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ABSTRACT

Adaptation of improved virtual orbital complete active space configuration interaction functions in state-specific multireference perturbation
theory motivated by the Brillouin-Wigner perturbation scheme using Møller-Plesset multipartitioning is examined. The method, denoted
as IVO-BWMRPT, focuses on only the root of principal interest at a time using single-root parameterization of Jeziorski-Monkhorst ansatz
within the frame of an effective Hamiltonian. This approach yields size-extensive energy and avoids intruder-state problems in a natural
manner. It allows relaxation of the reference space wave function in the presence of the perturbation which produces an important differential effect on the energy and cannot be neglected for quasidegenerate electronic states. The method has been tested against nontrivial
situations such as the Be + H2 insertion profile along with the energy surfaces of FH and X2 (X = F, Cl, and Br), in which conventional
single-reference methods generally fail, exhibiting very encouraging findings. We also consider the energy surfaces of ethylene (by breaking
the π bond as well as the CC bond) and for the twisting of tetramethyleneethane. IVO-BWMRPT represents a rather balanced protocol for the
description of molecules at a wide range of geometries, including stretched or dissociating bonds. Close agreement of our estimates with the
reference values provides a useful measure for the success of the IVO-BWMRPT method to treat strongly correlated systems. Our results for
TME show that the singlet state always lies below the triplet state for different conformations. The IVO-BWMRPT furnishes a compact and
correct representation of the MR-wave function, and hence, a large variety of quasidegenerate situations can be accommodated within the
method.
Published under license by AIP Publishing. https://doi.org/10.1063/1.5097657., s

I. INTRODUCTION
The key to an accurate and consistent account of molecular
potential energy surfaces (PESs) involving bond breaking/making
is a correct and balanced care of both dynamical and static correlation effects and their mutual interplay at the same time. In spite
of various methodological developments and implementations, for
this reason, the successful description of PESs is an important and
challenging problem in quantum chemistry1 for conventional wave
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function protocols that use a single-reference (SR). The method used
to tackle this problem is the use of quantum chemistry approaches
based on multireference (MR) functions because the SR is by definition no longer an adequate zero order description of the state.
There are various approaches within the MR framework to deal with
such cases. Of these, by far the most widely used is the MR perturbation theories (MRPTs)2–27 due to their structural simplicity and low
computational cost. However, many problems are still not attainable
with adequate accuracy using MRPT models.
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A common strategy in the MRPT method is to first generate an appropriate zeroth-order wave function within reference
(active) space, and the treatment of the residual correlation outside of the active space is then within the scope of dynamical correlated methods. Although MRPT protocols naturally fix the failures of traditional SR ab initio strategies, the conventional MRPT
methods employing the effective Hamiltonian protocol are known
to encounter the intruder state that hampers their routine use (see
Fig. 1).28 Due to the intruder-state troubles, the first-order wave
function of MRPT carries unphysical contributions from excited
configurations leading to divergences in the first-order amplitudes,
and thus, the corresponding PESs exhibit a characteristic “kink.”
There is ongoing research aimed at trying to fix this trouble. The
offending denominators in MRPT can commonly be healed in a
pragmatic fashion either by regularizing the amplitudes29 or introducing level shifts30 in the zeroth-order Hamiltonian, although such
ad hoc procedures can notably affect computed properties and the
order of electronic states.31 Note that finding an answer to the trouble of intruders in MRPT might also shed light on how to create
robust MR-correlated methods.
The MRMP2 (second-order MR Møller-Plesset)2 of Hirao
et al., CASPT2 (second-order complete active space perturbation
theory) of Roos et al., and NEVPT2 (second-order n-electron
valence state PT) of Malrieu et al. are state specific MRPT
approaches that are most widely used. An important shortcoming of
these MRPT (belong to the “contracted MRPT” family) methods is
that model space coefficients are not relaxed when dynamical correlation is included. The constraint foisted by an internal contraction
description often yields difficulties when the dynamical correlation
revises the content of the reference space wave function. Moreover, MRMP2 and CASPT2 methods suffer from the well-known
intruder state problems and are not strictly size-extensive what, in
principle, disqualifies the approach to be applied to large many-body
systems.
The state specific MRPT (SSMRPT) method of Mukherjee and
co-workers11 is a convenient size-extensive single-root intruder free
procedure which allows internal decontraction (relaxed description)

FIG. 1. Pervasive problem of intruder states.
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of the reference part of the wave function. This needs a state specific
effective Hamiltonian to be constructed in the reference space, which
is no longer an effective Hamiltonian in the spirit of quasidegenerate perturbation theory. The internal decontraction leads to computationally demanding codes, and many widely used techniques
take benefit from the simplifications emerging form internal contraction. A detailed comparative analysis can be found in Ref. 32.
Both Rayleigh-Schrödinger (RS) and Brillouin-Wigner (BW) versions of the SSMRPT have been studied along with various partitioning schemes by different researchers11,15 including Chattopadhyay
et al.13,33,34 These studies reveal that correct descriptions for energy,
geometrical parameters, and energy gaps of small, but difficult to
treat, molecules and radicals can be obtained.11–13,15,33,34 In the SSMRPT protocol, the perturbation corrections are separately computed
for each reference wave function.
Recently, the combination of RS-based SSMRPT with the
improved virtual orbital complete active space configuration interaction (IVO-CASCI) reference function in the form of IVOSSMRPT has been proposed as an accurate and computationally
effective tool for treating the multireferenced ground and excited
states.17,18 It should be noted that IVO-SSMRPT is recalled as IVORSMRPT in the present paper. One of the advantages of IVORSMRPT is its potential to provide smooth energy surfaces along
single and triple bond-breaking/bond formation processes.17 It also
has the ability to handle the intersection between ground and
excited states of C2 .35 It has demonstrated very good estimates in
the description of electronic states with different spin multiplicities for a large variety of radicaloid systems.18,36 Relativistic applications of the IVO-SSMRPT were also published.37 In the original SSMRPT calculations, the target state is first constructed in a
qualitative manner by the complete active space self-consistent field
(CASSCF) wave functions. Chattopadhyay et al.10 have also applied
the MRMP2 method2 using IVO-CASCI orbitals to explore various
MR-situations with success. In passing, we want to mention that different CASCI methods38 are reported in the literature, varying in
their orbital computation schemes.
There are also other very promising and useful formulations
which have been extensively and successfully applied for various
challenging chemical systems with a multiconfigurational (MC)
electronic structure in their ground state and/or excited states such
as generalized van Vleck PT (GVVPT),7 multiconfiguration PT
(MCPT),5 APSG based PT,6 block-correlated PT,8 restricted active
space (RAS) PT (RASPT2),39 Jeziorski-Monkhorst (JM) expansion
based second-order MRPT (JMMRPT2),26 and so on. The primary difference between the different MRPT methods is in the
definition of the zero-order Hamiltonian and the reference wave
function. Although the Brillouin-Wigner MRPT (BWMRPT) formalisms of Hubac̆ and co-workers14 do not suffer from intruder state
problems, they are not size-extensive. Use of a bielectronic zeroorder Hamiltonian (the Dyall Hamiltonian40 ) and the NEVPT24
and JMMRPT226 equations developed by Malrieu, Angeli, and
collaborators ensures numerical robustness and avoidance of the
intruder-state problem. The energy provided by the JMMRPT2
equations is size-extensive, similar to the IVO-BWMRPT method.
Recent developments19–21 reveal the clear potential of MRPT methods with the density matrix renormalization group and driven
similarity renormalization group for calculations that demand
large active spaces that are beyond the scope of the conventional
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CASSCF- and IVO-CASCI-based MRPT schemes. In this context,
we want to mention that much larger molecules can be treated
if the first-order wave function in MRPT is expanded in a truncated set of pair natural orbitals.41 Various realizations of multistate (MS) theories of MRPT have also been developed to handle
the region of energy surfaces close to a conical intersection because
the final diagonalization step results in a relaxation of coefficients
in the unperturbed reference wave function. It should be mentioned
at this juncture that several of the single-root MRPT theories and
their MS versions (if available) are unfortunately not explicitly sizeextensive and intruder resistive.32 In the search for increased computational cost-effectiveness, the MR-protocol has been fused with
DFT (density functional theory), a scheme that has provided considerable benefit for the treatment of excited states.42 Recently, Li
and Evangelista21 argued that at the perturbative level, it is usually useful to introduce reference relaxation effects to obtain desired
accuracy.
In passing, we want to mention that very good performance of the young QMC/DMC (quantum Monte Carlo/diffusion
Monte Carlo),43 FCIQMC (full configuration interaction quantum
Monte Carlo),44 and tailored coupled-cluster (CC) singles-doubles
(TCCSD)45 methods makes them very promising avenues for the
computation of strongly correlated molecular systems. QMC protocols explicitly treat electron correlations by numerically integrating the Schrödinger equation. DMC (solve the Schrödinger equation exactly by stochastic integration) has the advantage of treating both dynamical and nondynamical correlations accurately using
trial wave functions computed at the CASSCF or MR configuration interaction with singles and doubles (MRCISD) levels. The
FCIQMC method treats all the determinants and excitation levels
in the space spanned by these determinants on a democratic footing
via a stochastic sampling of the space and does not partition the electron correlation contributions into dynamical and nondynamical.
The TCC45 is a MR-based ab initio method that fuses the singlereference (SR) CC (SRCC) scheme with a FCI protocol enclosing the
nondynamical correlation effects. As TCC is based on the SR theory,
it needs a large CAS to cover most of the static correlations. Since
the FCI strategy scales in an exponential manner, for the method
to be really practicable, a systematic and computationally tractable
approximation scheme for strongly correlated systems is indispensable for a TCC method. It is only recently that such a development
has been achieved by approximating the FCI solution by the DMRG
method.
In the present paper, we implemented a many-body perturbation method with the IVO-CASCI reference function within the
framework of the Brillouin-Wigner perturbation scheme in the
SSMRPT method, which will be denoted as IVO-BWMRPT. The
IVO-BWMRPT is formally similar to the BW formulation of the
SSMRPT method of Mukherjee and co-workers11,15 except that those
reference space orbitals that are unoccupied in the SCF reference
function are generated in the IVO-SSMRPT by using an extension
of Huzinaga’s IVO generation technique. Although the performance
of RS version of SSMRPT is well demonstrated, the usefulness of the
SSMRPT method with the BW scheme strategy has been explored to
a lesser extent. It should be mentioned that with a reasonably chosen IVO-CASCI reference, the IVO-BWMRPT method is a robust
and promising avenue for treating the electronic structures of quantum chemical problems in which both the static and dynamical
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correlation effects play very crucial roles. Our numerical results in
Sec. II also support this demand. It is a natural theory for direct
computation of state energy per se as the IVO-BWMRPT method
is a Hilbert space approach as that of the parent SSMRPT method.
Although the BWPT method is generally size-inextensive in nature,
the IVO-BWMRPT version satisfies the strict size-extensivity criteria, owing to the existence of suitable counter terms in the first-order
wave-operator expressions.
II. THEORETICAL DEVELOPMENT
The basic formalism for the IVO-SSMRPT method is alike
to that of the BW-based SSMRPT method originally proposed by
Mukherjee et al.,11,13,15,46 and hence, the present work explores the
usefulness of the SSMRPT method using the IVO-based scheme.
The IVO-CASCI method is essentially the first order Hv approach47
which consists of (i) a single ground state HF step and (ii) the diagonalization of a single Fock operator, followed by CASCI computations. IVO-CASCI yields accuracy comparable to CASSCF but with
a fraction of the computational labor. In contrast to CASSCF (in
which both the CI coefficients and the orbitals), IVO-CASCI captures nondynamical correlation without facing multiple solutions,
convergence difficulties, and unphysical spatial symmetry breaking
of the wave function as IVO-CASCI involves no iterations beyond
an initial SCF approximation. The avoidance of the nonlinear parallel optimization of orbital and CI coefficients can also lead to a
depletion in computational labor. As a result of an exact care of
the active electrons embedded within a mean-field description of
the core electrons, the IVO-CASCI protocol behaves well in various
challenging cases.48 The IVO-CASCI protocol cherishes the essential
character of the CASSCF wave function. The IVO-CASCI is effective
to describe both near- and far-equilibrium regions, which authorize IVO-CASCI to furnish a proper description of energies over
wide regions of the energy surfaces. However, it should be noted
that electrons in the core orbitals discern the mean-field potential of the other electrons in core and active orbitals, leading to
errors exhibited in various calculations which is composed mainly
of the transferable dynamical correlation. The dynamical correlation can be computed to a good extent even by the second-order
MRPT method. Here, we want to mention that the IVO-CASCI,48
RASSCF,49 and split-CAS50 all are very useful to determine a suitable zeroth-order wave function for MR-based correlated calculations with a reduced computational cost compared to the CASSCF
one.
In IVO-BWMRPT, the target function is characterized by JM
ansatz51 which provides a compact parameterization for MR wave
functions,
∣ψ⟩ ≙ ∑ exp(Tμ )∣ϕμ ⟩cμ ,

(1)

μ

where a distinct cluster (excitation) operator T μ is defined with
respect to each reference function, ϕμ , and hence, each reference
configuration has its own set of independent amplitudes. For the
sake of compactness, we exclude the index referring explicitly to a
specific eigenstate. For a complete active space (CAS), none of the
T μ operators can produce excitations within the active space. Invoking suitable sufficiency conditions in the Schrödinger equation to
deal with the overparameterization of the JM ansatz leads to the
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following first order amplitude equations in the frame of BW perturbation theory (BWPT):
tμl(1) (μ) ≙

ν≠μ l(1)
(2)
̃ μν
tμ (ν)H
(cν /cμ )
.
(2)
(2)
̃
(E − Hμν ) + (E0, μμ − E0, ll )

Hlμ + ∑ν

(2)

̃ μν ∥≙ Hμν + ∑l Hμl tν (ν)∥ in the above equation can
The matrix H
̃ μν up to the second
be viewed as the perturbative approximation of H
order. The zero-order energies, E0 , in Eq. (2) are the expectation values of H 0 with respect to a specific configuration. The specification
of zero-order Hamiltonian (i.e., partitioning) provides the definition
μ l(1)
μ l(1)
l(1)
of zero-order energies. Here, ⟨χl ∣Tμ ∣ϕμ ⟩ ≙ tμ (μ), ⟨χl ∣Tν ∣ϕμ ⟩
l(1)

(2)

≙ tμ (ν), ⟨ϕμ |H|ϕν ⟩ = H μν , and ⟨χl ∣H∣ϕμ ⟩ ≙ Hlμ . Note that the
l(1)

μ

(1)

expansion coefficients cμ (rather cμ ) and the energy of the target
state appear in the equation, indicating the state-specific nature of
the formalism. In contrast, neither the expansion coefficients nor
any specific target state energy arises in the cluster amplitude equation of pure state universal (SU) theory. Equation (2) does not mix
various sets of amplitudes. Equation (2) clearly suggests that the coupling between different cluster operators appears with only those
T ν (with ν ≠ μ)’s which leads to the same excitation as by the product
l(1)
of excitation operators for the specific tμ (μ) under consideration
ν≠μ
(due to ∑ν in the coupling term). This feature paves a very useful
avenue for the numerical implementation. All the cluster amplitudes
for various μ′ s are computed using Eq. (2) with a set of orbitals which
are decided by the type of excitation involved (since every excitation
(2)
̃ μν
is related to a specific set of orbitals). The effective H
then gets
evaluated by assembling the contributions from all of these cluster
amplitudes, and a new set of excitations is further considered next.
Such a technique therefore bypasses the need for storage of the cluster amplitudes, and the scheme works with a minimal coupling. Note
that the coupling term in the IVO-BWMRPT method leads to the
twin attractive targets of maintaining size-extensivity and avoiding
intruders.
Equation (2) only allows us to determine the first-order cluster
amplitudes, the energies of the correlated target state (second order
energy of the BW theory) can be determined subsequently by the
(2)
̃ μν
,
eigenvalue-equation of H
(2)
̃ μν
cν ≙ E(2) cμ .
∑H

(3)

ν

We should mention that the diagonalization of the above dressed
Hamiltonian allows us to upgrade the IVO-CASCI reference wave
function by handling the interplay between the correlation effects
within and outside the reference space. It is interesting to note
that for the RS version of SSMRPT, the coefficients in Eq. (2) are
kept frozen at the IVO-CASCI/CASSCF values, whereas modified
cμ appeared in its BW variant. One should note that the correlation energy of the state of interest brought by the perturbers
appears in the denominator of the cluster finding equation [Eq. (2)],
which introduces self-consistent equations as in the other BWPT
method. As a result of this, in contrast to RS-based SSMRPT, for
the BW expansion, we update the cluster amplitudes [Eq. (2)], the
target energy E, and the reference space coefficients [Eq. (3)] in
a self-consistent fashion. The robustness of energy denominators
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in the background of intruder states is quite evident in the IVOBWMRPT formalism. The denominator in Eq. (2) is free from divergence as long as the energy of the target state, E, is always lower
than the energies of virtual functions, making the method intruder
free. As that of the parent SSMRPT, the IVO-BWMRPT approach is
parameter free and does not require any threshold to bypass numerical divergences. The formalism completely reproduces the corresponding SRPT model in a highly nondegenerate situation. Note
that, recently, Giner and co-workers26 have suggested a new protocol to fix the redundancy issue of the SSMR methods based on the
JM ansatz.
The appearance of undetermined exact energy eigenvalue E in
denominators of wave operator amplitude is one of the characteristic structural features of the BW procedure that may lead to a rapid
and natural convergence of perturbation series. Moreover, IVOBWMRPT is manifestly size extensive as that of the parent SSMRPT
one. The diagonalization process supplies new values of the reference coefficients cμ by treating the coupling that can exist between
the correlation effects within and outside the CASCI space. From the
updated wave function, modified cluster amplitudes are obtained,
and therefore, a new dressed effective Hamiltonian emerges in IVOBWMRPT formulation. This exercise is repeated until convergence,
which is usually rapidly reached. The SSMRPT working equations
differ from the SU-MRPT through the coupling terms. Nevertheless, for the SSMR protocol, repeated computations of the same
set of equations for each target electronic state are needed. On the
other hand, all states of interest are generated simultaneously in the
SUMR (state universal multireference) method during diagonalization. A natural objection to the sufficiency protocol introduced by
Hubač and associates14 to generate amplitude finding equations in
their BWMRPT method is that it does not maintain size-extensive
nature of the computed energy due to the presence of disconnected
μ l(1)
terms emerging from E⟨χl ∣Tμ ∣ϕμ ⟩ appearing in the cluster finding equation. Note that, in the BW-structure, there are no counter
terms to remove this disconnected term. One can avoid this objection by expanding target energy, E, in terms of an unperturbed RSlike energy. However, this modification has the danger of destroying
the intruder free nature of the method. Here, we want to mention the suggestion made by Mukherjee and co-workers52 to maintain the size-extensive property of the BWMRPT method of Hubač
and co-workers.14 This idea has also been applied by Pittner and
co-workers53 as well as Mahapatra-Chattopadhyay.54
In MRPT, the definition of the zeroth-order Hamiltonian H 0
is not distinctive and various MRPT methods mainly differ in their
choice of H 0 . Here, we employ a multipartitioning MP scheme55 in
IVO-MBWMRPT to identify H 0 . In IVO-BWMRPT, the referencerelated Fock-like operator based on the concept of multipartitioning
scheme can be defined as
1 uj μ
j
ju
ij
fμ ≙ ∑[fcore + ∑(Viu − Viu )Duu ]{Ei },
2
u
ij

