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In this article, we have considered a continuous tritrophic food chain model
subject to the Allee effect on the prey growth function with prey-dependent
Holling type II functional response between the prey and intermediate predator; Crowley-Martin senses functional response between intermediate predator
and top predator, and the top predator is of sexually reproductive type. We
have established the positivity and boundedness of the system and the condition of existence of different equilibrium points. The local and global stability
of the solutions about the various equilibrium points has been investigated. The
center manifold theorem has been used to find the nature of the solution in
the neighborhood of the nonhyperbolic equilibrium points and the direction of
Hopf bifurcations. Numerical simulation has been carried out to establish the
theoretical findings and finally some concluding remarks are given.
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1

I NT RO DU CT ION

Development of ecological systems has become an increasingly active research area of ecological science. Predator-prey
interaction is one of the basic issues in ecological and social science. A lots of pioneer work has been done on the
Lotka-Volterra predator prey model.1-4 One of the most valuable features in predator-prey interaction is the functional
response. The functional response of the predator to the prey density is the function that describes the amount of prey
consumed by a predator per unit time. From earlier, various forms of functional responses have been applied to formulate
different ecological models. In the classical Lotka-Volterra model,5,6 it was assumed that the functional response is directly
proportional to the product of prey and predator density. This model has fundamental importance for the predator-prey
interaction. Then, Holling suggests three important types of functional response (Holling types I, II, III). One of the great
significant prey-dependent functional response is the Holling type II functional response. Here, the per-capita consumption of the predator to the prey is a function of the prey density only. A few numbers of practical experiment have strongly
supported the prey-dependent functional response.7-9 This type of functional response has a wide field of implementation
in the ecological science.10-12
There is another important type of functional response called the Crowley-Martin senses functional response.13 A several laboratory and field experiments suggest that when the number of predators is large and the competition among
the predators affects the predation, then the Crowley-Martin senses functional response suggests the better results in the
Comp and Math Methods. 2020;2:e1079.
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predator-prey interaction.14,15 In this type of functional response, the per-capita predator consumption rate to the prey is
a function of both the prey and predator density.
In 1930, the American ecologist Wander Clyde Allee asked the question, what nominal numbers are necessary if a
species is to preserve itself in an ecological system? In his book, Allee discussed the evidence for the effects of crowding
on the demographic and life history behaviors of population.16 Hence, the growth rate is not always positive for small
population density and it may not be decreasing as in the logistic model either. Generally speaking, a population is said
to have an Allee effect if the per-capita growth rate is initially an increasing function for the lower population density.
It is called a strong Allee effect if the per-capita growth rate in the limit of low density is negative. A strong Allee effect
introduces a population threshold,17-19 and the population must surpass this threshold to grow. On the other hand, in
weak Allee effect, there does not exist any population threshold,20,21 and in this case, the per-capita growth rate at zero
population density is positive. A few more explanations of Allee definition are discussed by Courchamp et al,18 Dennis,19
Wang and Kot,20 Berec et al,22 Jiang and Shi,23 Stephens et al,24,25 and Gascoigne and Lipcius26 in their research article.
The Allee effect can arise from a few numbers of sources such as reproductive simplification, difficulties in finding
mates, inbreeding depression, predation, and environment conditioning.19,20 The Allee effect has been getting much attention recently due to its strong potential impact on population dynamics.18,22,27,28 It is extensively accepted that the Allee
effect may increase the risk of extinction at lower population density.19,29 Thus, in an ecological system, the Allee effect
is attaining an importance for the conservation of the populations.18,22,30
In an ecological system, the herbivores are often the specialist type. The generalist-type predator includes those who
eat different plants. Higher tropic level species or the generalist-type predators are more complicated in the sense of
reproduction. It is very common in nature that the higher tropic level species are the sexually reproductive type. Recently,
many authors have discussed the dynamics of a class of generalist-type top predator by the semiratio dependent,31,32
Holling-Tanner,2,33,34 Leslie-Grower,35,36 and modified Leslie-Grower37 predator-prey systems with functional responses.
Fischer et al38 gave an empirical data that established the positive correlation of higher tropic level and proportion of
sexual taxa of oribatid mites in the alpine soil system. They come to discuss that the sexual taxa more frequently occurred
in the food chain indicating that the reproduction is related to nutrition of oribatid mites.
It is observed that there are only a few research articles considering tritrophic food chain model, including one prey
and two predators of which the top predator is a specialist type39 and almost in all articles the prey population grows
logistically. It has been shown that in a two-dimensional predator-prey system, when the logistic growth function of
the prey population is influenced by Allee effect, the system dynamics changed dramatically in both the case of strong
and weak Allee effects.40 Now, the question is that in a three-dimensional predator-prey model with one prey and two
predators, including top predator is of specialist type, when the prey population does not grow logistically and an Allee
effect includes in the prey population, does we see any change in the model system behavior? Here, we try to investigate
the nature of the equilibrium points in both the hyperbolic and nonhyperbolic case, how the system bifurcates about the
Allee parameter.
In this paper, we have considered a tritrophic predator-prey model with one prey and two predators with Allee effect on
the growth function of the prey population; intermediate predator has prey-dependent functional response; top predator
feed upon the intermediate predator by Crowley-Martin senses functional response, and it is of sexually reproductive
type. This model is more realistic compared to the same model with logistic growth function in the prey population. We
analyze the stability of different hyperbolic and nonhyperbolic equilibrium point considering both the strong and weak
Allee effects. We demonstrate and analyze the bifurcation of the system with respect to the Allee parameter and growth
rate of the top predator.
The main objective of this paper is to investigate the stability or instability of different equilibrium points and studying the nature of the nonhyperbolic-type equilibrium points depending on some parametric condition and finding the
direction of the Hopf bifurcation by applying the center manifold theorem for both the strong and weak Allee effects. The
Allee effect parameter 𝛽 and the top predators growth rate c play an important role on the dynamics of the system. That
is why we must have to investigate the nature of various equilibrium points, creations and/or diminished of equilibrium
point, stability of the system solution in different region of the 𝛽 − c plane. We also have to investigate the different line
of bifurcation in the 𝛽 − c plane to analyze the system biologically.
The organization of this paper is as follows: In Section 2, the model equations have been formulated; positivity and
boundedness are described in Section 3; equilibrium points are finding out in Section 4; Section 5 is devoted to analyze the
locally stability of the equilibrium points. In Sections 6 and 7, different bifurcation criterion and the application of center
manifold theorem are discussed. Finally, numerical simulation is done in Section 8, and a conclusion has been drawn in
Section 9.
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MODEL FORMULATION

