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a b s t r a c t
Let X be a completely regular Hausdorﬀ topological space and A(X) a ring
lying between C ∗ (X) and C(X). A correspondence ZA between ideals of A(X)
and the z-ﬁlters on X was initiated by Redlin and Watson in 1987 and was
further investigated by Byun and Watson in a paper published in Topology and
its Applications in 1991. In the last mentioned paper, the authors have established
a lemma which reads that for any two rings A(X) and B(X) lying between C ∗ (X)
and C(X) with B(X) ⊆ A(X) and for any ideal I of A(X), ZA [I] = ZB [I ∩ B(X)].
We point out an error in the proof of this lemma. The authors have used this lemma
to prove a theorem, which says that (a) if M is a maximal ideal of A(X) then ZA [M ]
is contained in a unique z-ultraﬁlter on X and (b) if F is a z-ultraﬁlter on X, then
−1
[F] is a maximal ideal of A(X). The authors have given a correct proof of part
ZA
(b) of this result, in a more general context, in a later article [Redlin and Watson,
1997]. We give a correct proof of the above lemma and generalize part (a) of the
above theorem to prime ideals. Lastly we show that if A(X) = C(X), then there
exists a non-maximal prime ideal in A(X).
© 2013 Elsevier B.V. All rights reserved.

1. Introduction
Let X be a completely regular Hausdorﬀ topological space and Σ(X) be the totality of all the rings
that lie between the ring C ∗ (X) of bounded real-valued continuous functions on X and the ring C(X)
of all real-valued continuous functions on X. A correspondence between proper ideals of any such intermediate ring A(X) ∈ Σ(X) and the z-ﬁlters on X was initiated by Redlin and Watson [7] in 1987 and
was further investigated by Byun and Watson [3] in 1991. With each A(X) ∈ Σ(X) and f ∈ A(X),
they have associated a collection ZA (f ) of subsets of X, given by ZA (f ) = {E ∈ Z[X]: there exist a g ∈
A(X) such that f g|(X−E) = 1}, here Z(X) as usual denotes the family of all zero sets in X. For any proper

ideal I of A(X), they have set ZA [I] = f ∈I ZA (f ) and for a z-ﬁlter F on X,


−1
ZA
[F] = f ∈ A(X): ZA (f ) ⊂ F .
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In the present article our focus is on Lemma 3.1 and Theorems 3.2 and 4.5 of [3].
We show, by way of a counterexample, that there is an error in the proof of Lemma 3.1 of [3]. The
statement of Lemma 3.1 of [3] is correct, and we give a proof. We feel it is important to supply a correct
proof of Lemma 3.1 of [3] because the lemma is used in the proof of Theorem 3.2 of [3] as well as elsewhere
in [3], and the lemma is cited in [1, Lemma 1.6]. We mention that a correct proof of Theorem 3.2(b), in
a more general context, appears in [8]. We show here that part (a) of Theorem 3.2 of [3] is also correct.
Indeed, we generalize this result to prime ideals. Finally, we show that if A(X) is diﬀerent from C(X) then
there exists a prime ideal of A(X) which is not maximal.
2. A proof of Lemma 3.1 of [3]
In this section we give a correct proof of Lemma 3.1 of [3].
Lemma 3.1. Let A(X) and B(X) be subrings of C(X) such that B(X) ⊂ A(X). Then for any ideal I of
A(X), ZA [I] = ZB [I ∩ B(X)].
In the proof in [3] it is claimed that if f ∈ A(X) and u ∈ C ∗ (X) and f u ∈ I ∩ C ∗ (X), then ZA (f ) =
ZC ∗ (f u). If this is the case then by [3, Lemma 1.2] we have ZC (f ) = ZC ∗ (f u) ⊆ ZC ∗ (f ), and hence
ZC (f ) = ZC ∗ (f ). But this is not true as the following counterexample shows. Let A(X) = C(R) and let
f ∈ A(X) be deﬁned by
f (x) =

x
,
1 + x2

x ∈ R.