(4)

where u stands both for a doubly and a singly occupied active orbital
in ϕμ and Dμ ’s are the densities described by the active orbitals corresponding to IVO-CASCI states in the CAS. As the H0 used here
(MP scheme) is always diagonal (monoelectronic in nature), the
μ
zeroth-order Hamiltonian operator is H0 ≙ ∑i fμii {Eii }.
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The wide variety of MR systems and situations warrant that no
one method will be able to describe all cases. From the discussion
that follows, one can hope that a large number of MR issues can be
handled by the IVO-BWMRPT method.
III. RESULTS AND DISCUSSION
For the single σ bond formation/dissociation process, the
quasidegeneracy of two configurations—the well-behaved closed
shell Hartree-Fock (HF) function (at equilibrium geometries) σ 2 and
the doubly excited lowest-lying antibonding configuration σ ∗2 —
happens as the bond is stretched out (see Fig. 1). The specification of
the zeroth-order Hamiltonian and selection of an active space along
with active orbitals usually determine the performance of the perturbation scheme. The spirit of the MR-based calculations is to use as
small a CAS as possible. It is therefore purposeful to study the usefulness of the IVO-BWMRPT for a minimal CAS. Moreover, the use of
a minimal active space allows one to analyze the effect of the dynamical electronic correlation on the computed properties using the
IVO-SSMRPT method. The basis sets used here were taken from the
EMSL database.56 Our own IVO-BWMRPT program is interfaced
with the GAMESS (General Atomic and Molecular Electronic Structure System) suite of programs57 and takes advantage of the procedures of the package. We should emphasize that the cost of SSMRPT
calculations is primarily governed by the cost of storing two-electron
integrals.
A. A symmetry-forbidden model reaction:
Dissociation of 1 A 1 BeH2 molecule toward
Be + H2 along C2v path
The BeH2 model system (see Fig. 2) was originally proposed
by Purvis et al.58 and is a popular benchmark for ab initio methods
tailored to treat nondegeneracy and degeneracy on equal footing in
the presence of intruders.11,52,59–63 This model C2v insertion pathway [takes place in a two-dimensional coordinate system, (x, y)] of
Be into the H2 chemical reaction is somewhat more complex [can
be characterized by a single parameter x, which describes the distance between the Be atom and the center of the mass of H2 : y(x)
= 2.54 − 0.46x]58 and challenging than the conventional covalent
single bond breaking due to the strong quasidegeneracy of the 2s
and 2p orbitals in the Be atom. This is a situation for symmetryforbidden processes as HOMO (highest-occupied molecular orbital)
and LUMO (lowest-unoccupied molecular orbital) swap along the
reaction coordinate. As the Be atom moves toward the H2 molecule,
the H−−H bond widens. It is interesting to note that for geometries A-C, ϕ1 ≙ 1a21 2a21 1b22 is dominant, whereas in G-I geometries
ϕ2 ≙ 1a21 2a21 3a21 is dominant and at geometries D, E, and F, ϕ1 and
ϕ2 are approximately equally important. As a result of this, there is
a crossing between the two reference functions at some intermediate distance of insertion. Moreover, the ground state (1 A1 ) energy
surface undergoes an avoided crossing at x = 2.8 a.u. (maximum
quasidegeneracy occurs). It is worth noting that SRCC can correctly address insertion of Be into H2 only when different CASs
are employed in different intervals of insertion pathways due to the
presence of an avoided crossing in the intermediate zone.
The CASSCF/IVO-CASCI calculations show that a CAS with
two electrons in two active orbitals, CAS(2,2), is sufficient for a
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FIG. 2. Model insertion reaction of Be into the H2 molecule confined to the C2v
symmetry. We follow Ref. 58 where the Be atom is at the origin and the y coordinates (a.u.) of the hydrogen atoms are connected with their x (a.u.) coordinates
(lying in the range 0–4) by y(x) = (2.54 ± 0.46x) x ⊂ [0, 4].

qualitatively correct description of the H−−H bond breaking and
the formation of two new Be−−H bonds. At x = 0 (corresponding
to the linear BeH2 structure), the active orbital 1b2 is principally
occupied, whereas at x = 4 a.u. (described Be+H2 system), the active
orbital 3a1 is mainly occupied. To illustrate the effect of CAS size
on the computed properties, we have also used CAS(4,4) where
active orbitals belong to a1 and b1 irreducible representations within
the C2v symmetry. IVO-BWMRPT, with both CASs, performs uniformly along the reaction coordinate. The geometries studied here
are the same as in Ref. 58 and have been used here for comparison
with the results published previously by various researchers. Energy
surface [see Fig. 3(a)] for the formation of BeH2 for various MRbased discussed here runs close to each other for the ground state.
We show in Fig. 3(b) the error surfaces (with respect to the FCI
values58 ) for the BeH2 insertion pathway in the ground state (1 A1 )
predicted by IVO-BWMRPT, IVO-RSMRPT, IVO-MRMP2(2,2),
SSMRCCSD(2,2) (SSMRCC with singles and doubles method), and
CAS(2,2)CCSD [MR state-specific coupled-cluster method with a
complete active space reference + singles and doubles (SD) excitations]60 as a function of the insertion coordinates. Figure 3(b)
illustrates how well a particular approach describes the change in
quasidegeneracy of the BeH2 dissociation process in comparison
with the corresponding process obtained in the FCI computations.
The IVO-CASCI model reaction profiles for different CASs (not
shown in Fig. 3) are qualitatively similar to the FCI surfaces and
hence provide a correct profile at the qualitative level. For both
CASs, the IVO-CASCIs supply notable improvements over the conventional SRCC calculations, as should be. The error surface for
IVO-BWMRPT(4,4) runs close to IVO-BWMRPT(2,2) with deviations being less than 19 mEh throughout the reaction path. One
can find that errors from the IVO-BWMRPT follow the shape of the
other MRPT methods more closely than CC results. Near the linear
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FIG. 3. (a) Energy surfaces for the 1 A1
ground state of the BeH2 model insertion reaction profile along the C2v path.
(b) Error surfaces provided by various
methods with respect to full configuration
(FCI) values.

geometries, IVO-based MRPT methods exhibit a minimum deviation from the FCI energies similar to the MRUPT2 and GVVPT2
calculations of Chen-Hoffmann.62 Note that the energy error surfaces of the MRPT methods plotted in Fig. 3(b) run in the range of
[−7.75, −24.03] mEh (milliHartree) for IVO-BWMRPT(2,2), [−7.65,
−32.01] mEh for IVO-RSMRPT(2,2), and [−7.83,−36.06] mEh for
IVO-MRMP2(2,2). The corresponding values for SSMRCCSD and
CAS(2,2)CCSD are [0.03,−0.849] and [0.023,0.708] mEh , respectively. The maximum and minimum energy errors provided by
CASSCF-MRMP2(2,2) are −29.9 and −8.1 mEh , respectively. The
corresponding errors provided by the CASSCF-SSMRPT level of calculation are −32.06 and −7.91 mEh , respectively. The NPE values for
IVO-MRMP2(2,2), IVO-RSMRPT(2,2), and IVO-BWMRPT(2,2)
are 28.23, 24.36, and 16.28, mEh , respectively. These values compare acceptably with the results published in the literature, such as
the SS-MRCCSD (2.238 mEh 59 ), which becomes 1.355 mEh after
the incorporation of perturbative triples corrections. Lowering of
the NPE value on moving from IVO-RSMRPT to IVO-BWMRPT
gives us a strong argument in favor of the BW formulation of the
SSMRPT method. The maximum and minimum errors relative to
the FCI values in the IVO-BWMRPT(4,4) estimates for energy are
−18.28 and −5.39 mEh , respectively. We should note that the use of
CAS(4,4) in IVO-BWMRPT reduces the NPE from about 16.28 mEh
to nearly 12.89 mEh . This fact indicates than an increase in CAS size
improves the quality of error surface. The results presented in Fig. 3
suggest that the IVO-BWMRPT(4,4) energy surface computed for
the symmetric insertion of the Be atom into H2 is more parallel to
the FCI reference surface than the IVO-BWMRPT(2,2) surface. It is
notable that the MCUPT procedure with CAS(4,4) yields the NPE
as 2.3 mEh only.63 The NPEs of both GVVPT2 (second order generalized van Vleck perturbation theory) and MRUPT2 (MR unitary
second-order perturbation theory) insertion surfaces with CAS(4,6)
are 0.90 and 0.69 mEh , respectively.62 It is found that the NPE of SSMRCCSD(T) (SSMRCCSD with perturbative triples) lies in between
SSMRCCSDT-1a (1.445 mEh ) and SSMRCCSDT-1b (1.206 mEh )
estimates. Here, one may note that SS-MRCCSDT has an NPE
of 0.198 mEh . Note that the CAS(2,2)CCSD method has been
found to accurately reproduce the FCI results with NPE 0.685 mEh .
The NPE values provided by MRCISD (MR configuration
interaction with singles and doubles) and icMRUCCD(2) level of
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calculations with CAS(4,6) are very small, such as 0.20 and 0.43 mEh ,
respectively.62
Figure 3 clearly suggests that the maximum spread of the computationally demanding CAS(2,2)CCSD and SSMRCCSD results for
the points along the dissociation pathway of the BeH2 molecule is
much smaller than for the MRPT methods reported here. Comparing the different calculations, one can see that the MRPTs
generally slightly underestimate the FCI energies, while the SSMRCC results vary between overestimation and underestimation.
The IVO-BWMRPT method along with other MRPT approaches
shows considerable errors near the point where the two reference
configurations are degenerate. Note that globally, the USS(2)-BW
and USS(2)-Mk levels of calculations (where USS stands for universal state-selective) supply a very balanced description of the
ground-state energy surface for Be+H2 reaction.61 The potentiality of the IVO-BWMRPT approach to represent the MR situation
that occurs in the model process of inserting the Be atom into the
H2 molecule indicates that the methodology may also be competent in elucidating more complicated MR problems as discussed
below.
B. Covalent single-bond dissociation
To further benchmark the efficacy of IVO-BWMRPT, we calculate the dissociation energy surfaces of X2 (X = F, Cl, and Br)
and FH systems which present various difficulties such as (i) intricate interplay of SR and MR-character of the wave function over
internuclear separations and (ii) treatment of correlation effects with
higher angular momentum basis functions. We want to mention that
as more electrons are closer together near the equilibrium region
than at the dissociation zone, contribution of dynamical correlation
is larger there compared to that at the dissociation limit. It is worth
noting that the reported PESs do not include relativity effects.37,64
Here, we also report the selective spectroscopic constants (obtained
from a fourth to sixth order Dunham fit polynomial of single point
energy calculations, which gave consistent results) such as equilibrium bond length Re (Å) and vibrational frequency ωe (cm−1 ).
We also computed dissociation energy De (kcal/mol) by subtracting the energy at a large interatomic distance from that at Re . Thus,
the correctness of the dissociation energy depends on the quality
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of the energy calculated at equilibrium as well as at large internuclear distances. Note that equilibrium bond length and harmonic
frequency usually help us to judge the productivity of the approach
around the equilibrium region of PES, while the correctness of dissociation energy indicates the success of the approach in the asymptotic region. Here, we froze inner-shell electrons. In all correlated
treatments reported in this work, the lowest, 1σ core orbital in F2
and FH was kept frozen, whereas the He- and Ne-cores of Cl2 and
Br2 , respectively, are not taken into account in correlation calculations. In the treatments of heavy element systems, the frozen core
scheme is usually employed to diminish the computational price.
The treatment of a single bond dissociation needs only an IVOCASCI zero-order description including two electrons in two active
orbitals, IVO-CASCI(2,2).
1. Homonuclear dihalogen molecules:
X2 ↔ 2X (X = F, Cl, Br)
As one passes down in the periodic table, generally, it is found
that the bonding dissociation energy for homonuclear diatomics
diminishes. However, in the halogen family, the chlorine molecule
possesses the largest bond dissociation energy. It is worth noting
that the calculations of accurate X2 PES and corresponding spectroscopic constant 1 Σ+g X2 are of fundamental importance to various
issues such as atom-atom collisions, prediction of cluster structures,
and so on.
The long-range behavior of the energy surface of 1 Σ+g F2 is complicated by the fact that various Π states have lower energies than
the ground state, leading to surface crossing at large distances. It is
worth stressing that these Π-states are covalently repulsive at shorter
distances. The appearance of such crossings manifestly also creates difficulties for the proper description of the dissociation energy
profile for 1 Σ+g F2 . In F2 , the two electrons of the σ bond are surrounded by six polarizable electron pairs. The intricate interplay of
the dynamic response of these pairs and the fluctuation of the electric field generated due to the movement of the two electrons of the
bond plays a very important role in the calculation of the dissociation energy.11,12,33,59,65–80 This effect is not included in a valence
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CASSCF wave function. For this reason, the CASSCF(2,2)/IVOCASCI(2,2) calculations provide only half the binding energy of the
experimental result. Moving to full valence CASSCF calculations
does not lead to any improvement of the dissociation value.
For our computations on the ground state (1 Σ+g ) F2 system, let
us first consider the calculations using the cc-pVDZ basis set as the
FCI and high-level MRCC results for PES with the same basis that
are available in the literature81 and hence the accuracy of topology
generated via IVO-BWMRPT(2,2) surfaces can be judged through
comparison with them. For this comparison, we have used the same
scheme and F−−F bond lengths as that reported by Scemama and
co-workers.26,81,82 In their work, they have suggested a new statespecific scheme to handle the redundancy issue (multiple parentage
problem) of the JM ansatz-based MR methods where the coefficient of a determinant is tuned by a single parameter. The scaling of
this parameter depends on the coupling between the references and
single and double excitations. This scheme has proved to be very
useful as the MRCC (allows one to take into account the coupling
between the static and dynamic correlation effects in an effective
manner) energies computed thereby are very close to the corresponding FCI values.81 The proposed state specific MRCC algorithm
of Scemama and co-workers81,82 is based on an iterative dressing
of the MRCI matrix (following the philosophy of the intermediate
effective Hamiltonian formalism), and hence, the working equation
appears as a standard eigenvalue equation. As a result of this, it is
fully relaxed in nature structurally (similar to the SSMR protocols)
and may be applied to excited states.83 To understand the usefulness of the present method vis-á-vis MRCCSD (which only handles
SD excitations in the expression of the wave operator similar to the
CCSD) and CASCISD (CI of a CAS with singles and doubles excitations) approaches, we have illustrated the total energy and error
(relative to FCI values) surfaces as a function of the F−−F bond length
in Fig. 4(a). Here, it is worth noting that the CASCISD scheme treats,
although in a size-inconsistent fashion, the nondynamical part in the
construction of the CASCI function and the crucial dynamical part
in the CISD step.
One can find that in the equilibrium and bond-breaking zones,
the PES remains parallel to the FCI, which illustrates that in spite