In the absence of any predator, the classical growth equation of the prey population is a logistic type. Now, we induced
the Allee dynamics in the growth function for the prey species. In the case of weak Allee effect, the population growth
rate decreases, but it remains positive at low population densities. In the case of strong Allee effect, the per-capita growth
rate should be negative near zero.
Hence, the most usual continuous growth function for the prey population considering Allee effect can be expressed
by the equation
)
(
x
dx
= rx 1 −
(x − x0 ) ,
dt
k
where x(t) is the density of the prey population; r represents the magnitude of the per-capita growth rate of the prey
population; k is the environmental carrying capacity of the prey. The parameter x0 has the meaning of the prey survival
threshold, for the strong Allee effect and in this case 0 < x0 < k and in the case of a weak Allee effect, the value of x0
is negative, and it should satisfy the condition −k < x0 ≤ 0. Thus, at small species densities 0 < x < x0 , the prey growth
rate becomes negative since the mortality rate is larger than the birth rate. Note that, for x0 = − k, the equation for prey
growth rate is equivalent to the logistic equation.41 In the latter case, the per-capita growth rate of prey is a monotonically
decreasing function of x.
In presence of a predator, the species interaction can be presented in the form
)
(
x
dx
= rx 1 −
(x − x0 ) − 𝑓 (x) 𝑦
dt
k
dy
= ef (x) 𝑦 − 𝛿𝑦,
dt
where y(t) is the density of the predator population; 𝛿 is the mortality rate of the predator population; f(x) is the functional
response of the predator which is prey-dependent; e is the food utilization coefficient. If there is another predator called
the top predator, then the population dynamics of the competent species will be three-dimensional food chain model with
one prey and two predators.
Here, consider a continuous three-dimensional prey-predator model where the prey growth rate is subject to an Allee
effect and the functional response of predator, consuming the preys are prey-dependent, which is represented by the
Holling type II functional response. The top predator is the sexually reproductive type. It feeds upon the intermediate
predator by Crowley-Martin senses functional response, this type of functional response is considered when the number
of predators is large and competition among the predators affects the predation. The species interactions are described by
the following system of ODEs:
)
(
= rx 1 − kx (x − x0 ) −

⎫
⎪
⎪
𝛼1 xy
𝛼2 yz
(1)
= a+x − 𝛿𝑦 − 1+a 𝑦+b z+b yz ⎬
1
1
2
2
⎪
𝛼
z
= cz2 − a 3+𝑦
⎪
2
⎭
subject to the initial condition x(0) ≥ 0, y(0) ≥ 0, z(0) ≥ 0. In system, (1) x(t), y(t), and z(t) stand for the prey, intermediate
predator, and top predator density at time t. 𝛼, 𝛼 1 , 𝛼 2 , 𝛼 3 , a, a1 , a2 , b1 , b2 , c, 𝛿 are system parameters assuming only positive
values and are defined as follows: 𝛼 is the maximum value of the consumption rate of the intermediate predator y to the
prey x; a measures the extent to which environment provides protection to prey x and can be thought of as measure of the
effectiveness of the prey in evading a predator's attack; 𝛼 1 have a similar meaning as 𝛼; 𝛼 2 and 𝛼 3 have a similar biological
connotation as that of 𝛼, and 𝛼 1 ; a1 = prey handling time of predator, b1 = magnitude of interference among predators
on the feeding rate, b2 = combine effect of interference among the predators and the prey handling time; c describes the
growth rate of the top predator z, assuming that the numbers of males and females are equal; a2 represents the residual
loss in species z due to severe scarcity of its food y; the second term on the right-hand side in the third equation of (1)
depicts the loss in the top predator population.
In the third equation of the system, the square term cz2 signifies the fact that mating frequency is directly proportional
to the number of males as well as to that of females at any instant of time t.41 The top predator z is a sexually reproducing
species. For most sexual species over most population densities, reproduction is determined primarily by female numbers;
dx
dt
dy
dt
dz
dt