Clearly the zero set E = [−1, 1] belongs to ZC (f ) but does not belong to ZC ∗ (f ). We also note that the
set E = [−1, 1] does not contain any set of the form Eε = {x ∈ R: |f (x)|  ε}, for ε > 0. This shows that
the statement in [3, p. 48] that each zero set in ZA (f ) contains such a set is false.
We now give a proof of this lemma.
Proof of Lemma 3.1. The hypothesis is that I is an ideal of a ring A(X) lying between C ∗ (X) and C(X); it
is enough to check that ZA [I] ⊆ ZC ∗ [I ∩ C ∗ (X)]. If E ∈ ZA [I], then there exists an f ∈ I and a g ∈ A(X)
2f.g
such that f.g|(X−E) = 1. Therefore the function h = 1+|f.g|
belongs to C ∗ (X) ∩ I and h|(X−E) = 1. This
∗
shows that E ∈ ZC ∗ (h) and hence E ∈ ZC ∗ [I ∩ C (X)]. 2
3. Prime ideals in A(X)
In this section we prove two results on prime ideals in A(X).
It is shown in [3] that if M is a maximal ideal of A(X) then ZA [M ] is contained in a unique z-ultraﬁlter
on X. We generalize this result to prime ideals.
Theorem 3.1. If A(X) is any ring between C ∗ (X) and C(X), then for any prime ideal P of A(X), ZA [P ]
is contained in a unique z-ultraﬁlter on X.
−1
Proof. Suppose ZA [P ] is contained in distinct z-ultraﬁlters F1 and F2 . Since the map ZA
is a bijection
−1
−1
[2, Theorem 3.3(a)], it follows that ZA [F1 ] = M1 and ZA [F2 ] = M2 are distinct maximal ideals in A(X),
and of course P ⊂ M1 ∩ M2 . But this is impossible since a prime ideal in A(X) is contained in a unique
maximal ideal [3, Corollary 1.9 ﬀ ]. 2

Rings in which every prime ideal is contained in a unique maximal ideal are called Gelfand rings [6].
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It is shown in [3, Theorem 4.5] that if every prime ideal in A(X) is maximal then X is a P -space. In the
next theorem we show that if A(X) is properly contained in C(X) then A(X) must contain a prime ideal
which is not maximal.
Theorem 3.2. If A(X) is a ring containing C ∗ (X) and properly contained in C(X), then there exists at least
one prime ideal in A(X) which is not maximal [see also [4]].
To prove this theorem we need to recall the following fact from Willard [9, 44C].
A subalgebra A of C(X) is called a star subalgebra if it is closed in the uniform topology, contains the
constant functions and is inverse closed in the sense that if f ∈ A and Z(f ) = φ, then f is invertible in A.
A star subalgebra A of C(X) is all of C(X) if and only if C ∗ (X) ⊆ A.
Proof of Theorem 3.2. The hypothesis implies in view of the above fact that A(X) is not a star subalgebra
of C(X). This means that there exists an f ∈ A(X) for which Z(f ) = φ but f is not invertible in A(X).

Therefore by Theorem 1 of [7], ZA (f ) is a z-ﬁlter on X. Furthermore ZA (f ) = Z(f ) [see [3], the remarks
immediately following Lemma 1.5]. Thus ZA (f ) turns out to be a free z-ﬁlter on X. Consequently the
set S[ZA (f )] of cluster points of ZA (f ) in βX is a non-empty subset of βX − X [see [5], Chapter 6]. If
p ∈ S[ZA (f )], then it follows from Theorem 3.3 of [3] that f ∈ MAp , the maximal ideal in A(X) corresponding
to the point p. On the other hand the simple fact that X is dense in βX clearly implies that no neighbourhood
p
of p in βX is contained in S[ZA (f )], this means that f ∈
/ OA
= {g ∈ A(X): p ∈ int S[ZA (g)]} [see Section 4,
p
p
[3]]. Thus MA = OA . Hence from Theorem 4.2 of [3], it follows that there exists at least one non-maximal
prime ideal in A(X). 2
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