FIG. 4. Comparison of different MR
schemes in the cc-pVDZ basis set: (a)
Ground state potential energy surfaces
of the F2 molecule obtained by various
methods including CASCISD, MRCCSD,
and IVO-BWMRPT. (b) Energy differences in various methods with respect
to the FCI energy (error surfaces). CASCISD and MRCCSD values are taken
form Ref. 81.
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of a change in the model coefficients with F−−F length, the extent
of dynamical correlation treated via IVO-BWMRPT makes the PES
not less parallel than at least CASCISD PES. Keeping in mind
the accuracy/cost ratio, the performance of the IVO-BWMRPT
method is close in proximity to the full-blown MRCCSD results.81
The error surfaces do not show any change in sign in the case
of all the methods considered here. As can be seen from the
error surfaces, the deviations of the IVO-BWMRPT energies from
the FCI estimates do not depend significantly on the F−−F bond
distances. The IVO-BWMRPT and CASCISD error surfaces with
CAS(2,2) reference space and cc-pVDZP basis accord well with each
other with the largest (smallest) deviations (mEh ) being around
18.02 (4.93) for IVO-BWMRPT and 19.83 (16.06) for CASCISD.
The corresponding value for MRCCSD(2,2) is 4.10 (1.78) mEh
which is rather small. The NPE for IVO-BWMRPT is 13.09 mEh ,
whereas those for CASCISD and MRCCSD approaches are 3.77
and 2.31 mEh , respectively. From Fig. 4(b), one can observe that
the IVO-BWMRPT error surface is marginally more sensitive with
respect to the F−−F coordinates than the other two methods, CASCISD and MRCCSD.81 On analyzing the nature of the error surface
for 1 Σ+g F2 , we come to the conclusion that the IVO-BWMRPT protocol exhibits promise in its numerical performance. It should be
noted that one advantage of the present IVO-BWMRPT approach
over the CASCISD method is that the former is capable of treating varying degrees of quasidegeneracy in a size-extensive manner.
This property is crucial in terms of the applicability to larger molecular systems. This fact is encouraging as IVO-BWMRPT requires
only a fraction of the computational requirements of the MRCCSD
one.
Due to the smooth and proper nature of the computed PESs
obtained by IVO-BWMRPT/cc-pVDZ, spectroscopic constants are
also estimated and assembled in Table I. For comparison, we have
also presented the FCI, CASCISD, and MRCCSD values (taken form
the work of Scemama and co-workers81 ) in the same table. The
experimental results84–86 are also listed in Table I for comparison.
The spectroscopic constants extracted from the IVO-BWMRPT PES
are quite encouraging with respect to the FCI and other high-level
MR values. The errors between the IVO-BWMRPT results and the
FCI data for Re and De are 0.009 Å and 1.43 kcal/mol, respectively.
The corresponding values provided at the MRCCSD/cc-pVDZ level
of calculations are −0.005 Å and 1.4 kcal/mol, respectively. As can
be seen from Table I, CASCISD/cc-pVDZ calculations give deviations (−0.006 Å for Re and 2.3 kcal/mol for De ) that are in close
agreement with IVO-BWMRPT and MRCCSD values. We found
a good agreement between the IVO-BWMRRPT and JMMRPT226
values for the cc-pVDZ basis set, although the former seems to
provide marginally better estimates than the later ones reported
here. The IVO-BWMRPT spectroscopic constants relative to FCI
and MRCCSD values show that the error provided by our method
is not very large, advocating that our method can treat mutual
modulation of both nondynamical and dynamical correlations quite
well.
One should mention that the calculations performed using
the medium size (cc-pVDZ) basis set do not provide enough flexibility to attain the experimental results, and hence, we next performed IVO-BWMRPT calculations using a larger basis set, say,
cc-pVQZ. The energy surface so obtained at the IVO-BWMRPT/ccpVQZ level for 1 Σ+g F2 is depicted in Fig. 5. From Fig. 5(a), it is
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evident that our computed surfaces closely follow the findings furnished by different established calculations.11,12,33,59,65–80 The IVOBWMRPT surface lies above the IVO-RSMRPT results in cc-pVQZ.
Quantitative calculations indeed confirm that the energy enhancement of the ground state is due to the BW-perturbative expansion.
The shape of the IVO-BWMRPT energy surfaces is almost identical to the profile of the PES provided by current generation highlevel MK-MRCCSD(T),59 Mk-MRPT2-F12,75 and MRCISD+Q70,76
calculations.
We now address the nature of the energy surface [as shown
in Fig. 5(b)] at large F−−F internuclear distances where the potential suddenly flattens out. A much more challenging task is
the proper description of the 1 Σ+g F2 dissociation for the range
2.5–4.5 Å which contains a small (“unphysical”) hump emerging
from the fact that the quadrupolar repulsions have a longer range
than the dispersion interactions.73 The IVO-BWMRPT/cc-pVQZ
level of calculations unveils a barrier centered at Rbarrier = 3.5 Å,
and the computed barrier height is about 192 μEh (micro-Hartree).
Note that the IVO-RSMRPT/ccpVQZ level of calculation yields a
barrier centered at R = 2.5 Å with the height being about 360 μEh .
The appearance of a tiny barrier on the dissociation energy surface of F2 in the asymptotic region has also been asserted by
means of different high-level MR-based correlated calculations. The
CASPT2 level of calculations87 also gives a barrier of about 367 μEh
(0.230 kcal/mol) at about Rbarrier = 2.96 Å. Note that near the F−−F
separation, Rbarrier of 4 Å, a barrier with a height of approximately
40 μEh (0.025 kcal/mol) appeared along the dissociation surface
generated by the fully uncontracted MR-CISD+Q (MR-CISD with
the Davidson-correction) level of computations with full-valence
CASSCF orbitals (and basis set extrapolated full valence correlation energy and corrections for core-valence correlation, spin-orbit
coupling, and scalar relativistic effects).73 In Ref. 73, Bytautas and
co-workers argued that the repulsive interaction between the atomic
quadrupoles is proportional to R−5 (R stands for the F−−F internuclear distance), and the attractive London dispersion interaction
is proportional to R−6 . The dissimilar decay patterns of these two
interactions yield a baby barrier on the PES near the larger internuclear separations. The existence of the similar barrier was also confirmed in the recent works of Csontos et al.76 To identify the position
and determine the height of the hump fully, SRMRCCSD (SR based
MR coupled cluster method with singles and doubles excitations),
SRMRCCSDT (SRMRCCSD with triples), MR-AQCC (MR averaged quadratic coupled-cluster), MR-ACPF (MR averaged coupledpair functional), and MR-CISD+Q calculations have also been carried out by Csontos et al. At the SRMRCCSDT/CBS(Q,5) level of
theory using CASSCF(18,10) MOs, the PES has a slight barrier
of about 34 μEh around 3.70 Å. Although the MR-AQCC/aug-ccpCVQZ level of calculations provides the height of the barrier to be
very small (22μEh at Rbarrier = 4.40 Å), MR-AQCC(18,10)/CBS (Q,5)
calculations increase the barrier height to a value of 33 μEh (at Rbarrier
= 4.05 Å). Near the F−−F separation of 4.25 [4.05] Å, a barrier of
1723 μEh appeared along PES obtained by the MR-ACPF(18,10)/augcc-pCVQZ [MR-ACPF(18,10)/CBS (Q,5)] level of theory.76 The
F−−F bond dissociation path obtained by the extensive (fully uncontracted) MRCI+Q/CASSCF(18,10)76 also contains the barrier at
around Rbarrier = 3.80 Å with a height of 42 μEh (0.026 kcal/mol).
Csontos et al.76 argued that the height slightly decreases as one incorporates the size-extensive correction in the MRCISD calculations.
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TABLE I. Spectroscopic constants [optimized bond distance (Re ), bond dissociation energy (De ), and harmonic vibrational
frequency (ωe )] for 1 Σ+g F2 obtained by various ab initio methods and experiments. Dissociation energies are in kcal/mol,
bond lengths are in angstroms, and frequencies are in cm−1 . Best ab initio: nonrelativistic frozen-core CBS limit taken from
Ref. 72. AFQMC: auxiliary-field quantum Monte Carlo. Mk-MR: Mukherjee’s multireference.

References
Present

17
33
26
81

75
12
66

77

74
90

78
72
65
67
79
89

88
84 and 85
86

Method

Re

De

IVO-CASCI(2,2)/cc-pVQZ
IVO-BWMRPT(2,2)/cc-pVDZ
IVO-BWMRPT(2,2)/cc-pVQZ
IVO-RSMRPT(2,2)/cc-pVQZ
SSMRPT-CASSCF(2,2)/cc-pVQZ
JM-MRPT2/CASSCF(2,2)/cc-pVDZ
CASCISD(2,2)/cc-pVDZ
MRCCSD(2,2)/cc-pVDZ
FCI(2,2)/cc-pVDZ
Mk-MRPT2(2,2)-F12/cc-pVQZ
Mk-MRPT2(2,2)/CBS(T,Q)
CASSCF(2,2)/cc-pVQZ
Mk-MRPT2(2,2)/CBS
CASPT2(18,10)/cc-pVQZ
CASPT3(18,10)/cc-pVQZ
MRCI+Q(18,10)/cc-pVQZ
MRACPF(18,10)/cc-pVQZ
CASSCF(4,3)/cc-pVQZ
CASPT2(4,3)/cc-pVQZ
SMRPT2/cc-pVQZ
MRMP2/CASSCF(2,2)/aug-cc-pVTZ
NEVPT2/CASSCF(2,2)/cc-pVQZ
NEVPT3/CASSCF(2,2)/cc-pVQZ
(SC)2 SDCI/CASSCF(2,2)/cc-pVQZ
NEVPT2/CASSCF(10,10)/cc-pVQZ
NEVPT3/CASSCF(10,10)/cc-pVQZ
AFQMC/cc-pCVQZ
CEEIS(3c)/cc-pCVQZ
Best ab initio
Mk-MRCCSD(2,2)/cc-pVQZ
Mk-MRCCSD(2,2)/CBS
MkCCSD-F12/CAS(2,2)/cc-pVQZ
MkCCSD(T)-F12/CAS(2,2)/cc-pVQZ
SS-MRCCSD/cc-pVQZ
LC-CEPA-3/TZVP
LC-CEPA-3+TQ/col/line/TZVP
LC-CEPA-3+TQ/explicit/TZVP
CCSD/TZVP
CCSD(T)/TZVP
Experiment
Experiment
Stimulated Raman

1.503
1.451
1.406
1.411
1.411
1.43
1.466
1.465
1.460
1.408 1
1.404 4
1.468 8
1.3983
1.421 6
1.411 8
1.415 8
1.4163
1.329
1.402
1.406
1.428
1.396 0
1.417 1
1.412 9
1.419 25
1.415 0
1.411
1.413 5
1.414 8
1.409 3
1.405 7
1.406 0
1.419 8
1.410 9
1.380
1.416
1.415
1.395
1.417
1.411 93

29.03
26.88
41.91
39.52
41.50
32.07
26.01
26.91
28.31
41.93
43.00
16.58
40.31
36.21
32.98
35.97
35.97
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36.6
39.60
32.05
36.67
36.64
36.99
40.82
38.22
39.25
41.2
42.6
41.74
35.05
40.8

ωe
727
844
910
921
931

950
960
696
970
888.2
911.4
909.5
908.8
1255.8
982.9
970.1
888
947.2
861.6
915.2
886.6
893.0
912
915.102
920
926
934
935
890
925.4
1052.6
911.5
907.8
1007.7
920.4
917

38.34
1.412 642

916.929
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FIG. 5. (a) Potential energy surface
of the ground state fluorine molecule,
1 +
Σg F2 , obtained by the nonrelativistic
IVO-BWMRPT/cc-pVQZ scheme and (b)
emergence of the barrier along the F−−F
bond dissociation path obtained by the
IVO-BWMRPT/cc-pVQZ protocol.

They demonstrated that the barrier height enhances while Rbarrier
diminishes as the size of the basis set increases. Note that the calculations of the rigorously size-extensive SS-MRCCSD approach of
Mukherjee46 (Mk-MRCCSD) with delocalized orbitals do not yield
any trace of the barrier on the computed 1 Σ+g PES.65 However, in
calculations with an active localized orbital, there is a small barrier centered around Rbarrier = 3.551 Å for Mk-MRCCSD and MkMRCCSD(T) methods.59 The Mk-MRCCSD(T)/CBS (where CBS
stands for complete basis set) level of calculations with left-right
localized ROHF orbitals indicates the height of the barrier to be
around 77 μEh (0.048 kcal/mol) which is slightly higher than that
of the barrier suggested by Bytautas-Ruedenberg and Csontos et al.
Incorporation of the contribution of the scalar relativistic and spinorbit effects brings the height of the Mk-MRCCSD(T)/CBS barrier
to 80 μEh (0.05 kcal/mol). Therefore, the dissimilarity of the behavior for long range potential of F2 when employing localized and
delocalized active orbitals in the case of the Mk-MRCC method is
noticeable. Csontos et al.76 argued that the MR-based correlated
calculations with CAS(2,2) are not sufficient to correctly manage
the effects which are responsible for the impression of the barrier. It is interesting to see that our IVO-BWMRPT method with
minimal active space provides salient guidance about the existence
and the position of the barrier on the calculated ground state F2
PES. One notes that the location and height of the barrier are
strongly affected by the size of the basis set and the extent of the
dynamical correlation incorporated in a given method. It is noteworthy that the MRPT level of calculations notably overestimates
the height of the hump as predicted by state-of-the-art calculations
of Bytautas-Ruedenberg73 and Csontos et al.,76 advocating that the
correct computation of the barrier height might entail the consideration of the effects of higher than second-order perturbative
corrections.
To judge the quality of the computed IVO-BWMRPT method,
a comparison of IVO-BWMRPT spectroscopic constants vis-a-vis
different methods is collected in Table I. As the size of the basis
set is increased from cc-pVDZ to ccpVQZ, the molecular constants of spectroscopic interest extracted by the IVO-BWMRPT
results appear to be in nice accord with the experimental data.
Addition of dynamical correlation at the IVO-CASCI level brings
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quantitative agreement between the theoretical and experimental
results. In Table I, we see that the IVO-BWMRPT/CAS(2,2) calculation with cc-pVQZ gives a positive binding energy and recovers
most of the binding energy of the fluorine molecule, exhibiting an
overestimation of the binding energy by 3.6 kcal/mol with respect
to the experimental value.88 The discrepancy of IVO-BWMRPT Re
with respect to the experimental value is −0.0058 Å. The IVOBWMRPT/CAS(2,2) wave function also provides the value for the
harmonic vibrational frequency that is very close to the experimental
estimate with a deviation of around 7 cm−1 . The closeness of IVOBWMRPT(2,2)/cc-pVQZ estimates with our previously computed
SSMRPT(2,2)/cc-pVQZ results is also very good. The spectroscopic
parameters provided by IVO-BWMRPT/cc-pVQZ agree very well
with the Mk-MRPT(2,2)/CBS and Mk-MRPT2(2,2)-F12/cc-pVQZF12 results for F2 .75 It should be noted that the principal spectroscopic constants calculated at the IVO-BWMRPT/CAS(2,2)/ccpVQZ level are essentially the same as the ones obtained by MRMP2,
NEVPT2, NEVPT3, (SC)2 SDCI, MRACPF, MRCI+Q, CASPT3, and
Auxiliary-field quantum Monte Carlo (AFQMC) calculations in the
cc-pVQZ basis set with CAS(2,2). With respect to the CAS(2,2) findings, the use of reference of a larger dimension, CAS(10,6) only
slightly modifies the description of spectroscopic constants. All MkMRCC values agree with experimental results,88 with the largest discrepancies being 4.26 kcal/mol for De , 27 cm−1 for ωe , and 0.0079 Å
for Re which are in close agreement with the errors provided by
our methods. Note that the spectroscopic constants calculated by
CASPT277 can differ from the experimental values88 by as much as
65 cm−1 for ωe and 0.009 Å for Re . The CASPT2 discrepancy for ωe
is much larger than the errors provided by our IVO-BWMRPT one.
Again, CASPT2/cc-pVQZ calculations with full valence CASSCF
reference functions66 yield ΔRe = −0.0097 Å, Δωe = 29 cm−1 , and
ΔDe = 2.13 kcal/mol. In the case of MRACPF/cc-pVQZ level of calculations with full-valence CASSCF, the errors obtained in Re (Å),
ωe (cm−1 ), and De (kcal/mol) are −0.0044, 8.2, and 2.37, respectively. The table indicates that CASPT3 Re and ωe are more accurate than the CASPT2 ones. Our method also gives comparable
spectroscopic parameters to the LC-CEPA-3+TQ [local contracted
coupled-electron pair approximation dressing and by incorporating the leading part of linked effects of triples (T) and quadruples
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(Q)] method.89 The absolute errors for F2 from experimental bond
length and harmonic frequency are 0.0031 Å and 9 cm−1 for LCCEPA-3+TQ/explicit, respectively, comparable to 0.0051 Å and
3.4 cm−1 for CCSD(T), and smaller than 0.0169 Å and 91.1 cm−1
from CCSD. Finally, the IVO-BWMRPT values presented here show
relatively similar errors to CEEIS (correlation energy extrapolation
by intrinsic scaling), which has been suggested by Ruedenberg and
co-workers72 to calculate correlation energies for multiconfigurational reference functions. The equilibrium distance (Å), binding
energy (kcal/mol), and vibrational frequency (cm−1 ) obtained by the
present work agree with the corresponding CEEIS(3c)/cc-pCVQZ
values of discrepancies of 0.0087, 3.69, and 5.1, respectively. As
CEEIS targets to extrapolate truncated estimations to the FCI limit,
the harmony between the IVO-BWMRPT and CEEIS values is affirmative, and it recommends that both approaches may be successfully and consistently arresting the basis set correlation energy of
the F2 system. Our findings are in conformity with the estimates
of the best ab initio scheme suggested in Ref. 72 with the errors of
0.0087 Å for Re , 10 cm−1 for ωe , and −2.66 kcal/mol for De . The
corresponding errors for CASPT2(18,10)/cc-pVQZ66 are −0.0068 Å,
32.0 cm−1 , and 3.04 kcal/mol, respectively. The errors introduced by
NEVPT2(2,2)/cc-pVQZ90 are 0.0188 Å for Re , −27 cm−1 for ωe , and
−0.35 kcal/mol for De . The above analysis clearly discloses the feasibility of the IVO-BWMRPT vis-á-vis other popular MRPT methods
for the description of the ground state F2 .
Next, we focus on the Cl2 system. An accurate description
of molecular chlorine has been the topic of various experimental
and theoretical studies.33,74,89,91–98 Cl2 continues to serve as a probing ground to investigate photodissociation dynamics. In contrast
to F2 , Cl2 (and Br2 ) is bound even at the mean-field level of calculations. Figure 6 shows the ground state PES obtained by the
IVO-SSMRPT calculations with the RS and BW based perturbative schemes for the ground state of Cl2 . Of central interest here
is the behavior of the IVO-BWMRPT method over the dissociation path. As shown in Fig. 6, the variation of the IVO-BWMRPT
energy with Cl−−Cl bond distances is smooth and hence provides