𝛼xy
a+x
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however, the growth of a sexually reproducing population is proportional to the square of the number individuals present
in situation when the population is at very low densities (detail derivation is given in Appendix A).
In order to reduce the number of parameters in the system equations and to reduce the arising complexity in the dynam𝛼
ical analysis and interpolation of results, we shall introduce the dimensionless variables given by kx = x, rk𝛼2 𝑦 = 𝑦, rk2 z =
z, krt = t in (1), and then dropping the bars, we derive
dx
dt
dy
dt
dz
dt

xy
=
a+x
yz
1+a1 𝑦+b1 z+b2 yz

⎫
⎪
=
− 𝛿𝑦 −
= 𝑓2 (x, 𝑦, z) ⎬ ,
⎪
𝛼 z2
= cz − a 3+𝑦 = 𝑓3 (x, 𝑦, z)
⎭
2
= x (1 − x) (x − 𝛽) −
𝛼1 xy
a+x
2

𝑓1 (x, 𝑦, z)

(2)

where
𝛽=

x0
𝛼
a
𝛿
rk2
rk
r 2 k3
c
𝛼
𝛼
b2 , c = , 𝛼 3 = 2 𝛼3 , a2 = 2 a2 .
a1 , b1 = b1 , b2 =
, a = , 𝛼 1 = 1 , 𝛿 = , a1 =
𝛼
𝛼2
𝛼𝛼2
𝛼2
k
k
rk
rk
rk 𝛼2
rk

Modeling a strong Allee effect implies 0 < 𝛽 ≤ 1, where a weak Allee effect requires −1 < 𝛽 ≤ 0.
With the initial conditions x(0) ≥ 0, y(0) ≥ 0, z(0) ≥ 0, the state space of the system is the nonnegative cone
}
{
R3+ = (x, 𝑦, z) ∈ R3 ∶ x ≥ 0, 𝑦 ≥ 0, z ≥ 0 .

In the next section, by using standard methods, we established the positivity and boundedness of the model solutions
starting from the interior of the first octant for both the case of strong and weak Allee effects. We also prove that the
system is dissipative.

3

P O S I T I V IT Y AN D BOU N DE D NESS O F THE SOLUTIONS

From Equation (2), we have
)] ⎤
(
⎡ t [
𝑦 (s)
ds⎥
x (t) = x (0) exp ⎢
(x (s) − 𝛽) 1 − x (s) −
⎢∫
⎥
a + x (s)
⎣0
⎦
t [
] ⎤
⎡
z (s)
𝛼1 x (s)
⎢
−𝛿−
ds⎥
𝑦 (t) = 𝑦 (0) exp
⎥
⎢∫ a + x (s)
1 + a1 𝑦 (s) + b1 z (s) + b2 𝑦 (s) z (s)
⎦
⎣0
t [
] ⎤
⎡
𝛼3 z (s)
ds⎥ .
z (t) = z (0) exp ⎢
cz (s) −
⎥
⎢∫
a2 + 𝑦 (s)
⎦
⎣0
This shows that x(t) ≥ 0, y(t) ≥ 0, and z(t) ≥ 0 whenever x(0) ≥ 0, y(0) ≥ 0, and z(0) ≥ 0. Therefore, we can say that
solutions remain in the first octant of the xyz space. Then, any solution starting in the first octant of the space will remain
in this space. Hence, the state space of the system
{
}
R3+ = (x, 𝑦, z) ∈ R3 ∶ x ≥ 0, 𝑦 ≥ 0, z ≥ 0
is an invariant set.
Now, we prove the boundedness of the solutions of the system. We consider two different cases, namely, 0 < x(0) ≤ 1
and x(0) > 1. Consider (x(t), y(t)) an arbitrary positive solution of system (2). We already have
⎤
⎡ t
⎢
F (x (s) , 𝑦 (s)) ds⎥ ,
x (t) = x (0) exp
⎥
⎢∫
⎦
⎣0
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where

(
F (x (s) , 𝑦 (s)) = (x (s) − 𝛽) 1 − x (s) −

𝑦 (s)
a + x (s)

)
.

