoustic tweezer.24
It follows that for D𝜙 ≳ 2v0 l/lU2 , the approaching JP “feels” the average effect of the hydrodynamic pair interaction, which we know to be
repulsive. This implies that in order to enter the trap, it has to overcome an effective potential barrier by virtue of its sole self-propelled
Brownian motion, whose diffusion constant, Ds , is inversely proportional to D𝜙 , hence the exponential divergence of τ(D𝜙 ) at large
D𝜙 reported in Fig. 5. As a consequence, by means of an acoustic tweezer, experimenters can manipulate a single tagged particle
selected from an active suspension for quite a long observation
time.
VI. CONCLUSIONS
In this paper, we have investigated the hydrodynamic coupling
between two identical synthetic active particles diffusing in a bona
fide 2D support consisting in a free-standing thin fluid film. To
make the effects on the pair dynamics experimentally accessible, we
proposed to operate an acoustic tweezer orthogonally to the film
to trap the diffusing particles. Numerical simulations prove that for
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sufficiently large values of the hydrodynamic coupling (namely, the
particle’s radius to the film thickness ratio), only one particle sits in
the trap, and the other is free to diffuse in the film. In the presence
of appreciable angular noise, the two particles switch their role on
a relatively long time scale, due to the average hydrodynamic pair
repulsion.
Under these circumstances, a direct demonstration of the 2D
Oseen approximation adopted throughout our analysis would comfortably fall within the capabilities of today’s technology. Moreover, operating an acoustic tweezer in the single occupancy mode
would allow us to select and manipulate one tagged active swimmer at a time, the hydrodynamic repulsion preventing more swimmers from being captured simultaneously. Note that the trappinguntrapping mechanism described in Sec. V is indeed robust toward
slow controlled movements of the trap’s center.
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