FIG. 6. Ground state potential energy surface for the dissociation of the Cl−−Cl
bond obtained from the IVO-BWMRPT/cc-pVQZ scheme.
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meaningful potential energies. Interestingly, Fig. 6 also demonstrates
that the topological behavior of dissociation of 1 Σ+g Cl2 is almost
similar to the results obtained by other previously published established methods33,96 which prompted us to compute spectroscopic
constants of 1 Σ+g Cl2 . Spectroscopic constants [Re (Å), De (kcal/mol),
and ωe (cm−1 )] are presented and compared with the other theoretical results33,74,89,92,93,98 and experimental values88,99 given in Table II.
Table II recommends that quantitative results can be obtained from
the IVO-BWMRPT method with IVO-CASCI(2,2) orbitals. The
results assembled in the table argue that (i) the extracted equilibrium bond length, Re , for the ground state is larger by 0.0045 Å, (ii)
the discrepancy between experimental and IVO-BWMRPT dissociation energy De is around 1 kcal/mol, and (iii) the deviation of the
vibrational frequency, ωe , is within 16 cm−1 . The evaluated vibrational frequency and optimized bond distance provided by IVOCASCI(2,2) are larger than the corresponding experimental values
by 46.1 cm−1 and 0.297 Å, respectively. Present calculations indicate
that adding the dynamic correlation at the IVO-CASCI level using
the BW-based SSMRPT protocol decreases Re (by 0.2925 Å) and ωe
(by 30.0 cm−1 ) values toward the experimental values. The IVOCASCI dissociation energy is smaller than the experimental value by
14.67 kcal/mol. It is observed that the addition of dynamical correlation in the calculations at the IVO-CASCI level using the BWMRPT
scheme results in an increase of 15.7 kcal/mol in the dissociation
estimate. The errors of IVO-RSMRPT relative to the corresponding
experimental values for Re , De , and ωe are 0.0009 Å, −3.13 kcal/mol,
and −5.1 cm−1 , respectively. Our theoretical estimates are also in
reasonable agreement with CCSD(T)/CBS[TQ5] data.92 It is gratifying to notice that our estimates are in nice harmony with CASPT2
and SMRPT2 results with the cc-pVQZ basis set.77 The deviations of
IVO-BWMRPT spectroscopic constants from the all-electron NRCCSD(T)/cc-pVTZ data of Visscher and Dyall98 for 1 Σ+g Cl2 are not
significant. Table II also displays that the IVO-BWMRPT values
are in good agreement with our previously published computationally expensive SS-MRCCSD/cc-pVQZ method.79 From the results
given in Table II, we can see close agreement between the IVOBWMRPT(2,2) and MRMP2(2,2). For the 1 Σ+g Cl2 system, the level
of agreement of IVO-BWMRPT with the computationally expensive CCSD(T)/[CBS(FC)+CV + est. FCI]93 scheme is also notable93
with the errors of −0.0068 Å for Re , −0.81 kcal/mol for De , and
−17.3 cm−1 for ωe . The corresponding values for IVO-RSMRPT
are −0.0014 Å, −2.9 kcal/mol, and −6.3 cm−1 , respectively. For a
Cl2 molecule, one might note that the IVO-BWMRPT results are
very similar to those of LC-CEPA and CCSD(T). Interestingly, the
LC-CEPA-3/TZVP level of calculations for the Cl2 system provided much better agreement with IVO-BWMRPT than that of the
LC-CEPA-3+TQ and CCSD(T). From the work of Zhang et al., it
has been observed that the performance of LC-CEPA-3+TQ and
CCSD(T) is close to the CCSD one. The absolute deviation relative
to experimental equilibrium bond length and frequency are 0.025 Å
and 25.8 cm−1 for the LC-CEPA-3+TQ/explicit method, comparable to errors of 0.015 Å and 5.9 cm−1 , respectively, for CCSD and
0.023 Å and 21.8 cm−1 , respectively, for CCSD(T). The influence of
the relativistic effect on spectroscopic parameters of the dihalogen
molecules has been examined by comparing nonrelativistic with relativistic all-electron calculations.98 Their calculations argued that the
relativistic correction to the spectroscopic properties is fairly small
for Cl2 .
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TABLE II. Spectroscopic constants [optimized bond distance (Re ), bond dissociation energy (De ), and harmonic vibrational
frequency (ωe )] for the 1 Σ+g Cl2 molecule obtained by various ab initio methods and experiments. Dissociation energies are
in kcal/mol, bond lengths are in angstroms, and frequencies are in cm−1 .

Reference
Present

33
74
77

93
92
98
89

88
99

Method/basis

Re

De

ωe

IVO-CASCI(2,2)/cc-pVQZ
IVO-RSMRPT(2,2)/cc-pVQZ
IVO-BWMRPT(2,2)/cc-pVQZ
SSMRPT-CASSCF(2,2)/cc-pVQZ
MRMP2(2,2)/aug-cc-pVTZ
CASSCF(4,3)/cc-pVQZ
CASPT2/cc-pVQZ
SMRPT2/cc-pVQZ
CCSD(T)/aug-cc-pV(6+d)Z
CCSD(T)/CBS(FC)+CV+est. FCI
CCSD(T)/CBS[TQ5]
CCSD(T)/cc-pVTZ
LC-CEPA-3/TZVP
LC-CEPA-3+TQ/col/line/TZVP
LC-CEPA-3+TQ/explicit/TZVP
CCSD/TZVP
CCSD(T)/TZVP
Experiment
Experiment

2.285
1.9871
1.9925
2.0020
2.032
1.978
1.987
1.987
1.9907
1.9857
1.990
2.018
1.989
2.016
2.013
2.003
2.011
1.988

42.4
60.2
58.11
60.65
50.3

611
570
581
584
538
611.1
575.5
578.9
562.7
563.7
559
546
585.8
533.9
539.1
559.0
543.1
564.9
559.71

Going a little further to more heavy systems, we consider the
single bond dissociation of molecular bromine, Br2 . In general, highlevel ab initio studies on systems containing Br are not trivial and
straightforward due to the large number of electrons associated and
the influence of relativistic effects along with the crossing of several repulsive excited states. Despite its technological importance
(its role in ozone depletion and in dynamics of the ultrafast neutral molecules), several features in its spectra remain unclear. For
these reasons, the Br2 system has also attracted a lot of attention
of various theoretical33,93,98,100–108 and experimental88 researchers.
Previously published theoretical works had already demonstrated
that the energy surface and spectroscopic constants of 1 Σ+g Br2 provided by the CCSD(T) level of calculations lead to substantial errors
from experimental values, indicating significant MR characteristics
of the 1 Σ+g Br2 wave function. The extracted spectroscopic constants for the computed PES are presented in Table III together with
the available established theoretical and experimental results. The
IVO-BWMRPT method produces a smooth and consistent behavior across the whole region of the energy surface, indicating that the
method has sufficient flexibility to model large changes in electronic
structure that accompany chemical changes.
The results assembled in Table III imply that the spectroscopic
constants for the Br2 obtained from the IVO-BWMRPT method
with a good basis are accurate even with the exclusion of the relativistic effects. The deviations of IVO-BWMRPT/cc-pVQZ results
from the corresponding experimental values in De and ωe are under
6.25 kcal/mol and 13.7 cm−1 , respectively. One can note that the
extracted equilibrium distance, Re , obtained by the IVO-BWMRPT
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57.3
52.3

57.07

method moves to a shorter Br−−Br distance by 0.0109 Å with respect
to the corresponding experimental finding. The overall performance
of the IVO-RSMRPT/cc-pVQZ method is also good, giving an error
of 0.0116 Å, −7.6 kcal/mol, and −28.7 cm−1 for Re , De , and ωe ,
respectively. The errors of IVO-BWMRPT spectroscopic constants
bolster our belief that our computed PES for 1 Σ+g Br2 is acceptably
good.
The balanced and accurate treatment of electron correlation
and relativistic effects plays a pivotal role in computing the molecular properties of 1 Σ+g Br2 . Feller et al.93 have shown that the contribution of both molecular core-valence correlation and molecular
SO coupling on dissociation is not significant (around 0.8 kcal/mol).
Note that the effect of scalar relativity on the spectroscopic constants of 1 Σ+g Br2 has also been studied by Dolg and co-workers104
which were estimated to be 0.0023 Å on Re , 1.2 cm−1 on ω, and
20.54 kcal/mol on De . At the nonrelativistic HF method, Schwerdtfeger et al.109 observed an Re of 2.302 Å that reduces to 2.298 Å
due to the incorporation of scalar relativistic effects and to 2.300 Å
upon inclusion of the scalar effect in conjunction with the spin-orbit
one. The completely relativistic all-electron correlated atomic calculations lead to the generation of the relativistic PPs which can be
further used in a simple and undemanding manner to include the
scalar relativistic effects. Therefore, the relativistic PP (pseudopotential), in addition to reducing the number of electrons and the basis
set size, also helps vitally in the inclusion of scalar relativistic effects
in a seemingly nonrelativistic calculation pertaining to systems having heavy nuclei. As has been shown104 through a comparison with
the relativistic all-electron estimations that the PPs introduced with
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TABLE III. Spectroscopic constants [optimized bond distance (Re ), bond dissociation energy (De ), and harmonic vibrational
frequency (ωe )] for 1 Σ+g Br2 obtained by various ab initio methods and experiments. Dissociation energies are in kcal/mol,
bond lengths are in angstroms, and frequencies are in cm−1 .

Reference
Present work

33
74
100

98
93
79
108
110

93
107
102
88

Method/basis

Re

De

ωe

IVO-RSMRPT/cc-pVQZ
IVO-BWMRPT/cc-pVQZ
IVO-BWMRPT/cc-pVTZ-PP
SSMRPT-CASSCF(2,2)/cc-pVQZ
MRMP2(2,2)/aug-cc-pVTZ
MRCI+Q/aug-cc-pVTZ
MR-ccCA/cc-pV(n+d)Z
CASPT2/cc-pVTZ
CASPT2/cc-pVTZ
CASPT2-DK2/cc-pVTZ-DK
4c-CISD/cc-pVTZ
CCSD(T)/cc-pVTZ
CCSD(T)/aug-cc-pRV5Z
CCSD(T)/CBS(FC)+CV+est.FCI
SSMRCCSD/cc-pVQZ
SSMRCCSD/cc-pVTZ-PP
CCSD(T)-F12x/cc-pVDZ-F12
CCSD(T)-F12x/cc-pVQZ-F12
AF-QMC/cc-pVDZ-PP
AF-QMC/cc-pVTZ-PP
CCSD(T)/cc-pVTZ-PP
CCSD(T)/cc-pVQZ-PP
CCSD(T)/CBS
DMC/1-det
DMC/multideterminant
DKH-CASPT2/ANO-RCC
Experiment

2.2694
2.2701
2.2678
2.2684
2.316
2.316
2.288
2.311
2.314
2.310
2.292
2.315
2.6728
2.6473
2.2800
2.2929
2.2764
2.2767
2.321
2.279
2.295
2.334
2.2807
2.274
2.286
2.298
2.2810

53.5
52.15
53.01
56.95
45.8
44.87
45.01
45.01
46.05
44.58
22.3
46.1

354
339
347
336
310
313.8
321.8
312.6
310.6
311.3
335
316
220.8
225.2
327.38
333.47
330.7
330.5
314
336
322
302

cc-pVXZ-PP are of very high quality, we have opted for the computation of the spectroscopic constants of Br2 within the cc-pVTZ basis
set in concurrence with the pseudopotential (cc-pVTZ-PP). Note
that in Ref. 104, the frozen-core CCSD(T) estimations of the spectroscopic parameters of various dimers with the cc-PVXZ-PP basis sets
are in reasonable agreement with the experimental results. We now
focus on the IVO-BWMRPT/cc-pVTZ-PP results and their comparison with experiment and various calculations with relativistic
effects.
In Table III, it is seen that the IVO-BWMRPT level of calculations with cc-pVTZ-PP overestimates the experimental vibrational frequency and binding energy by 21.7 cm−1 and 7.1 kcal/mol,
while IVO-BWMRPT/cc-pVTZ-PP underestimates the experimental Re by 0.0132 Å. On the other hand, AF-QMC (auxiliary field
quantum Monte Carlo)110 calculations with cc-pVTZ-PP underestimated experimental Re (by 0.002 Å) and overestimated experimental ωe and De by 10.7 cm−1 and 6.1 kcal/mol, respectively. In
AF-QMC calculations, Al-Saidi et al.110 have used consistent correlated basis sets of Peterson et al.104 which employ a small-core
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55.26
54.97

42.1
52
48.34
39.16
45.39
50.6
49.46
41.5
45.9

346
323
317
325.31

relativistic pseudopotential. We also note that the diffusion Monte
Carlo (DMC) findings with single and multiple determinants107 concur well with our results obtained by IVO-BWMRPT with cc-PVQZ
and cc-PVTZ-PP basis sets. Al-Saidi107 used the scalar-relativistic
energy-consistent HF pseudopotentials which are nonsingular at the
origin in DMC calculations. The multideterminant DMC dissociation energy is higher than the experimental value by 3.56 kcal/mol,
while the equilibrium bond length is higher by 0.005 Å and frequency is lower than the experimental data by 2.31 cm−1 . Our IVOBWMRPT/cc-pVTZ and IVO-BWMRPT/cc-pVTZ-PP results agree
nicely with the values computed by relativistic CASPT2,102 as presented in Table III. CASPT2 calculations102 have been accomplished
on 1 Σ+g Br2 , exploiting a custom made ANO-RCC basis set with
a full valence CAS. It is worth noting that the IVO-BWMRPT/ccpVTZ-PP dissociation energy and frequency are larger than the corresponding DKH-CASPT2 values by 11.51 kcal/mol and 30 cm−1 ,
respectively. The IVO-BWMRPT equilibrium bond length is within
0.0302 Å from the DKH-CASPT2 data. The errors with respect to
the experiment provided by DKH-CASPT2 are ΔRe = −0.017 Å and
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Δωe = 8.31 cm−1 , and ΔDe = −4.4 kcal/mol. The results obtained
by the computationally expensive CASPT2-DK2/cc-pVTZ-DK level
for the diatomic constants are in acceptable agreement with IVOBWMRPT/cc-pVTZ-PP results and yield deviations of 0.0422 Å,
35.7 cm−1 , and 8.43 kcal/mol with regard to the equilibrium distance, vibrational frequency, and dissociation energy, respectively.
An extensive calculation on Br2 was performed by South et al.100
using various MR-methods [such as CASPT2, MRCI+Q, and MRccCA (MR correlation consistent composite approach)] with scalar
relativistic effects. They computed the PES and spectroscopic properties using full valence active space in conjunction with two additional virtual orbitals in the active space. They argued that the full
valence CAS is not sufficient to properly describe the bond dissociation asymptote of the PES. The 1 Σ+g Br2 PES obtained generated
by the CASPT2 level of calculations exhibited a notable discontinuity when computed in the standard valence space. The CAS used by
South et al.100 is much larger than the CAS used in IVO-BWMRPT.
In terms of the spectroscopic constants, MR-ccCA maintains very
good agreement with the IVO-BWMRPT values with deviations of
0.0202 Å for Re , 25.2 cm−1 for ωe , and 8.0 kcal/mol for De . Note that
MR-ccCA calculations lead to very highly accurate diatomic constants compared to the CASPT2 and MRCI+Q estimates. Our results
with cc-pVTZ-PP agree well with the CCSD(T)/cc-pVTZ-PP and
CCSD(T)/cc-pVQZ-PP findings.110 The IVO-BWMRPT/cc-pVTZPP Re of 1 Σ+g Br2 is underestimated compared to CCSD(T)/ccpVTZ-PP by 0.0272 Å. IVO-BWMRPT/cc-pVTZ-PP overestimates
the CCSD(T)/cc-pVTZ-PP De and ωe by 4.67 kcal/mol and 25 cm−1 ,
respectively.
Feller and co-workers93 studied 1 Σ+g Br2 wherein a composite
scheme has been employed with a reference energy of CCSD(T)
extrapolated to the CBS limit using up to aug-cc-pV6Z basis sets
and including higher order correlation contributions up to FCI with
a DZ basis. They included core-valence effects and scalar relativistic via the use of the DKH2 Hamiltonian to improve the accuracy of their results. Our IVO-BWMRPT/cc-pVQZ accords closely
with the spectroscopic constants acquired from the CCSD(T)/CBS
scheme differing by an order of 0.0106 Å and 6.76 kcal/mol for the
equilibrium distance and dissociation energy, respectively. Visscher
and Dyall performed detail calculations on the ground state of Br2
using CISD/cc-pVTZ and CCSD(T)/cc-pVTZ methods with relativistic four component (4c) Hamiltonian. Although the 4c-CISD
vibrational frequency and bond distance are in good accord with
the experimental values, it underestimates the dissociation energy
by 23.6 kcal/mol.
The relativistic effect is enhanced on moving from F to Br.
To increase accuracy provided by various nonrelativistic methods, incorporation of relativistic effects is essential. Moreover, one
can argue that incorporation of appropriate sets of orbitals in the
active space used for MRPT calculations can enhance the accuracy
of the computed results. In the near future, we will explore this
aspect. From the analysis presented above, it is found that the IVOBWMRPT dissociation energies for X2 display the trend Cl2 > Br2
> F2 , as also found experimentally and other state-of-the-art theoretical calculations. We also found that the estimated equilibrium bond
lengths obtained by IVO-BWMRPT concur with the trend provided
by the experiment for X2 : Req (F−−F) > Req (Cl−−Cl) > Req (Br−−Br).
A similar trend is also provided by previous calculations.33,79,98 This
fact is related with the enhancement of Pauli repulsion between the
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occupied p(π) orbitals in 1 Σ+g X2 , which is pronounced in F2 as it has
the shortest equilibrium bond of all the dihalogens.
2. Hydrogen fluoride (FH)
The dissociation of hydrogen fluoride (FH) in the ground
(X 1 Σ+ ) and excited (B1 Σ+ ) states renders another widely used model
for approaches tailored to handle quasidegeneracies of various
extent.11,13,34,111–122 Compared to a weak F−−F single bond, the F−−H
single bond is strong. At the equilibrium region, the wave function of FH is mainly controlled by the closed-shell configuration:
|(1σ)2 (2σ)2 (3σ)2 (1π)4 (4σ)0 ⟩. However, at far equilibrium regions,
two additional configurations are generated by excitations from
the 3σ to the 4σ MOs. Thus, as the F−−H bond distance increases
and approaches the dissociation region, two electronic configurations, |(1σ)2 (2σ)2 (1π)4 (4σ)2 ⟩ and |(1σ)2 (2σ)2 (1π)4 (3σ)1 (4σ)1 ⟩,
become important. For this reason, the CCSD(T) method does
not even produce a PES having a correct shape specially at a
larger internuclear distance.111,117 Note that CR-CC and CCSDTR12 yield considerable improvements in the description of
X 1 Σ+ FH when compared with the “gold standard” CCSD(T)
calculations.114
For our computations, the bonding 3σ and antibonding 4σ
orbitals have been considered as the minimal active space, CAS(2,2).
We have first employed the 6-31G∗∗ basis set for which FCI results
are reported by Dutta-Sherrill.112 The contribution of the core
electrons is not significant for computing PES as suggested by Li
and Paldus.111 The performance of the IVO-BWMRPT/6-31G∗∗
vis-a-vis other methods in describing the F−−H bond around the
equilibrium region and at displaced nuclear geometries is presented
in Fig. 7. The results of BWMRPT and BWMRCC are taken from
Ref. 113. The surfaces described in Fig. 7 clearly advocate a better performance of MR-based methods relative to SR-based ones.
Unrestricted orbitals usually improve the performance of SR-based
methods (except for the intermediate bond distances around the