Case I: First, we consider 0 < x(0) ≤ 1 and we prove that x(t) ≤ 1 for all t ≥ 0. If otherwise, then there exist two positive
real number t1 and t2 with t2 > t1 such that x(t1 ) = 1 and x(t) > 1 for all t ∈ (t1 , t2 ) Then, for all t ∈ (t1 , t2 ) we have
⎡ t
⎤
x (t) = x (0) exp ⎢ F (x (s) , 𝑦 (s)) ds⎥
⎢∫
⎥
⎣0
⎦
t

⎤
⎡ t
⎤
⎡ 1
⎥
⎢
= x (0) exp
F (x (s) , 𝑦 (s)) ds × exp ⎢ F (x (s) , 𝑦 (s)) ds⎥
⎥
⎢∫
⎥
⎢∫
⎦
⎣ t1
⎦
⎣0
⎤
⎡ t
= x (t1 ) exp ⎢ F (x (s) , 𝑦 (s)) ds⎥
⎥
⎢∫
⎦
⎣ t1
< x (t1 )
as F(x(s), y(s)) < 0 for all t ∈ (t1 , t2 ), which contradicts our hypothesis. Hence, we have x(t) ≤ 1 for all t ≥ 0.
Case II: Now, we consider x(0) > 1. Then, we must have x(t) ≥ 1
⎤
⎡ t
x (t) = x (0) exp ⎢ F (x (s) , 𝑦 (s)) ds⎥ < x (0) ,
⎥
⎢∫
⎦
⎣0
as F(x(s), y(s)) < 0 for x(t) ≥ 1.
Combining both the cases, we say that any positive solution satisfies x(t) ≤ max{x(0), 1} for all t ≥ 0.
Now, we shall prove that, if x(t) is bounded, then y(t) is bounded for any nonnegative initial condition.
To establish the above, we define the function 𝜉 (t) = x (t) + 𝛼1 𝑦 (t), the time derivative of which is
1

yz
𝑑𝜉
dx
1 dy
𝛿
=
+
= x (1 − x) (x − 𝛽) − 𝑦 −
𝛼1
dt
dt 𝛼1 dt
𝛼1 (1 + a2 𝑦 + b1 z + b2 yz)
(
)
𝛿
1
≤ x (1 − x) (x − 𝛽) − 𝑦 ≤ x (1 − x) (x − 𝛽) + 𝛿𝑥 − 𝛿 x + 𝑦
𝛼1
𝛼1
holds since all the parameters are positive and x(t), y(t), z(t) are nonnegative.
Therefore, 𝑑𝜉
+ 𝛿𝜉 ≤ 𝜂, where 𝜂 = max {x (1 − x) (x − 𝛽) + 𝛿𝑥}.
dt

Therefore, by Gronwall's inequality, we have 𝜉 (t) ≤ 𝜉(0)e−𝛿𝑡 + 𝛿𝜂 (1 − e−𝛿𝑡 ), and hence, x(t) + 𝛼1 𝑦(t) ≤ (x(0) + 𝛼1 𝑦(0))e−𝛿𝑡 +
t≥0

𝜂
(1
𝛿

− e−𝛿𝑡 ) for all t ≥ 0.

1

1

For large value of t, we have x (t) + 𝛼1 𝑦 (t) ≤ 𝛿𝜂 + 𝜀 for arbitrary positive 𝜀. Hence, from the positivity of x(t) and y(t), we
1
conclude that y(t) is bounded.
𝛼
Lastly, we shall prove x(t),y(t) are bounded and if a2 + 𝛿𝜂 𝛼1 < c3 , then z(t) is bounded for any nonnegative initial condition.
For this purpose, we define the function 𝜁 (t) = x (t) +
𝑑𝜁
dx
1 dy
dz
=
+
+𝜇
dt
dt 𝛼1 dt
dt

1
𝑦 (t)
𝛼1

+ 𝜇𝑧 (t), the time derivative of which is

(
)
yz
𝛼3
𝛿
= x (1 − x) (x − 𝛽) − 𝑦 −
+𝜇 c−
z2
𝛼1
a2 + 𝑦
𝛼1 (1 + a2 𝑦 + b1 z + b2 yz)
)
(
𝛼3
≤𝜂+𝜇 c−
z2 + 𝜇𝛿𝑧 − 𝛿𝜁
a2 + 𝑦
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holds since all the parameters are positive and x(t), y(t), z(t) are nonnegative with 𝜂 = max{x(1 − x)(x − 𝛽) + 𝛿𝑥}.
Thus, as 𝑦 ≤ 𝛿𝜂 𝛼1 , we get

Hence,

𝑑𝜁
dt

≤ 𝜂 + 𝜇(c −

t≥0

𝛼3
)z2
a2 + 𝛿𝜂 𝛼1

+ 𝜇𝛿𝑧 − 𝛿𝜁 .
) )
(
(
𝛼3
+ 𝛿𝜁 ≤ 𝜂 + M, where M = max 𝜇𝛿𝑧 + 𝜇 c − a + 𝜂 𝛼 z2 .

𝑑𝜁
dt

t≥0

The maximum exists since c −

𝛼3
a2 + 𝜂𝛿 𝛼1

2

𝛿

Therefore, by Gronwall's inequality, we have 𝜁(t) ≤ 𝜁(0)e−𝛿𝑡 +
1
𝑦(0)
𝛼1

−𝛿𝑡

+ 𝜇𝑧(0))e

+

𝜂+M
(1
𝛿

−𝛿𝑡

−e

) for all t ≥ 0.

For large value of t, we have x(t) + 𝛼1 𝑦(t) + 𝜇𝑧 (t) ≤
1
and z(t), we conclude that z(t) is bounded.
System (2) is obviously dissipative in R3+ .

4

1

< 0.

𝜂+M
𝛿

𝜂+M
(1
𝛿

− e−𝛿𝑡 ), and hence, x(t) +

1
𝑦(t)
𝛼1

+ 𝜇𝑧(t) ≤ (x(0) +

+ 𝜀 for arbitrary positive 𝜀. Hence, from the positivity of x(t), y(t),

EQUILIBRIA AND THEIR FEASIBILITY

To obtain the ecologically feasible equilibrium points of system (2), we consider the prey nullcline and predators nullclines
of the system, which are given by
x (1 − x) (x − 𝛽) (a + x) − xy = 0,
yz
𝛼1 xy
− 𝛿𝑦 −
= 0,
a+x
1 + a1 𝑦 + b1 z + b2 yz

(3)

cz2 (a2 + 𝑦) − 𝛼3 z2 = 0.
It is obvious that the equilibrium points are the intersection of these nullclines in
{
}
R3+ = (x, 𝑦, z) ∈ R3 ∶ x ≥ 0, 𝑦 ≥ 0, z ≥ 0 .
Case I: Strong Allee effect
System (2) possesses four equilibrium points on the boundary of R3+ , E0 (0,0,0), the trivial equilibrium point; E1 (𝛽,0,0),
the first axial equilibrium point; E2 (1,0,0), the second axial equilibrium point; and the planer equilibrium point E3 (x, 𝑦, 0),
𝛼
where x = 𝛼𝑎𝛿−𝛿 , 𝑦 = (1−x)(x −𝛽)(a+x). The planer equilibrium point E3 (x, 𝑦, 0) is feasible if 𝛽 < 𝛽a ( 𝛿1 −1) < 1. The interior
1

equilibrium point(s) E* (x* , y* , z* ) of the system is the point(s) of intersection of the nullclines (1 − x)(x − 𝛽)(a + x) − 𝑦 =
𝛼1 x
0, a+x
− 𝛿 − 1+a 𝑦+bz z+b yz = 0 and c(a2 +y) − 𝛼 3 = 0 in the interior of R3+ . The components of interior equilibrium point
1

1

2

E* (x* , y* , z* ) are given by
𝑦∗ =

(1 + a1 𝑦∗ ) [𝛼1 x∗ − 𝛿 (a + x∗ )]
𝛼3
− a2 , z ∗ =
c
(a + x∗ ) − (b1 + b2 𝑦∗ ) [𝛼1 x∗ − 𝛿 (a + x∗ )]

and x* is the positive root of the cubic equation
x3 + 3a1 x2 + 3a2 x + a3 = 0,

(4)

where 3a1 = a − 𝛽 − 1, 3a2 = 𝛽 − a − a𝛽, a3 = a𝛽 + y* > 0. Hence, the above equation can have at most two positive real
roots. Therefore, the system can have at most two interior equilibrium point. The interior equilibrium point(s) is feasible
𝛼
𝛼1 x∗
− 𝛿).
if c < p1 and 0 < p2 < 1 where p1 = a3 and p2 = (b1 + b2 𝑦∗ )( a+x
∗
2
Case II: Weak Allee effect
Here, system (2) possesses all the boundary and interior equilibrium point(s) except E1 (𝛽,0,0), the first axial equilibrium
point, as in the case of strong Allee effect. Here, the planer equilibrium point E3 (x, 𝑦, 0) is feasible if 𝛿(1 + a) < 𝛼 1 which
is independent of the Allee parameter. In this case, the coefficients a1 , a3 of Equation (4) are unrestricted in sign and a2
is negative in sign. Hence, Equation (4) can have at most two positive real roots and consequently the system can have at
most two interior equilibrium points. The feasibility condition of the interior equilibrium point(s) is same as in the case
of strong Allee effect.
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In both the cases of strong and weak Allee effects, the two interior equilibrium points will coincide when
(
)(
)
(a1 a2 − a3 )2 = 4 a2 − a1 2 a1 a3 − a2 2

(5)

(the detail calculations are given in Appendix B).
Here, the variational matrix of system (2) at any equilibrium point E(x1 , y1 , z1 ) is given by
(
J (E) =

a11 a12 a13
a21 a22 a23
a31 a32 a33

)
(6)

,

where all aij are given in Appendix C.

5

LOCAL STABILITY ANALYSIS

In this section, we shall investigate the local asymptotic stability of the feasible equilibrium points of system (2).