FIG. 7. Potential energy surfaces for the ground state FH as obtained using BWMRPT, BWMRCC, FCI, and the present IVO-BWMRPT methods for the 6-31G∗∗
basis set. The surface in the inset depicts the state energies obtained by the MP2
level of calculations (taken from Ref. 112).
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RHF-UHF instability point) as is evident from the UCCSD(T) surface described in Fig. 7: UCCSD(T) remains fairly parallel to the FCI
surface. One can observe that the IVO-BWMRPT/6-31G∗∗ energies along the dissociation path nicely reproduce the available FCI
features which is evident from the corresponding NPE value. As
expected, the PESs obtained by CCSD(T), LC-CEPA-3, and LCCEPA-3+TQ displayed in Fig. 1 in Ref. 89 have very similar shape
to that of our IVO-BWMRPT one. The results in Ref. 89 along with
the present work demonstrate that the F−−H dissociation process
of IVO-BWMRPT and LC-CEPA-3+TQ is very close to the FCI at
the quantitative level. It can be seen that LC-CEPA-3 gives satisfactory results around the equilibrium region but too high energies at
large bond distances similar to CCSD. The performance of the IVOBWMRPT is significantly better than that of LC-CEPA-3 and CCSD
methods89 over the entire range of energy surface. Also note that
IVO-BWMRPT reproduces the computationally demanding BWMRCC and UCCSD(T) surfaces well. We see that the topologies of the
CASPT2(8,5) and CASPT2(8,8) PESs (not shown in the figure) in
a 6-31G∗∗ basis are nicely reproduced by IVO-BWMRPT(2,2). As
expected, the SR second-order MP perturbation theory (MP2) displays a very poor behavior, as shown in the inset (results are taken
from Ref. 112).
Figure 8 describes the errors (ΔE = EFCI − Emethod ) in potential
energies for FH using different approximate correlation approaches
with a 6-31G∗∗ basis. We note that NPE in the case of IVOCASCI(2,2) is 15.03 kcal/mol which is less than the CASSCF(2,2)
error. The NPEs of the CASSCF for CAS(2,2) and CAS(8,8) are
18.66 and 4.83 kcal/mol, respectively,112 indicating that CASSCF
NPEs are much smaller when larger CASs are used. The improved
description of CASSCF with larger CASs is due to the partial incorporation of the dynamical correlation effect. The main issue of the
MR-based formulation is to employ as small a reference space as
possible. Note that the IVO-BWMRPT error is less uniform than
in the CASPT2 estimates which is evident from the calculated NPE
values. The NPE obtained from the IVO-BWMRPT(2,2) error surface goes down to 5.89 kcal/mol, whereas the corresponding values for CASPT2(8,5) (denoted as valence active space CASPT2)
and CASPT2(8,8) [also CASPT2(1:1)] are 2.8 and 0.50 kcal/mol,
respectively.112 Figure 8 discloses that the larger active space leads

FIG. 8. Error surfaces relative to FCI energy values for the ground state FH as
calculated in BWMRPT, BWMRCC, CASPT2, UCCSD(T), and the present IVOBWMRPT. Calculations have been performed using the 6-31G∗∗ basis set.
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to smaller errors in the case of the CASPT2 method. The NPE of
the SOCI(8,5)/6-31G∗∗ scheme, a variant of the MRCISD method,
is 3.20 kcal/mol, which is very close to the value of our estimate. Reference 112 looked into the performance of CASPT2 using a minimal
active space, CAS(2,2), and their CASSCF(2,2) calculations provide
a higher NPE (18.66 kcal/mol) than CASSCF with the aforementioned active spaces. Sears-Sherrill112 have shown that the CAS(2,2)
seems just as effective as the larger CASs at the CASPT2 level of calculations with NPEs for the FH system of 0.49 and 0.47 kcal/mol
for the CASSCF(8,8) and CASSCF(2,2), respectively.112 A previous
study112 on the CC has shown that the CCSD(T) NPE is as high as
26.8 kcal/mol, while that of UCCSD(T) is 3.7 kcal/mol. The NPE values provided by UCCSD(T), UCCSD(T)-h, and UCCSDT methods
are 3.71, 0.32, and 0.54 kcal/mol, respectively.120 It should not be
surprising that UHF-based calculations invite spin-contamination
which is unwelcome, especially if one is interested in the energy
gaps of states of different spin multiplicities. Our IVO-BWMRPT
method is free from such an objection. For HF, we have found NPEs
of 3.80 and 2.70 kcal/mol for BWMRPT2 and corrected BWMRP2,
respectively.113
In our second set of calculation, we have employed the
aug-cc-pV5Z(-h) basis set. Figure 9 plots the computed IVOBWMRPT/aug-cc-pV5Z(-h) energy surface as a function of F−−H
bond lengths. In the entire domain of F−−H bond distances considered, IVO-BWMRPT and IVO-RSMRPT are within a few mEh of
one another. The difference between the ground state PESs obtained
in the IVO-BWMRPT and IVO-RSMRPT calculations over the
entire F−−H bond distances is nearly constant. It is also worth noting that the IVO-BWMRPT/aug-cc-pV5Z(-h) protocol produces a
smooth PES having a correct shape for the dissociation of X 1 Σ+
FH similar to the findings provided by CCSDT-R12/aug-cc-pVDZ
and CCSDTQ-R12/aug-cc-pVDZ116 computations. One can find
that IVO-BWMRPT PES yields a qualitative similar impression of
CASPT2 and GASCI-2(8,4)//(8,18)SD,121 as well as MRexp(T) and
SRMRCC115 methods. As is well known, the CCSD(T) surface has a
nonphysical barrier toward the dissociation and the CCSD(T)-R12
PES also exhibits the same shortcoming.111,116 We should mention

FIG. 9. Potential energy surfaces for the ground state FH as obtained by IVORSMRPT and IVO-BWMRPT calculations in the aug-cc-pV5Z(-h) basis set.
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that Fig. 3 of Ref. 117 shows that at around 2.5 Å, there is a discontinuity of the CAS(2,2)CCSD PES obtained using the CASSCF canonical orbitals although CASSCF calculations yield a smooth surface.
Note that the CAS(2,2)CCSD calculations with the natural orbitals
provide a smooth surface which agree well with the FCI energy surface. Consequently, the faithfulness of the CCSD(T) methodology
critically depends on the performance of both protocols such as
CCSD and/or perturbation theory.111,116 An artificial solder in the
CCSD(T) X 1 Σ+ FH PES most likely emerges from a similar defect in
the finite order MP2 potentials.112
We next judge the effectiveness of the IVO-BWMRPT against
the experimental data88,123 through the extraction of selective spectroscopic parameters (assembled in Table IV) from the computed PES. The experimental equilibrium bond distance and vibrational frequency were collected from the work of Huber and
Herzberg,88 and the dissociation energy was taken from the work
of Di Lonardo and Douglas.123 Note that the IVO-BWMRPT/augcc-pV5Z(-h), CCSD(T)/AV5Zuc, CR-CCSD(T)/cc-pVQZ, and 4RRMRCCSD(T)/cc-pVQZ results differ very little. As found from
Table IV, the spectroscopic parameters of X 1 Σ+ FH are well
recounted by IVO-BWMRPT/aug-cc-pV5Z(-h) with the deviations
from experimental values of −10.25 kcal/mol for De , −0.0013 Å
for Re , and −14.50 cm−1 for ωe . The errors predicted by the
CCSD(T)+DPT(CCSD) scheme119 with the aug-cc-pCV5Z basis
are −0.0001 Å for Re and −5.68 cm−1 for ωe . We also observe
that the CAS(2,2)CCSD/aug-cc-pVTZ errors for Re , ωe , and De
are −0.0026 Å, −0.38 cm−1 , and 1.66 kcal/mol, respectively. The
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difference between the vibrational frequency of LC-CEPA-3 and
IVO-BWMRPT is noticeable. Note that the LC-CEPA-3+TQ level
of calculations with different schemes provide closer spectroscopic
constants to the IVO-BWMRPT one. Therefore, the connected
triple-quadruple excitations have a crucial impact on the correlation energy in FH. The good agreement between the IVO-BWMRPT
estimates and the available reference data assert the reliability of our
MRPT method with improved virtual orbitals.
We now test the efficacy of the IVO-BWMRPT method in calculations of the excited state, B1 Σ PES of the FH system. An accurate
representation of excited states beset by strong electron correlation
poses theoretical challenges in modern quantum chemistry, and a
wide range of MR-methods have been explored. The excited state is
formed due to the transition from the bonding 3σ to antibonding
4σ orbitals. It is important to note that in the single-root protocol of
dynamical correlation, say, the IVO-BWMRPT (or IVO-RSMRPT)
method, the treatment of the excited state is generally carried out
by converging on the appropriate root (corresponding to the excited
state of interest) of the effective Hamiltonian. Note that compared
to the ground state, the convergence of the cluster finding equations
corresponding to the target excited state(s) might be slower and one
might often require a greater number of iterations to “home” to the
target root while solving the amplitude finding working equations.
Although the scheme employed here to converge to the desired root
might seem convenient, but in practice it is not so in general because
this root-homing strategy is a challenging task in cases where the
reference space coefficients rapidly alter sign. As a result of this, one

TABLE IV. Selective spectroscopic parameters [equilibrium bond length Re (Å), vibrational frequency ωe (cm−1 ), and dissociation constant D0 (kcal/mol)] for the X 1 Σ+ FH system. Dissociation energies are in kcal/mol, bond lengths are in Angstroms,
and frequencies are in cm−1 . Hv3rd : results obtained from a seven orbital reference space containing three occupied and
four unoccupied valence orbitals.

Reference
Present work
34
122
117
118
111

119
89

88

Methods

Re

D0

ωe

IVO-BWMRPT/cc-pVQZ
IVO-BWMRPT/aug-cc-pV5Z(-h)
SS-MRMPPT/cc-pVQZ
SS-MRMPPT/aug-cc-pV5Z(-h)
Hv3rd /cc-pVTZ
CAS(2,2)CCSD/aug-cc-pVTZ
CAS(2,2)CISD+Q/aug-cc-pVTZ
CCSD(T)/AV5Zuc
Best calculate
4R-RMR-CCSD(T)/cc-pVQZ
CR-CCSD(T)/cc-pVQZ
CCSD(T)/cc-pVQZ
CCSD(T)+DPT(CCSD)/aug-cc-pCV5Z
LC-CEPA-3/TZVP
LC-CEPA-3+TQ/col/line/TZVP
LC-CEPA-3+TQ/explicit/TZVP
CCSD/TZVP
CCSD(T)/TZVP
Experiment

0.9176
0.9181
0.9182
0.9200
0.9155
0.9194
0.9194
0.9173
0.9171
0.9163
0.9158
0.9162
0.9167
0.915
0.919
0.919
0.919
0.922
0.9168

149.63
151.88
152.20
156.50
118.4
139.97
139.74

4151.01
4152.37
4149.16
4119.02
4184.9
4138.70
4127.42
4142.21
4138.99
4160.4
4169.7
4162.1
4144
4260.0
4195.5
4197.4
4201.4
4166.9
4138.32
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FIG. 10. Potential energy surfaces for the first excited state FH as obtained by
IVO-BWMRPT calculations in the cc-pVQZ basis set.

can assert that the excited state bond dissociation process of FH is
a formally demanding test case for effective-Hamiltonian based MR
ab initio methods.
The theoretical description of the B1 Σ state is more difficult
compared to the ground state, X 1 Σ, as is evident from the previous
works.115,117,124 We found that the difficulty of treating the B1 Σ state
of FH comes from the fact that it has strong MR characteristics in
conjunction with a large number of closely spaced low-lying excited
states. The CAS(2,2)CISD calculations performed with the CASSCF
orbitals showed that the first excited B1 Σ state at small internuclear
distances is primarily dominated by the two open-shell configurations: (3σα)1 (4σβ)1 and (3σβ)1 (4σα)1 , but after this region, the configurational composition modifies and it becomes controlled by the
closed-shell configuration 3σ 2 (see Ref. 124). For the lowest excited
state, B1 Σ FH, the correlation-consistence Dunning cc-pVQZ56 basis
set has been used in the present work. The bonding 3σ and antibonding 4σ orbitals were chosen as CAS(2,2) for the excited state
IVO-BWMRPT calculations.
The PES and error surface for the lowest singlet excited state
of IVO-BWMRPT/cc-pVQZ are depicted in the upper and lower
panels of Fig. 10. The IVO-BWMRPT with cc-pVQZ yields a
topologically correct description of the F−−H bond dissociation
potential over the entire range of nuclear coordinates similar to

scitation.org/journal/jcp

that of the CAS(2,2)CCSD, EOM-CCSD, CAS(2,2)CISD, and
CAS(2,2)CISD[+Q] levels of computations with the aug-cc-pVTZ
basis set (see Fig. 4 of Ref. 117). We have extracted the equilibrium bond length, the harmonic vibrational frequency, and
the electronic transition energy (Te ) of B1 Σ FH obtained by the
IVO-BWMRPT/cc-pVQZ level of calculations. Table V describes
these properties. The electronic transition energy is computed as
the difference between the energies of X 1 Σ+ and B1 Σ+ obtained
at the respective equilibrium F−−H bond distances: Emin (B1 Σ+ )
− Emin (X 1 Σ+ ). To calibrate our results, we also included the results of
EOM-CCSD/aug-cc-pVTZ, CAS(2,2)CISD[+Q]/aug-cc-pVTZ, and
CAS(2,2)CCSD/aug-cc-pVTZ methods117 in the same table. Like
in the case of the ground state, the IVO-BWMRPT method supplied results that are in good accordance with the reference estimates for the spectroscopic parameters. One should notice that
the Re (Å), ωe (cm−1 ), and Te (kcal/mol) values computed with
the IVO-BWMRPT(2,2)/cc-pVQZ, CAS(2,2)CCSD/aug-cc-pVTZ,
CAS(2,2)CISD[+Q]/aug-cc-pVTZ, and EOM-CCSD/aug-cc-pVTZ
calculations differ from experimental values by [−0.043, −30.53, and
−8.3], [−0.009, 4.98, and −3.5], [0.021, −27.18, and −5.5], and [0.108,
52.58, and −34.0], respectively. The excited state spectroscopic constants furnish a clear confirmation of the need to employ a MR
account of the excited state energy surface computation as is done
in the IVO-BWMRPT(2,2) and CAS(2,2)-based CC and CI methods. Overall, with our choices of orbital spaces, already at the ccpVQZ level, the IVO-BWMRPT surface is quantitatively correct.
At this point, it is worth noting that the CAS(2,2)CISD approach
although furnishes a good description for the dissociation of a single bond in both ground and excited states, the method is not rigorously size-extensive in nature. It can be corrected a posteriori
using the Davidson-type corrections. More works are manifestly
required to fully calibrate the reliability of the IVO-BWMRPT in
describing excited states, and such works will be done in the near
future. As is well known, the energy provided by the SRMRCC
method depends on the selection of the reference configuration, and
hence, the change in the leading configuration of the reference wave
function often invites discontinuity on the computed PES.117 Our
IVO-BWMRPT method is free from such an objection.
IV. ETHYLENE: C2 H4
Investigations of the C≙≙C double-bond dissociation surface
in the ground state singlet ethylene to form two methylenes and
isomerization about C≙≙C bonds (twisting energy surface of two

TABLE V. Selective spectroscopic parameters [equilibrium bond length Re (Å), vibrational frequency ωe (cm−1 ), and
electronic transition energy Te (kcal/mol)] for the B1 Σ+ HF system.