5.1

Stability of the equilibrium point E0 (0,0,0)

Eigenvalues of the variational matrix J(E0 ) of system (2) evaluated at E0 (0,0,0) are 0, − 𝛽 and −𝛿 < 0. In the case of weak
Allee effect with 𝛽 ≠ 0, one eigenvalue becomes positive and the equilibrium E0 (0,0,0) will be unstable in nature. In
addition, in the case of strong Allee effect, being one eigenvalue equal to zero and other two negative, we cannot make
any conclusion about the stability of the equilibrium point E0 (0,0,0) and we need to apply the center manifold theorem
to investigate the nature of the stability.

5.2

Stability of the equilibrium point E1 (𝜷,0,0)
𝛼 𝛽

1
− 𝛿. For the case of
Eigenvalues of the variational matrix J(E1 ) of system (2) evaluated at E1 (𝛽,0,0) are 0,𝛽(1 − 𝛽) and a+𝛽
strong Allee effect with 𝛽 ≠ 1, one eigenvalue become positive and the equilibrium point E1 (𝛽,0,0) will be always unstable
in nature.

5.3

Stability of the equilibrium point E2 (1,0,0)
𝛼

1
− 𝛿. In both the case
Eigenvalues of the variational matrix J(E2 ) of system (2) evaluated at E2 (1,0,0) are 0, 𝛽 − 1 and a+1
of strong and weak Allee effects, if 𝛼 1 ≤ 𝛿(a + 1), then being at least one eigenvalue equal to zero, we cannot make any
conclusion about the stability of the equilibrium point E2 (1,0,0) and hence we need to apply the center manifold theorem
to investigate the nature of the stability. Again for 𝛼 1 > 𝛿(a+1), the equilibrium point E2 (1,0,0) is unstable in nature.

5.4

(
)
Stability of the equilibrium point E3 x, y, 𝟎

The characteristic equation of the variational matrix J(E3 ) of system (2) evaluated at E3 (x, 𝑦, 0) is 𝜆[𝜆2 + B𝜆 + C] = 0 where
a𝛼1 x 𝑦
x𝑦
and C = (a+x)
> 0. In both the case of strong and weak Allee effects, one eigenvalue being
B = −x(1 + 𝛽 − 2x) − (a+x)
2
3
equal to zero, we cannot make any conclusion about the stability of the equilibrium point E3 (x, 𝑦, 0).
Now if 𝛽 > 2x − 1, then B is negative and two roots of the characteristic equation of variational matrix have positive
real parts. Hence, the solution in the neighborhood of the equilibrium point E3 (x, 𝑦, 0) will be unstable in nature.
To study the nature of the solution in the neighborhood of the planer equilibrium point E3 (x, 𝑦, 0) for B > 0, we shall
apply the center manifold theorem.

5.5

Stability of any interior equilibrium point E* (x * , y* , z* )

The characteristic equation of the Jacobian matrix J(E* ) is given by
𝜆3 + C1 𝜆2 + C2 𝜆 + C3 = 0,

(7)
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where C1 = − (a11 + a22 ), C2 = a11 a22 − a12 a21 − a23 a32 , and C3 = a11 a23 a32 . According to the Routh-Hurwitz criterion,
the interior equilibrium point E* (x* , y* , z* ) will be locally asymptotically stable if Ci > 0, (i = 1,3) and C1 C2 − C3 > 0 for
both the case of strong and weak Allee effects.

6

BIFURC ATION ANALYSIS

In this section, we have addressed how the qualitative behavior of the solution set of a system depending on a parameter
changes as the parameter varies through a bifurcation value. A value of the parameter in the given system for which the
vector field changes its structurally stable behavior is called a bifurcation value.

6.1 Saddle-node bifurcation analysis of the system about any interior equilibrium point
E* (x * , y* , z* )
The variational matrix J(E* ) of system (2) at E* (x* , y* , z* ) is given in (6), only E(x1 , y1 , z1 ) will have to be replaced by
E* (x* , y* , z* ).
Since det(J(E* )) = − a11 a23 a32 , hence if we fixed all the parameters other than c, then det(J(E* )) is a function of c only.
Varying c, we can obtain a critical value c = c[SN] for which one eigenvalue of the variational matrix J(E* ) becomes zero.
The other eigenvalues of J(E* ) are evaluated at c = c[SN] and one of them must be negative in order to get a saddle node
bifurcation.
Let 𝜃 and 𝜙 are the eigenvectors corresponding to the eigenvalue 0 of the variational matrix J(E* ) and its transpose,
respectively.
)T
)T
(
(
a
a
We obtain that 𝜃 = 1, 0, − a21 , 𝜙 = 1, 0, − a12 .
Since 𝜙T [𝑓c (E∗ c[𝑆𝑁] )] = − a12 z∗2 ≠ 0 and 𝜙T [D2 f(E* , c[SN] )(𝜃, 𝜃)] ≠ 0.
a

23

32

32

Hence, the system goes through a saddle-node bifurcation around E* (x* , y* , z* ) at c = c[SN] .

6.2 Hopf bifurcation analysis of the system about any interior equilibrium point
E* (x * , y* , z* )
Now, we shall vary some important parameters of the system so as to obtain a Hopf bifurcation around the interior
equilibrium point E* (x* , y* , z* ).
We have seen that the characteristic equation of the Jacobian matrix of system (2) around the interior equilibrium point
E* (x* , y* , z* ) is given in (7). Now, if we fixed all parameters of the system at fixed constant values other than the Allee
parameter 𝛽, then the expressions of C1 , C2 , C3 and C1 C2 − C3 depend on 𝛽 only and hence the sign of C1 , C2 , C3 and
C1 C2 − C3 can be controlled by changing the values of 𝛽. We can summarize the following theorem depending on 𝛽.
Theorem 1. If C1 ,C2 ,C3 > 0; C1 C2 − C3 = 0 at 𝛽 = 𝛽 c and (C1 C2′ + C1′ C2 − C3′ )]𝛽=𝛽c ≠ 0, then system (2) exhibits a
Hopf bifurcation leading to a family of periodic solutions that bifurcates from E* (x* , y* , z* ) for suitable values of 𝛽 in the
neighborhood of 𝛽 c , where C1 ,C2 ,C3 are defined in the above.
Proof. The proof of the theorem is given in Appendix D.
Now, we apply the center manifold theorem to determine the condition under which the nonhyperbolic-type equilibrium points are locally asymptotically stable.

7

APPLICATION O F THE CENTER MANIFOLD THEORY

In this section, we will apply the center manifold theorem to study the nature of the solution in the neighborhood of the
equilibrium point when some of the eigenvalues of the corresponding characteristic equation has negative real part and
other has zero real part depending on certain parameters.
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Let us shift the origin to any equilibrium point E(x1 , y1 , z1 ) using the transformation x = x′ + x1 , y = y′ + y1 ,z = z′ + z1 ,
then system (2) reduces to the following form (writing omitting the ′ sign and neglecting the third and higher order terms)
dx
dt
dy
dt
dz
dt

= a11 x + a12 𝑦 + a13 z + a14 x2 + a15 xy + a16 𝑦2 + a17 yz + a18 z2
= a21 x + a22 𝑦 + a23 z + a24 x2 + a25 xy + a26 𝑦2 + a27 yz + a28 z2
= a31 x + a32 𝑦 + a33 z + a34 x2 + a35 xy + a36 𝑦2 + a37 yz + a38 z2

⎫
⎪
⎪
⎬,
⎪
⎪
⎭

(8)

where the coefficients aij are given in Appendix C.
System (8) can be written in the matrix form as
)
(.) (
)( ) (
x
a14 x2 + a15 xy
a11 a12 0
x
.
2
2
2
𝑦 = a21 a22 a23
𝑦 + a24 x + a25 xy + a26 𝑦 + a27 yz + a28 z
,
.
0 a32 0
z
z
a36 𝑦2 + a37 yz + a38 z2

(9)

where all aij are already defined.
Theorem 2. For the strong Allee effect, the trivial equilibrium point E0 (0,0,0) will be stable if ca2 < 𝛼 3 and unstable if
ca2 > 𝛼 3 .
Proof. For the equilibrium point E0 (0,0,0), system (9) reduces to
)
(.) (
)( ) (
x
−𝛽 0 0
x
a14 x2 + a15 xy
.
a25 xy − yz
𝑦 =
0 −𝛿 0
𝑦 +
,
.
0 0 0
z
a38 z2
z

(10)

where a14 = 𝛽 + 1, a15 = a1 , a25 = a1 , a38 = c − a3 .
2
The eigenvalues corresponding to the linear part of (10) are −𝛽, − 𝛿, 0. Since two eigenvalues are negative and third
one zero (for strong Allee effect), ie, the equilibrium point E0 (0,0,0) is nonhyperbolic type; hence, no conclusion can
be done regarding the stability or instability of the equilibrium point based on linearization. To make conclusion, we
shall use the center manifold theorem.
According to center manifold theorem,42 there exists a center manifold, which can be represented as follows:
Wc (0) = {(x, y, z) ∈ R3 : x = h1 (z), y = h2 (z), |z| < 𝛿 ′ , h1 (0) = 0, h2 (0) = 0, Dh1 (0) = 0, Dh2 (0) = 0 } where 𝛿 ′ is sufficiently
small, Dhi is the derivative of hi with respect to z for i = 1,2.
To compute the center manifold Wc (0), we assume that x = h1 (z) = b11 z2 +b12 z3 +o(|z|4 ),y = h2 (z) = b21 z2 +b22 z3 +o(|z|4 ).
Using the condition satisfied by h1 (z) and h2 (z), we obtain
( b11 =)0, b12 = 0, b21 = 0, b22 = 0.
𝛼

𝛼

.

Thus, restricted to the center manifold is given by z = c −
ca2 > 𝛼 3 .
Hence, the theorem is proved.