Reference
Present work
117

88

Methods/basis

Re

ωe

Te

IVO-BWMRPT/cc-pVQZ
CAS(2,2)CCSD/aug-cc-pVTZ
CAS(2,2)CISD+Q/aug-cc-pVTZ
EOM-CCSD/aug-cc-pVTZ
Experiment

2.0481
2.10
2.07
1.983
2.0908

1189.71
1154.20
1186.36
1106.60
1159.18

250.68
245.84
247.92
276.42
242.38
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CH2 groups in ethylene) are popular examples for electronic structure methods which concern themselves with describing nondynamic correlation and have been the subject of various theoretical
works.125–138
A. Twisting potential energy surface of ethylene:
π-bond breaking
Here, we consider the torsional barrier surface as a function of a dihedral angle between two methylenes in the ethylene
molecule in which the crossing of occupied and unoccupied orbitals
of different symmetries occurs, which is forbidden according to the
Woodward-Hoffman rules. Moreover, this example, though simple,
also describes a wide class of chemically important problems such
as transition states and diradicals connected to π bond dissociation
without affecting the σ-bond. Moving from planarity to the orthogonally twisted ethylene noticeably enhances the CC bond distance:
dissociation of the π bond causes stretching of the CC bond. At the
equilibrium region, the bonding π and antibonding π∗ orbitals are
energetically well separated, and at the dihedral angle (ϕ) 90○ , both
π and π∗ orbitals become quasidegenerate, triggering a failure of
traditional SR-based approaches. Therefore, in order to accurately
describe the torsional potential at 90○ , the method used should be
flexible enough to treat (π)2 and (π∗ )2 configuration on an equal
footing in the zero-order description.126–141 It is worth mentioning
that the torsional process of the ethylene describes a typical twostate problem in which the weights of reference configurations can
change from 0 to 1 in a continuous fashion. This shows that an
approach characterizing the twisting process must have a balanced
description of both SR and MR situations in the transition barrier
between two local minima. This can be done, for example, by IVOBWMRPT with CAS(2,2). Previous works argued that the shape of
the ethylene torsional surfaces of the critical region around 90○ , and
consequently rotational barrier height, changes a lot among various
approaches.
In the computation of internal rotational PES, we rotate ϕ
between the two methylenes keeping all other geometrical parameters fixed at experimental values,142 RC−C = 1.3390 Å, RC−C
= 1.0856 Å, and ∡HCH = 117.6○ . We have used a DZP basis
set.143 Energy surfaces along the torsional coordinates obtained by
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IVO-BWMRPT along with other pertinent methods (such as SFOD, VOO-CCD, and MRMP2 for DZP basis) are shown in Fig. 11.
The inset of Fig. 11 displays the potentials near the barrier. As
the (π∗ )2 configuration is completely missing in the HartreeFock model corresponding (π)2 , RHF and RHF-based conventional
SR calculations generate the energy surface with an unphysical
cusp.126–128,135–137 Note that a noticeable cusp is also found in the
current generation SRCC method, say, CR-CC(2,3)134 and the active
space CC; CCSDt137 calculations exhibit an unphysical cusp in the
torsion potential near 90○ although the methods have the ability
to improve the CCSD(T) results for bond breaking and biradicals. On the other hand, CCSDT (CC singles-doubles-triples)135,136
and CCSD(T)-h (where the contribution of connected triple excitations is handled in a hybrid manner),137 capable of overcoming
some of the MR difficulties of the regular CCSD and CCSD(T)
methods, produce the correct PES behavior even at the twisted
geometry of ethylene. From the work of Melnichuk and Bartlett,136
it is found that the ethylene torsional potential obtained by the
TCCSD (Tailored-CC method)/cc-pVDZ scheme with relaxed geometrical parameters also provides a cusp at the barrier top, but the
CCSDT and FXTCCSD surfaces are all smooth around the barrier.
Abrams-Sherrill126 demonstrated that CC calculations with UHF
(unrestricted HF) orbitals produce the torsional surface without a
cusp, but they yield a very flat torsion barrier (49.6 kcal/mol). It is
interesting to note that the MR-based calculations with RHF orbitals
at MROPT(2) (MRPT with optimized partitioning) and MRMP2
levels display a pronounced cusp around the barrier,132,133 but the
MROPT(2) and MRMP2 with CASSCF(2,2) orbitals eliminate this
problem, indicating that MR-based mean-field treatment eliminates
the cusp. The GVVPT2 method131 provides a smooth surface without a cusp at the barrier similar to our method; in contrast, the
torsional surface of MCPT25 has an unwanted hump whenever the
Fermi vacuum is changed.131 It is worth mentioning that the RHFSSMRPT torsional energy surface does not exhibit the unphysical
cusp around the barrier top and hence produces a smooth torsional
surface.131 Quite akin to the well-behaved IVO-BWMRPT and IVORSMRPT methods, the MR-ccCA (MR correlation consistent composite approach) yields smooth and continuous surfaces, devoid of
kinks and discontinuities. In contrast, the SR ccCA leads to erroneous cusps.140 Similar to our present calculations, SF-OD [spin

FIG. 11. (a) Energy surfaces for twisting of the C≙≙C bond of the ethylene
molecule with all other degrees of freedom frozen at the experimental equilibrium values142 (RC−C = 1.3390 Å, RC−C
= 1.0856 Å, and ∡HCH = 117.6○ ) OD
and VOO-D data taken from Refs. 127
and 128. For the sake of better representation of the comparison between different approaches, the VOO-CCD surface is shifted down by 0.15 a.u. (b) The
expanded view of the potentials near the
transition state (at ϕ = 90○ ).
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flip optimized orbitals CC doubles (CCD)] and VOO-CCD (valence
optimized orbitals CCD methods)127,128 do not produce a cusp in the
rotational energy surface at the 90○ angle. The simple SF-CIS protocol leads to a cuspless torsional energy profile in contrast to the
VOD(2)129,130 (see Fig. 7 of Refs. 129 and 130). The topology of our
computed torsional surface agrees closely with the findings provided
by the CASPT2 method with larger basis sets.139
Further corroboration of the general applicability of IVOBWMRPT is provided by studies on ethylene using the same basis
set and scheme as reported in Ref. 81. In a recent paper, Scemama
and co-workers81,82 presented a FCI torsional potential surface for
the rotation of the ethylene molecule around its C−−C bond using
6-31G basis and illustrated that the rotational surface computed
using MRCCSD/631G appears quite promising. Figure 12 shows the
energy surface and energy difference with respect to the FCI along
the angle of rotation. The IVO-BWMRPT TPS is smooth and do
not yield any unphysical hump at the transition state. As shown
in Fig. 12, the shape of the TPS obtained with the MRCCSD is
more parallel to the corresponding FCI than the IVO-BWMRPT
and CASCISD ones. The MRCCSD and IVO-BWRPT maximum
(minimum) errors are about 3.258 (2.935) and 9.281 (5.271) mEh ,
respectively. The CC calculations (where the effect of the excitation operators on the CAS-SDCI space is treated in an intermediate effective Hamiltonian formalism) decrease the error of the
CASCISD surface relative to the FCI by a factor close to 6. The
NPEs for IVO-BWMRPT and CASCISD amount to almost 4.01 and
1.562 mEh , respectively, whereas the MRCCSD error amounts to
only 0.323 mEh . From Table IV of Ref. 81, one can see that the
NPE (mEh ) is also reduced from 1.6 to 0.3 when moving from the
CASCISD level of calculations to MRCCSD ones.
We found that the IVO-CASCI and CASSCF calculations with
CAS(2,2) result in a smooth torsional surface showing that the IVOCASCI approach indeed approximates nondynamical correlation
very accurately similar to the CASSCF one. One may argue that σ–π
correlation, which is omitted in the IVO-CASCI (CASSCF) wave
function, is indeed very crucial to get correct barrier height. The
SSMRPT protocol did this work very effectively. The shape of the
IVO-BWMRPT torsional surface is accurate as is evident from the
computed barrier height (see Table VI). The torsion barrier is characterized as the energy gap between twisted and untwisted (planar)
geometries. In addition to DZP, we also use cc-pVXZ (X = D
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and T) basis sets to illustrate the effect of basis set size on the rotational barrier of the ethylene at the IVO-BWMRPT level. It should
be mentioned that the appearance of the cusp at the transition state
of twisted ethylene usual leads to large errors in the barrier height.
The notable difference between CCSD/DZP (of 89.94 kcal/mol) and
the results of other established methods is apparent. Note that small
barrier height suggests the rapid equilibration of the isomerization
process. It can be seen from the table that the barrier height provided
by the SSMRPT method does not depend significantly on the basis
set (and type of orbitals used for estimations) as that of FXTCCSD
and CCSDT methods.136 Our estimated value for the rotation barrier shows good accords with the findings of CASPT2/aug-cc-pVDZ,
CASSCF-MRMP2/cc-pVTZ, and CASSCF-MROPT(2)/cc-pVTZ. It
should be pointed out that the dependence of the MROPT(2) barrier
on the orbitals is noticeable which is related with the appearance of
the unwanted cusp at the barrier top in the RHF-MROPT(2) torsional surface. The IVO-BWMRPT value for the rotation barrier
is in good agreement with the range of experimental data (56.98–
64.63 kcal/mol).144–146 The IVO-BWMRPT theoretical rotational
barrier is 0.73–11.86 kcal/mol higher than the experimental values listed in Table VI. The barrier to the internal rotations comes
out close to 67.82 kcal/mol at the IVO-BWMRPT/DZP level compared to 64.16 kcal/mol for the IVO-RSMRPT/DZP. Both IVORSMRPT and IVO-BWMRPT schemes furnish a consistent set of
estimates with the barrier heights of 69.01 and 68.84 kcal/mol at
the IVO-BWMRPT level as well as 65.03 and 66.41 kcal/mol for the
IVO-RSMRPT method, respectively, for the cc-pVDZ and cc-pVTZ
basis sets. The barriers to rotation obtained from the different
BWMRCC schemes with cc-pVXZ (X = D and T) basis sets are
found to be in good agreement with the estimates of SSMRPT methods for the corresponding basis sets, indicating that the correlation
corrections obtained with the two approaches are comparable. Note
that the SF-CIS(D), SF-XCIS, and VOD(2) methods with the DZP
basis predict much higher torsional barriers of 73.56, 78.64, and
79.79 kcal/mol, respectively,130 compared to IVO-BWMRPT and
other established methods. The incorporation of dynamical correlation using SF-CIS(D)/DZP increases the barrier height provided
by the SF-CIS/DZP calculations.130 Table VI makes it clear that
the overestimation of the barrier height is also found in the case
of VOO-CCD and SF-OD.127,128 Although they remain stable over
broader zones, for pure diradicals they become unstable. The barrier

FIG. 12. (a) Twisting potential energy
surfaces of ethylene calculated using different methods with the 6-31G basis
set. (b) Energy deviations of the IVOBWMRPT, CASCISD, and MRCCSD
methods from FCI as a function of torsional angles for the C2 H4 /6-31G model.
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TABLE VI. Estimation of the frozen torsional barrier height (ΔE ≙ E90○ − E0○
kcal/mol) of the ethylene molecule by various levels of theory. VOD(2): dynamical
correlation corrections for the VOO-CCD (valence optimized orbitals coupled cluster doubles) model are calculated by standard perturbation theory through second
order. SF-CIS(D): spin-flip single excitation configuration interaction. SF-XCIS: spinflip extended configuration interaction singles. SC-SF-CIS: spin-complete SF-CIS.
SF-OD: spin-flip optimized orbital CC doubles. FXTCCS: fully extended tailored-CC
method. BW-MRCCSD: Brillouin-Wigner MRCCSD.

References
Present

141

138

130

127 and 128
136

139

132

144
145
146

Method

Barrier height

IVO-BWMRPT/DZP
IVO-BWMRPT/cc-pVDZ
IVO-BWMRPT/cc-pVTZ
IVO-RSMRPT/DZP
CASSCF-SSMRPT/DZP
CASSCF-MRMP2/DZP
IVO-RSMRPT/cc-pVDZ
IVO-RSMRPT/cc-pVTZ
SSMRCCSD(T)/cc-pVTZ
BW-MRCCSD/cc-pVDZ
BW-MRCCSD/cc-pVTZ
BW-MRCCSD USS(full)/cc-pVDZ
BW-MRCCSD USS(full)/cc-pVTZ
CCSD/DZP
SF-CIS
SF-CIS(D)/DZP
SC-SF-CIS/DZP
SF-XCIS/DZP
VOD(2)/DZP
VOO-CCD/DZP
SF-OD/DZP
FXTCCSD/cc-pVDZ
CCSDT/cc-pVDZ
FXTCCSD/cc-pVTZ
CCSDT/cc-pVTZ
FXTCCSD/cc-pVQZ
CASPT2(12,12)/cc-pVDZ
CASPT2(12,12)/aug-cc-pVDZ
M06-2X/cc-pVDZ
M06-2X/aug-cc-pVDZ
CASSCF-MRCI+Q/cc-pVTZ
RHF-MRCI+Q/cc-pVTZ
CASSCF-MRMP2/cc-pVTZ
CASSCF-MROPT(2)/cc-pVTZ
RHF-MROPT(2)/cc-pVTZ
Experiment

67.82
69.01
68.84
64.16
65.01
62.57
65.03
66.41
68.18
67.7
69.9
63.4
64.9
89.94
67.33
73.56
77.71
78.64
79.79
86.24
74.48
65.89
65.22
68.24
68.55
69.04
65.5
65.2
66.9
66.0
67.0
66.3
65.0
65.6
49.2
64.63
59.80
56.98

height of IVO-BWMRPT corroborates with the previous MR-ccCA
prediction (64.3 kcal/mol).140
Various works on ethylene argued that the changes in bond
lengths and angles as dihedral angle varies from 0○ to 90○ (termed
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relaxed geometry) are important in computing highly accurate values for the barrier height. Note that the optimization of the angle
and the CC and CH bonds adds time demands in getting correlated
results with large basis sets. In order to calculate energy for the barrier of rotation, RCC , RCH , and ∡HCH coordinates are optimized at
the dihedral angles 0○ and 90○ using our previously published IVORSMRPT numerical gradient approach. At the IVO-BWMRPT/DZP
level of calculation with IVO-RSMRPT/DZP optimized geometries,
the ethylene-ethylene rotational isomerization is opposed by around
65.36 kcal/mol in barrier height. Note that IVO-BWMRPT barrier height obtained by using optimized IVO-RSMRPT geometrical
parameters is virtually as good as the other estimates provided by
the SSMRPT protocol using different orbitals and the RS-expansion
scheme which bolsters our belief about the faithfulness of the IVOBWMRPT torsional surface. We will consider geometry optimization using the IVO-BWMRPT gradient technique in a future work.
IVO-BWMRPT is able to supply a reliable description of the electronic correlation in diradicallike situations. The fusion of SSMRPT
with the IVO-CASCI protocol within the BW framework presented
here is promising as an efficient avenue for treating torsional surfaces and barriers of challenging molecules as it gives an accurate
description of different diradical characteristic situations, one of the
most eagerly sought goals of theoretical chemistry.
B. CC double bond breaking of ethylene: C2 H4 ⇌ 2CH2
The dissociation of the C≙≙C bond, involving the rupture of
both σ and π bonds, is known for very strong coupling between
static and dynamic correlation effects.35,129,135 This dissociation process has been treated, employing a CAS with four electrons in four
active orbitals, CAS(4,4), and DZP basis set. All other degrees of freedom [RCH = 1.079 Å, ∡HCH = 120○ ] were optimized along the scan
at the CCSDTQ level.136 Figure 13 summarizes dissociation surfaces
evaluated at the IVO-BWMRPT/DZP level, along the C≙≙C bondbreaking coordinate for C2 H4 . The SSMRPT method, with both

FIG. 13. Potential energy surfaces for the C≙≙C bond dissociation in the C2 H4
molecule obtained by SSMRPT, MRMP2, and CR-CC(2,2) methods with the DZP
basis set.
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FIG. 14. (a) Comparison of the FCI
energy surface in the 6-31G basis set
for the ethylene molecule with the IVOBWMRPT, CASCISD, and MRCCSD
methods using the same scheme as
reported in Ref. 81. (b) Error surfaces of IVO-BWMRPT, CASCISD, and
MRCCSD methods relative to the corresponding FCI values as a function of the
C≙≙C bond length.

IVO-CASCI and CASSCF orbitals, provides a smooth description of
the C≙≙C bond dissociation process and does not face any intruder
state problems. In the region of small bond distances, the figure
clearly shows that the SSMRPT results for different orbitals are competitive with the findings provided by the CC methods but at lower
computational effort. We stress that the MRMP2 although yields a
smooth surface, at long C≙≙C distances, the unphysical raising of the
PES (energies increase too fast with RCC ) indicates the breakdown
of the MRMP2 method. At large bond lengths around R = 3 Å,
the unphysical lowering of the energy appeared in the CR-CC(2,3)
PES. In contrast, PESs generated by IVO-BWMRPT calculations are
free from such an inadequacy. Therefore, a correct description of
the C≙≙C bond dissociation process needs a proper MR method.
The three methods such as IVO-RSMRPT, IVO-BWMRPT, and
CASSCF-SSMRPT (RS) are very close to each other, minor discrepancies being observed at large C≙≙C distances. It is worth noticing
that the BW-expansion based SSMRPT with the IVO-CASCI reference function as formulated here is well-behaved and does not spoil
the description of the CC double bond dissociation offered by the
CASSCF-SSMRPT wave functions.
The dissociation of C2 H4 has also been investigated with the
6-31G basis set and the geometry reported by Scemama and coworkers in Ref. 81. Our IVO-BWMRPT(4,4)/6-31G results have
been compared with the previously published FCI, CASCISD(4,4),
and MRCCSD(4,4) values obtained by Scemama and co-workers.81
The graphical illustration of the total energy obtained by these
methods including IVO-BWMRPT/6-31G is depicted in Fig. 14.
The energy deviations from FCI as a function of C≙≙C bond distance for various methods are also described in Fig. 14. This figure clearly shows that the IVO-BWMRPT reproduces the shape
of the FCI and MRCCSD methods. The error surface indicates
that the MRCCSD approach gives a better performance compared to the IVO-BWMRPT and CASCISD methods, as should
be. Qualitatively, the IVO-BWMRPT error surface is notably different from the MRCCSD since the deviations of MRCCSD from
FCI are nearly independent of the C≙≙C bond coordinate relative to the IVO-BWMRPT one. The NPEs arising at the IVOBWMRPT and CASCISD levels are 5.520 and 2.047 mEh . On
the other hand, NPE of the MRCCSD method amounts to only
1.624 mEh , which is about one-third of the IVO-BWMRPT. Therefore, the BWMRPT scheme with an IVO-CASCI reference function

J. Chem. Phys. 151, 064114 (2019); doi: 10.1063/1.5097657
Published under license by AIP Publishing

again exhibits a satisfactory description of the C≙≙C dissociation
surface.
As an additional measure of the quality of the computed PES,
we also provide the dissociation energy for the C≙≙C double bond
in C2 H4 /DZP which is presented in Table VII. Here, the dissociation energy of the C≙≙C bond-breaking in ethylene is computed as
the difference between the energy estimated at the equilibrium bond
distance (Re = 1.333 Å)135 and at the stretched bond length, as we
have already mentioned. The SSMRPT/DZP method with both IVOCASCI and CASSCF orbitals appears quite parallel to each other.147
Generally speaking, IVO-BWMRPT/DZP provides a description of
dissociation energies that is similar to the various SSMRPT methodologies. From Table VII, we find that the dissociation energies computed at the IVO-BWMRPT level are comparable to those supplied
with the newly suggested JM-MRPT2 method in conjunction with
the well-established CASPT2 and NEVPT2 schemes. In the same

TABLE VII. Dissociation energies (kcal/mol) for C≙≙C bond breaking in ethylene. SC
and PC: strongly and partially contracted, respectively. FCI/6-31G: obtained from
a CIPSI type variation and perturbation calculation (near-FCI quality all-electron
calculations).81

Reference
Present
147

81

26

Method

Dissociation energy

IVO-BWMRPT/DZP
IVO-BWMRPT/6-31G
IVO-RSMRPT/DZP
CASSCF-SSMRPT/DZP
MRMP2/DZP
CASCISD/6-31G
MRCCSD/6-31G
FCI/6-31G
JMMRPT2/cc-pVDZ
SC-NEVPT2/cc-pVDZ
PC-NEVPT2/cc-pVDZ
CASPT2 (IPEA = 0)/cc-pVDZ
CASPT2 (IPEA = 0.25)/cc-pVDZ
JM-Heff PT2/cc-pVDZ

175.74
165.71
180.02
184.14
204.87
163.48
163.54
164.47
175.39
174.57
175.26
170.62
174.45
175.83
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table, we have also reported the C≙≙C dissociation energies obtained
by various methods using the 6-31G basis. With the 6-31G basis set,
the IVO-BWMRPT method gives a higher dissociation energy than
the FCI value (with an error of 1.24 kcal/mol). The IVO-BWMRPT
dissociation energy is in satisfactory agreement with MRCCSD and
CASCISD, showing errors of 2.17 and 2.23 kcal/mol, respectively.
Note that both CASCISD and MRCCSD methods yield comparable deviations from FCI (such as 0.99 and 0.93 kcal/mol). Therefore, the MRCCSD, CASCISD, and IVO-BWMRPT methods show
a small deviation from the FCI in the 6-31G basis set. A comparative analysis of the results assembled in Table VII indicates that
IVO-BWMRPT has the ability to properly describe the topology in
the regions around equilibrium and dissociation. We have demonstrated that the reliability of the IVO-BWMRPT method with different bases does not demean even when the double bond in ethylene is
dissociated. The analysis based on the C≙≙C energy surface as well as
dissociation energy underlines the strength of the IVO-BWMRPT
method. More investigations are still required to properly judge
and calibrate the IVO-BWMRPT method in describing the multiple
bond dissociation process.
V. TETRAMETHYLENEETHANE: A NOT SO SIMPLE
DISJOINT DIRADICAL
In order to benchmark the IVO-BWMRPT model for systems with larger reference spaces, we finally investigate the torsional
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energy surface of tetramethyleneethane (TME) which consists of
two allyl radicals joined at the nodal carbon of each allylic fragment (see Fig. 15). Torsion of the central carbon-carbon (C−−C)
bond of TME can be considered also as a kind of a π-bond breaking process. The primary problem of this study lies in accounting
the rapidly changing electronic correlation effects which control the
system’s properties at different geometries, and it is essential to
consider the contrasting correlation effects in a democratic manner. TME is the simplest representative of a disjoint nonKekulé
diradical and is a prototype model system that furnishes useful
insight into the property (especially spin states) of more complicated
diradicals.
As the energies of the two frontier orbitals in TME are
in close proximity, obtaining a definite order of the lowest singlet and triplet states for the system proves to be a nontrivial
task for practitioners of both experiment and theoretical chemistry.138,148–161 In spite of the fact that the singlet and triplet spin
states of TME are very close in energy, simple qualitative models have argued in favor of the singlet ground state for the TME,
which is consistent with current generation high-level ab initio findings.53,138,149–156,161 Note that the singlet state being the ground state
of TME (at the torsional angle corresponding to 90○ ) has also been
confirmed by photoelectron spectroscopy based investigations of
Lineberger and co-workers.159 The results obtained from the electron paramagnetic resonance (EPR) studies on TME, stabilized in
a matrix, suggest that the ground state of TME is a triplet (which

FIG. 15. (a) Non-Kekulé structures of
tetramethyleneethane (TME) diradical.
(b) Torsion between the allylic subunits.
Carbon atoms are colored orange, and
hydrogen atoms are colored blue. (c)
Conformations of TME generated by
rotation around the central C−−C bond
are of three different symmetries.
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persisted indefinitely at low temperatures)158 having a torsional
angle of approximately 45○ .160 The triplet nature of the TME ground
state is of special interest because of its potential applicability as an
organic magnet. Previous works have revealed that not only computing the ordering of lowest lying singlet (1 A1 ) and triplet (3 B1 )
states of TME but also correct shape of the energy surfaces as a
function of the torsional angle of these states is a difficult theoretical
challenge.
Findings of various ab initio methods about TME are not
consistent with each other and hence merit some discussion.
CASSCF(2,2) suggests that 1 [TME] and 3 [TME] torsional potential surfaces (TPSs) can cross one another as the dihedral angle
(θ) is changed. On the other hand, CISD [configuration interaction with singles and doubles (SD)] in the valence space placed the
1
[TME] below the 3 [TME] for all values of the torsional angle.161
MP2 and CCSD(T) (CC singles-doubles with perturbative triples)
are unable to furnish a proper treatment of the MR 1 [TME] state
as none of these methods is surmised to supply an account of
the nondynamic correlation emerging from the configuration neardegeneracies.151,155 For this simplest disjoint diradical, even the
MRCC protocols face serious difficulties along the twisting process. Neither the Mk-MRCCSD(2,2) nor the Mk-MRCCSDT(2,2)
with CASSCF orbitals has the ability to correctly characterize the
1
[TME] TPS151 with the detectable maximum at 45○ torsional angle.
In fact, MRCCSD(T)/CAS(2,2) studies with iterative triples yield
1
[TME] TPS with a shallow minimum at a dihedral angle of 30○ .
As can be found from Fig. 3 of Veis et al.,151 the Mk-MRCCSD
method suggests that TME has a triplet ground state rather than
a singlet, except for 0○ . However, inclusion of triples in the CCSD
scheme (i.e., Mk-MRCCSDT) corrects this state ordering. Nevertheless, a USS modification of the Mk-MRCCSD energy (due to Brabec
et al.138 ) suggested TME to have a singlet ground state at all torsional angles, providing strong support in favor of the usefulness of
the USS protocol. One can observe that density matrix renormalization group method [DMRG(24,25)] calculations (very effective and
accurate approach to treat nondynamic correlation) provide the correct ordering of 1 [TME] and 3 [TME]; however, it does not furnish
the correct topology for the 1 [TME] TPS since on changing the torsional angle from 0○ to 45○ 1 [TME] energy although rightly rises, the
decreasing pattern beyond 45○ does not follow the expected shape of
TPS due to the missing dynamic correlation at the DMRG level,151
suggesting that not only nondynamical correlation but also dynamical correlation effects are also important to generate quantitatively
correct shape of the TPS for TME. Hence, it is the combination
of DMRG with TCCSD that can successfully recover the proper
shape of the singlet and triplet TPSs for TME151 because the TCCSD
protocol faithfully captures a major part of the missing dynamic
correlation effects. Recently, IVO-RSMRPT(6,6)/aug-ccpVDZ calculations154 also placed 1 [TME] below 3 [TME] and yielded the 90○
twisted form as the minimum of 1 [TME] TPS. Moreover, they
observed that the minimum in the TPS for the triplet state exists
at a torsional angle of 50○ where the two singly occupied orbitals 6a1
and 7a cross within the framework of D2 symmetry. Here, it is worth
stressing that a rotation around the central C−−C bond in TME leads
to three conformations of three different symmetries: (i) D2h for the
planar conformation with θ = 0○ , (ii) D2d for a perpendicular one
(θ = 90○ ), and D2 for any other conformation corresponding to 0○ <
θ < 90○ (see Fig. 15).
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Previous researchers using high-level protocols150,151,155 have
explored how the MR-approaches can cope with the poorer choice of
the model spaces and also considered in their investigations smaller
(2,2) reference space, CAS(2,2). Pozun et al.155 and Veis et al.151
argued that a correct theoretical description of TME in the lowest
singlet and triplet states needs a proper account of the combined
interplay of the nondynamical correlation effect using the minimum CAS(6,6) involving six π orbitals and the dynamic correlation
(at least at the second-order perturbation level) along with appropriately flexible basis sets. Recent high-level calculations of Pozun
et al.155 illustrated that a flexible basis with f functions for C atoms
is crucial to get a proper topology of 1 [TME] TPS. It should be mentioned that both the exclusion of the f functions in conjunction with
the restriction to CAS(2,2) invites errors in the computed 1 [TME]
TPS shape. We have also observed that the calculations at the IVOBWMRPT(2,2) level are not only incapable to correctly generate the
ordering of 1 [TME] and 3 [TME] but also are unable to properly
describe the shape of the energy surface for MR 1 [TME]. Therefore,
the CAS(2,2) space is not sufficient for describing static correlation
effects in the singlet state even at the qualitative level.150,151,155 It is
now well discussed that the topology of the 1 [TME] TPS encounters
a qualitative change in moving from the CAS(2,2) to the CAS(6,6)
space.151,155 It is clear that a MR treatment with appropriate CAS
is required to get correct results for TME. Note that the impact of
enhancing CAS size is graphically described by Veis et al. in Fig. 4
and numerically in Table 1 of Ref. 151.
Here, the IVO-BWMRPT computations have also been performed employing CAS(6,6) with the aug-cc-pVTZ basis set. We
have optimized the geometries of the two states employing the
IVO-CASCI(6,6)/aug-cc-pVTZ analytical gradient approach. In the
single point IVO-BWMRPT energy computations at the different
torsional angles, we use the corresponding IVO-CASCI(6,6) optimized geometrical parameters. The two lowest TPSs obtained therefrom are shown in Fig. 16. As shown in our previous works, the
IVO-CASCI zeroth-order wave function usually provides a good

FIG. 16. Potential energy surfaces as a function of the torsion of the central dihedral angle for the lowest singlet (1 A1 , 1 [TME]) and triplet (3 B1 , 3 [TME]) states of
tetramethyleneethane (TME) obtained by IVO-BWMRPT(6,6)/aug-cc-pVTZ calculations.
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description of the strong correlation effects in radicaloid systems.154
As that of the recently implemented FCIQMC and CASPT2 methods, the IVO-BWMRPT 1 [TME] is higher in energy at dihedral
angles around 42–45○ than at 0○ and 90○ , and hence yields a notable
“hump.” The IVO-BWMRPT twisting energy surfaces shown in
Fig. 16 essentially lead us to agree that the ground state of TME
is singlet (1 A1 ) in nature rather than triplet (3 B1 ) over all the
torsional angles considered here. Various practitioners151,155 also
reached the same findings using their current generation highlevel ab initio calculations. The IVO-BWMRPT(6,6)/aug-cc-pVTZ
provides 1 [TME] and 3 [TME] TPSs with shapes and energy gaps
akin to those generated by state-of-the-art ab initio calculations
such as DMRG(24,25), CASPT2(6,6), FCIQMC, and DMC. One
can observe that the IVO-BWMRPT method also provides TPS for
1
[TME] of qualitatively the same topology as those provided by
the TCCSD(24,25) [DMRG(24,25)-TCCSD].151 Both spin-restricted
open-shell Kohn-Sham (ROKS) and spin-restricted ensemble referenced Kohn-Sham (REKS) schemes (CAS-based DFT like methods)152 suggested the neardegeneracy of 1 [TME] with 3 [TME] at
torsional angles in the zone of 40○ –50○ ; a difference dedicated configuration interaction (DDCI) scheme also yielded a similar finding.149 Interestingly, computations at the ROKS/REKS level suggest that 1 [TME] and 3 [TME] torsional surfaces cross at dihedral
angles of 38○ and 50○ . Therefore, this scheme does not correctly
account the static correlation that emerges from the near-degeneracy
of the frontier orbitals in the singlet state. Figure 16 clearly advocates
that the IVO modification of the BW-based SS-MRPT approach
correctly characterizes the lowest lying singlet and triplet states
of TME. We would like to mention here that the structure of
1
[TME] at 90○ is more stable than the planar form, at variation
with the estimates provided by various established schemes which
is consistent with the smaller steric effect that lowers the electronic
repulsion.
For the gap between 1 [TME] and 3 [TME] energy surfaces,
which is depicted in Fig. 16, the IVO-based calculations properly envisage the minimum gap at the torsional angle around 45○ .
The height of this maximum (E○45 − E○0 ) provided by the IVOBWMRPT is 1.11 kcal/mol. The corresponding value obtained at the
FCIQMC method equals 1.15 kcal/mol. Therefore, similar to previous works,151,155 our IVO-BWMRPT computations suggest that
1
[TME] has a small rotational barrier about the central C−−C bond.
At 45○ , 1 [TME] lies below 3 [TME] which very much differ in their
nature because 3 [TME] is solely controlled by a single configuration
and 1 [TME] possesses a strong MR characteristic. The topology of
the IVO-BWMRPT singlet and triplet TPSs has very close kinship
with the surfaces as found by Veis et al.151 and Pozun et al.155 Similar to our present work, their computations suggested that there is a
maximum on the 1 [TME] TPS at a torsional angle of approximately
45○ . A triplet ground state for TME was suggested experimentally
through the first EPR results for the system stabilized in a matrix,
and a torsional angle close to 45○ was suggested.160
In Fig. 17, we have also plotted the CCSD and CCSD(T)
TPSs for both states using IVO-CASCI(6,6)/aug-cc-pVTZ geometries, demonstrating the problems associated with the conventional
CCSD and CCSD(T) calculations. In our previous CCSD/aug-ccpVTZ calculations, we have found out that the CCSD/aug-cc-pVTZ
gradient method is not able to correctly predict the spin multiplicity of the ground state, owing to the near-degeneracy of the frontier
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FIG. 17. Twisting energy surfaces of the lowest 1 [TME] and 3 [TME] as a function
of the torsional angle between the allyl subunits as calculated by the CCSD/ccpVTZ and CCSD(T)/cc-pVTZ methods using IVO-CASCI(6,6)/cc-pVTZ optimized
geometries.

orbitals in 1 [TME].154 Moreover, the CCSD/aug-cc-pVTZ protocol is unable to provide even a qualitatively correct topology of
the singlet TME, as should be, since 1 [TME] has a MR nature,
while 3 [TME] has SR characteristics. As we have already mentioned that the DMRG(24,25)-TCCSD protocol151 supplies the correct profile for the ground 1 [TME] with nice accuracy but to get
the correct ordering, calculations with the low spin triplet component are essential for the SR bias of TCC.151 Veis et al.151 argued
that DMRG(24,25)-TCCSD has a very similar trend as that of
Mk-MRCCSDT, although the latter includes single-double-triple
excitations. At the CCSD/aug-cc-pVTZ level of energy calculations employing IVO-CASCI(6,6)/aug-cc-pVTZ optimized geometries, the energy of the triplet state is lower than the singlet one
for any conformation. Another interesting observation is that even
the CCSD(T)//IVO-CASCI(6,6)/aug-cc-pVTZ scheme also provided the unexpected energy surfaces for the 1 [TME] and 3 [TME]
that could possibly be due to the missing of an explicit accounting of the static correlation. In CCSD(T) calculations, singlet and
triplet surfaces cross at twist angles of 30○ and 70○ . We would also
like to mention that the two-reference SDCI/TZ2P protocol also
yields a surface crossing at the twist angles of 30○ and 60○ with
an ST energy gap of about −1 kcal/mol in favor of 3 [TME]. IVOBWMRPT including FCIQMC, TCCSD, and DMC-like methods
does not support the ST surface crossing.
TME
The adiabatic singlet-triplet (ST) energy gaps for TME (ΔEST
)
corresponding to 45○ (intermediate twist angle, D2 symmetry) and
90○ (D2d symmetry) torsional angles obtained by various approaches
TME
, we employ the same
are listed in Table VIII. In computing ΔEST
method, IVO-BWMRPT, for computing singlet and triplet state
energies. Here, against the FCIQMC, DMRG, DMC, and TCCSD
benchmark data, we have critically evaluated the usefulness of the
IVO-BWMRPT scheme. The results assembled in the table suggested that the ST gap near 45○ is always smaller than the values for
other torsional angles. This reduced ST splitting may be related to
the small differences in the elongation of the C1-C2 bond between
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TME (kcal/mol) = E
TABLE VIII. TME singlet-triplet energy differences [ΔEST
Triplet −
E Singlet ] at the torsional angles of 45○ (intermediate twist angle, D2 symmetry) and 90○
(D2d symmetry) calculated by various different approaches. For DMC and CASPT2,
values have been computed form the energies reported in the supplementary material
of Ref. 155. na: not available.

References
Present work
155
156
157

149
151

159

Methods

D2

D2d

IVO-BWMRPT(6,6)/aug-cc-pVTZ
DMC/cc-pVQZ
CASPT2(6,6)/cc-pVQZ
VMC/CASSCF(6,6)
LRDMC/CASSCF(6,6)
RAS(h,p)-SF/cc-pVTZ
RAS(h,p) (S)-SF/cc-pVTZ
RAS(S,2h,2p)-SF/cc-pVTZ
MRBWCCSD/cc-pVTZ′
DMRG(24,25)/cc-pVQZ
TCCSD(24,25)/cc-pVQZ (ms = 1)
TCCSD(24,25)/cc-pVQZ (ms = 0)
FCIQMC/cc-pVQZ
Experiment

1.09
0.53
0.46
0.63
0.21
1.31
1.15
0.99
na
1.15
−2.07
1.61
0.23
na

4.25
2.17
2.99
3.87
2.76
2.44
3.04
3.21
2.2
2.99
0.92
4.61
2.99
2.99

the 3 [TME] and 1 [TME]. Bhaskaran-Nair et al.150 demonstrated that
the ST energy gaps for TME range from 3.23 to 15.45 kcal/mol,
depending upon the truncation protocol employed in their CC
expansion, demonstrating the nontrivial nature of providing a balanced account of the different correlation effects in the 1 [TME]
TME
and 3 [TME] when employing any approach to evaluate ΔEST
.
3
1
The value of the energy splitting between [TME] and [TME] at
45○ is notably small (excluding possible interconversions owing to
the neardegeneracy between singlet and triplet states), corresponding to 1.09, 0.46, 0.53, 1.15, 1.61, and 0.23 kcal/mol as provided
by the IVO-BWMRPT(6,6), CASPT2(6,6), DMC, DMRG(24,25),
TCCSD(24,25), and FCIQMC level of calculations, respectively.
Note that the ST energy gaps at 90○ and 45○ provided by IVOBWMRPT(6,6) are slightly higher than that calculated through the
CASPT2(6,6), DMC, VMC, and FCIQMC methods. One can notice
TME
estimates of ΔEST
at 90○ (D2d symmetry) of almost similar quality for the IVO-BWMRPT(6,6), CASPT2(6,6), DMC, DMRG(24,25),
TCCSD(24,25), and FCIQMC approaches. The energy gap between
the two states at 90○ has been computed to be equal to 4.25,
2.99, 2.17, 2.99, 4.61, and 2.99 kcal/mol by IVO-BWMRPT(6,6),
CASPT2(6,6), DMC, DMRG(24,25), TCCSD(24,25), and FCIQMC
methods, respectively. It is pertinent to note the nice agreement
of IVO-BWMRPT with TCCSD(24,25)ms ≙ 0, where the fact that
the former scheme incorporates only single-doubles at the secondorder perturbative level whereas the latter one comprises full-blown
single and double excitations should be noted. The ST energy
gap between 1 [TME] and 3 [TME] provided by IVO-BWMRPT(6,6)
seems marginally overestimated with respected to the FCIQMC
method. The close proximity of IVO-BWMRPT ST gaps with
DMC, TCCSD(24,25), CASPT2(6,6), and FCIQMC advocates that
the IVO-BWMRPT method is useful to balance the treatment of
electron correlation effects in the lowest states with different spin
multiplicities. Note that between the crossing points of 1 [TME] and
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3
[TME] TPS obtained at REKS computations,152 the energy gap in
their electronic energies is only −0.1 kcal/mol in favor of the triplet
state. At this point, it is worth stressing that Filatov and Shaik152
observed that TME has a minimum at 90○ (corresponding to D2d
symmetry) geometry, where the 3 [TME] is about 3 kcal/mol above
the 1 [TME]. Note that the DDCI scheme suggests that 1 [TME] is
energetically more stable than 3 [TME] for any torsional angles; however, the energy gap between the two states reduces to 0.29 kcal/mol
for the conformation of the triplet minimum where 1 [TME] and
3
[TME] can be considered near-degenerate.149 A very small energy
gap might lead to a wrong prediction of the spin multiplicity of the
ground state in the experiment of EPR spectroscopy. To resolve this
issue, one can argue that the matrix-isolated 3 [TME] at low temperatures is metastable in nature which experiences a steady relaxation
to 1 [TME]. Summa summarum, the present as well as the previous
works of Veis et al.151 and Pozun et al.,155 give insight into the type
of method needed for accurate treatment of TME-like disjoint diradicals and also furnish prescriptions for more complicated disjoint
non-Kekulé diradicals.

VI. GENERAL DISCUSSION
Although the structural nature of the SSMRPT protocol with
different orbitals provides great flexibility to the method and allows
us to deal with a variety of molecules, it is also true that it cannot
be treated as a black box approach. Thus, some comprehension of
the molecule is imperative to accomplish meaningful estimations.
Based on the comparative analysis presented above, one cannot opt
in support of any of the MRPT methods but can only argue that
IVO-BWMRPT provides acceptably accurate results. Here, we have
described a systematic study of the ability of minimal active spaces
to represent strong nondynamical/static correlation effects (configuration degeneracies) in MR computations of single as well as double
bond breaking. IVO-CASCI using any of the active spaces considered here successfully seizes the strong static correlation effects and
yields qualitatively correct PES for any of the bond-breaking processes treated here. This work illustrates the efficacy of the performance of the IVO-BWMRPT in cases with varying levels of electron
correlation that is capable of robustly and consistently optimizing
the orbitals along the reaction coordinate in the presence of strong
correlation effects. The spectroscopic parameters of the systems considered here get predicted correctly by a combination of the IVOCASCI with the BWMRPT scheme using a minimal CAS akin to
the MR-based correlated calculations with larger CAS. For the systems considered here, the larger number of active occupied orbitals
in the CAS does not notably improve over the minimal reference
space in MRPT calculations. It is noteworthy that for F2 and FH, the
overall accuracy of the computed estimates is generally controlled
by electron correlation and basis set truncation effects, while the
contribution due to the relativistic effect is of minor importance.
The dynamical correlation needs a large basis set for a quantitative
description, whereas the nondynamical effect can be addressed by a
small basis set. In order to achieve a good accuracy of the spectroscopic constants of heavy element containing systems, we think that
an explicit inclusion of the relativistic and correlation effects in a balanced manner is inevitable along with the analysis of their intricate
interplay.
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It is well accepted that for the TME diradical itself the pair
of lowest lying states, 1 [TME] and 3 [TME], is separated from each
other by only a few kcal/mol, and this gap is so small that deciphering
the relative ordering of the two states is a matter of avid interest and
dilemma. Numerical analysis about TME suggests a flexible basis
set as well as a proper treatment of mutual interplay of different
electron correlation effects to get a quantitatively correct shape of
the energy surfaces [as that of DMC, FCIQMC and TCCSD(24,25)
calculations] for the twisting of 1 [TME] and 3 [TME]. It is important to stress that the correlation effect beyond those captured at
the CASSCF/IVO-CASCI level with CAS(6,6) is more effective for
1
[TME] at the torsional angle of 0○ than at 45○ . Note that the secondorder perturbative nature of the computations, along with the limited size of the employed basis sets, does not allow us to claim this
with certainty.
Although SSMRPT protocols manifest to be quite promising,
they unavoidably also have few pitfalls. If one has to deal with
quasidegeneracies where the model space coefficients, cμ , are rather
small, there is a possible source of numerical instability in the cluster finding equations due to the appearance of a term proportional
to the ratio of two reference coefficients, ccμν . This issue is completely
different from the divergence due to the intruder effect. This objection is not related with the choice of sufficiency conditions used
to derive the working equations. At present, no general solution
exists to resolve this problem. Each system essentially needs a special
consideration, thereby hindering the use of the method as a blackbox MR protocol. One can use suitable regularization schemes to
fix this issue.162 The generalization of the SSMRPT method for an
incomplete model space (IMS) (which can be achieved either via
abandoning the intermediate normalization163 or via the use of the
C-conditions164 ) might be an interesting avenue to get rid of this
problem. Although there has been an IMS-based SSMRCC formulation,163 no numerical implementation of the same has still been
reported. It should be noted that a C-condition based SSMRCC has
already been implemented by Li and Paldus,164 although there is no
discussion regarding the issue of the presence of small configuration coefficients which may invite potential numerical instability to
the coupling term within the framework of the IMS scheme. Therefore, this domain can serve as an open ground for future theoretical
explorations. In our present case, fortunately, the variety of systems
and CAS that we have used with the IVO-BWMRPT method have
shown that our cluster amplitude equations do not countenance
any numerical instability over the entire spectrum of energy surfaces. The lack of invariance of the energy with respect to orbital
rotations within the active space is a recurrent criticism of the JM
ansatz based methods including IVO-BWMRPT. In our opinion,
fixing the problems that afflict formalism based on the JM ansatz
and other SSMR methods needs the consideration of an alternative
wave function parameterization. Another objection is that the computational cost enhances exponentially with the size of the active
space, limiting practical use to small active spaces. To alleviate this
high computational demand in a variety of frontier applications,
various robust numerical solvers have been suggested.19–21,165–168
Moreover, as the virtual functions generated by the action of cluster
operators on various reference functions are all decoupled for different reference functions in IVO-BWMRPT (similar to the parent
SSMRPT11 ), the coupling among the virtual orbitals is not sufficient leading to degradation of the accuracy of the energies as the
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size of the active space is increased. The failure of JM-ansatz based
SSMR methods to fulfill the proper residual criteria has also been
recognized as the origin of the unsatisfactory performance of these
approaches when the reference wave function is governed by a single configuration. In the present work, the performance of IVOBWMRPT has been tested mainly for the ground state dissociation
processes; more examinations on the usefulness for excited state
description still need to be done. In the single-root MRPT treatment, the perturbation corrections are individually assessed for each
IVO-CASCI/CASSCF function. One has to accept that unlike for
SRPT (say, MP2), there is no distinctive strategy for MR-version. It
is now well accepted that, to reach at a tractable MR method with a
manageable cost/accuracy ratio, a balance between formal rigor and
applicability is indispensable.

VII. CONCLUSION
Here, we have attempted to examine the accuracy and efficiency
of the state specific Brillouin-Wigner multireference perturbation
theory (BWMRPT) method starting with a CASCI wave function,
constructed over SCF occupied and improved virtual orbitals, where
the resulting reference function does not involve the orbital optimization step. The method emerging therefrom, IVO-BWMRPT
(belongs to the group of state specific Hilbert space methods), inherits all the merits and demerits of the parent SSMRPT method, such
as (i) it is strictly size-extensive, (ii) it is intruder-state free without invoking the makeshift parameter, and (iii) it allows revision of
the active space component of the wave function under the effect
of its interaction with the outer space. Our IVO-BWMRPT adopts
the “diagonalize-then-perturb-then-diagonalize” scheme, where the
second diagonalization is for the effective Hamiltonian matrix,
whose basis is the corrected functions obtained from the first-order
perturbation. The cluster finding equation of IVO-BWMRPT contains the (unknown) exact energy in the denominator which invites
iterative nature of the equations apart form the coupled nature of
cluster amplitudes and energy finding equations. IVO-BWMRPT
can be employed to quantitatively foretell the spectroscopic and
energetic properties of chemical systems in the ground and excited
states.
The performance of the IVO-BWMRPT method is analyzed by
computing the Be + H2 insertion profile, the dissociation energy surfaces of FH and X2 (X = F, Cl, and Br), as well as torsional energy surfaces. We also demonstrate the capability of the IVO-BWMRPT protocol to correctly describe the energy surfaces of ethylene by cleaving
the π and the CC bonds. A systematic comparison has been carried
out with FCI results whenever available in the literature which provides a global view of the performance of the hereby proposed IVOBWMRPT scheme. Present findings show how the IVO-BWMRPT
computations have become a promising and affordable tool for the
description of processes where one often faces a transition from the
nondegenerate, SR situation to a near degenerate, MR one. Present
computations have furthermore displayed that the approach is competent of yielding accurate ground energy surfaces and evaluation of
spectroscopic quantities as the IVO-BWMRPT PES are smooth all
along the dissociation and torsional paths without altering the active
space. This merit is of immense importance where investigations of
polyatomic systems are concerned. A reliable computation of the
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pertinent energetics often becomes impossible for systems exhibiting a host of open reaction channels for the same molecule for the
fact that no unique active space can be defined for such instances
and different active spaces become relevant for different channels
of reaction. IVO-BWMRPT is also capable to generate excited state
PES that displays the same uniform and consistent convergence to
the dissociation region as the computed ground states. Apart from
MR-situation, when the electronic state has a basically monodeterminantal nature, the IVO-BWMRPT approach can also be employed
to investigate energies at various geometries. The extracted spectroscopic constants are also in good agreement with experimental
estimates indicating the soundness of our model. With moderate size
basis sets, our method yields values with acceptable accuracy, indicating that the IVO-BWMRPT might benefit from cancellation of
errors with the basis sets used.
Here, we also study the torsional energy surfaces of the two spin
states of TME (1 A1 and 3 B1 ) as a function of the torsional angle
between the allyl subunits. Several features of the TME diradical
system were correctly reproduced by our IVO-BWMRPT method.
In our calculations, 1 [TME] always appears to be more stable than
3
[TME] for any twist angle considered here. The variation of dihedral angle has been found to tune the energy gap between the
lowest-lying singlet and triplet states of TME. The present work
also predicts that a hump or maximum appears on the computed
IVO-BWMRPT twisting energy surface of the 1 [TME] at an intermediate twist angle, in D2 symmetry (near 45○ torsional angle). Our
findings are in nice harmony with previous large scale full configuration interaction quantum Monte Carlo and diffusion Monte
Carlo calculations. Although the current generation theories151,155
provide similar shape for the lowest lying singlet-triplet twisting
energy surfaces, with a single minimum on the of 1 [TME] TPS, however, the position of the maximum changes notably with the theory
employed. The small energy splitting between the lowest singlettriplet states indicates that the ground state spin multiplicity of
the TME can be manipulated by suitable subconstituent(s). Overall,
the results reported here are very encouraging, especially considering the second order perturbative nature of the theory and its low
computational demanding.
The present work asserts that the dynamical dressing of the
IVO-CASCI method by second-order state specific MR perturbation describes the single and double bond breaking processes and
energy differences such as barrier heights and ST energy gaps correctly. Furthermore, our test cases also show that IVO-BWMRPT
is a very effective strategy to handle the correlation energy in radicals which necessitates more than a SR to provide a reasonable
zero-order wave function. More investigations will be necessary to
further refine this scheme and to investigate how the method performs for larger molecules and electronically excited states when
the more sophisticated MR-based approaches are too expensive in
computation.
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and J. Pittner, ibid. 142, 114106 (2015).
62
Z. Chen and M. R. Hoffmann, J. Chem. Phys. 137, 014108 (2012).
63
P. R. Nagy and Á. Szabados, Int. J. Quantum Chem. 113, 230 (2013).
64
S. Chattopadhyay, U. Sinha Mahapatra, and R. K. Chaudhuri, Mol. Phys. 112,
2720 (2014).
65
F. A. Evangelista, W. D. Allen, and H. F. Schaefer III, J. Chem. Phys. 127, 024102
(2007).
66
H.-J. Werner, Mol. Phys. 89, 645 (1996).
67
O. Demel, S. Kedžuch, M. Švaňa, S. Ten-no, J. Pittner, and J. Noga, Phys. Chem.
Chem. Phys. 14, 4753 (2012).
68
A. J. C. Varandas and P. Piecuch, Chem. Phys. Lett. 430, 448 (2006).
69
A. J. C. Varandas, Chem. Phys. Lett. 443, 398 (2007).
70
L. Bytautas, T. Nagata, M. S. Gordon, and K. Ruedenberg, J. Chem. Phys. 127,
164317 (2007).
71
L. Bytautas, N. Matsunaga, T. Nagata, M. S. Gordon, and K. Ruedenberg,
J. Chem. Phys. 127, 204301 (2007).
72
L. Bytautas, N. Matsunaga, T. Nagata, M. S. Gordon, and K. Ruedenberg,
J. Chem. Phys. 127, 204313 (2007).
73
L. Bytautas and K. Ruedenberg, J. Chem. Phys. 130, 204101 (2009).
74
A. G. H. Barbosa and A. M. Barcelos, Theor. Chem. Acc. 122, 51
(2009).
75
R. Haunschild, S. Mao, D. Mukherjee, and W. Klopper, Chem. Phys. Lett. 531,
247 (2012).
76
B. Csontos, B. Nagy, J. Csontos, and M. Kállay, J. Phys. Chem. A 117, 5518
(2013).
77
F. Chen and Z. Fan, J. Comput. Chem. 35, 121 (2014).
78
W. Purwanto, W. A. Al-Saidi, H. Krakauer, and S. Zhang, J. Chem. Phys. 128,
114309 (2008).
79
S. Chattopadhyay, U. S. Mahapatra, and R. K. Chaudhuri, Mol. Phys. 112, 2720
(2014).
80
E. Giner, C. Angeli, A. Scemama, and J.-P. Malrieu, Comput. Theor. Chem.
1116, 134 (2017).
81
E. Giner, G. David, A. Scemama, and J. P. Malrieu, J. Chem. Phys. 144, 064101
(2016).
82
Y. Garniron, E. Giner, J.-P. Malrieu, and A. Scemama, J. Chem. Phys. 146,
154107 (2017).
83
J. P. Malrieu, Mol. Phys. 111, 2451 (2013).
84
E. A. Colbourn, M. Dagenais, A. E. Douglas, and J. W. Raymonda, Can. J. Phys.
54, 1343 (1976).

151, 064114-28

The Journal
of Chemical Physics

85
J. Yang, Y. Hao, J. Li, C. Zhou, and Y. Mo, J. Chem. Phys. 122, 134308 (2005);
127, 209901 (2007).
86
R. Z. Martínez, D. Bermejo, J. Santos, and P. Cancio, J. Mol. Spectrosc. 168, 343
(1994).
87
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