𝛼3
a2

z2 , which is stable if ca2 < 𝛼 3 and unstable when

Theorem 3. For 𝛼 1 < 𝛿(a + 1), the equilibrium point E2 (1,0,0) will be stable if ca2 < 𝛼 3 and unstable if ca2 > 𝛼 3 , in both
the cases of strong and weak Allee effects.
Proof. The proof of the theorem is similar as Theorem 2.
Theorem 4. For B > 0 with B2 − 4C < 0, the equilibrium point E3 (x, 𝑦, 0) will be stable if a38 > 0 and unstable if a38 < 0,
in both the cases of strong and weak Allee effects.
Proof. For the planer equilibrium point E3 (x, 𝑦, 0), system (9) reduces to
)
(.) (
)( ) (
a14 x2 + a15 xy
x.
a11 a12 0
x
2
2
𝑦. = a21 0 a23
𝑦 + a24 x + a25 xy + a27 yz + a28 z
,
z
0 0 0
z
a38 z2

(11)
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where
(
)
a𝛼1 𝑦
x𝑦
a𝑦
x
a
, a14 = 1 + 𝛽 − 3x + (
a11 = x 1 + 𝛽 − 2x + (
)2 , a12 = −
)3 , a15 = − (
)2 , a21 = (
)2 ,
a+x
a+x
a+x
a+x
a+x
(
)
𝑦 b1 + b2 𝑦
a𝛼1 𝑦
𝑦
𝛼3
a𝛼1
1
a23 = −
, a24 = − (
.
)3 , a25 = (
)2 , a27 = − (
)2 , a28 = (
)2 , a38 = c −
1 + a1 𝑦
a2 + 𝑦
a+x
a+x
1 + a1 𝑦
1 + a1 𝑦
( )
( )
)
(
x
u
1
0 −1
Let us choose the transformation 𝑦 = Q v , where Q = −q21 q22 2q21 with q21 =
z
0
0 q33
w
a21
2
2
,
−d
=
a
+
4a
a
.
11
12
21
a23
Using the above transformation, system (11) reduces to the form
( . ) ⎛ a11 d 0 ⎞ ( ) ( )
u.
g1
⎜ 2 2 ⎟ u
v.
= ⎜ − d a11 0 ⎟ v + g2 ,
w
g3
⎜ 2 2 ⎟ w
⎝ 0 0 0⎠

a11
, q22
2a12

=

d
, q33
2a12

=

(12)

where g1 = M11 u2 + M13 w2 + M14 uv + M15 vw + M16 wu, g2 = M21 u2 + M23 w2 + M24 uv + M25 vw + M26 wu, g3 = a38 p33 w2 ,
with M11 = a14 − a15 p21 , M13 = a14 − 2a15 p21 + a38 p33 .
a ±𝑖𝑑
The eigenvalues corresponding to the linear part of (11) are 112 , 0 with a11 < 0. Since two eigenvalues have
negative real part and third eigenvalue is zero, ie, the fixed point E3 (x, 𝑦, 0) is nonhyperbolic type, and hence, no
conclusion can be done regarding the stability or instability of the equilibrium point based on linearization. To make
conclusion, again we shall have to use the center manifold theorem.
According to the center manifold theorem, there exists a center manifold, which can be represented as follows:
Wc (0) = {(u, v, w) ∈ R3 : u = h1 (w), v = h2 (w), |w| < 𝛿 ′ , h1 (0) = 0, h2 (0) = 0, Dh1 (0) = 0, Dh2 (0) = 0 }, where 𝛿 ′ is
sufficiently small, Dhi are the derivative of hi with respect to w for i = 1,2.
To compute the center manifold Wc (0), we assume that u = h1 (w) = b11 w2 +b12 w3 +o(|w|4 ),v = h2 (w) = b21 w2 +b22 w3 +o(|w|4 ).
Using the condition satisfied by h1 (w) and h2 (w), we obtain b11 = 0,b12 = 0,b21 = 0,b22 = 0.
.
a
a
Thus, restricted to the center manifold is given by w = a38 a21 w2 , which is stable if a38 a21 < 0 and unstable when
a

23

23

a38 a21 > 0.
23

Since a21 > 0 and a23 < 0, hence the planer equilibrium point E3 (x, 𝑦, 0) will be stable if a38 > 0 and unstable if a38 < 0.
Hence, the theorem is proved.
To determine the direction of Hopf bifurcation, we shall prove the following theorem.
Theorem 5. At the interior equilibrium point E* (x* , y* , z* ), if 𝜎 < 0, the periodic solution will be stable, while 𝜎 > 0 the
solution is unstable. When 𝜎 < 0, the system is said to be super critical and the case 𝜎 > 0 is refereed as the subcritical,
where 𝜎 is defined in the text.

Proof. Equation (7) represents the characteristic equation of the corresponding linear part of (9) at the interior equisatisfied, then the equation has a pair of purely
librium point E* (x* , y* , z* ). If the condition of Hopf bifurcation is √
imaginary roots and one negative real root and the roots are −C1 , ±i C2 . Since one root is negative real and other two
roots are complex conjugate with zero real part, hence the interior equilibrium point is nonhyperbolic type. Hence, no
conclusion can be done regarding the stability of the solution. We can again use the center manifold theorem here. To
verify the direction and sufficient condition of stability of Hopf bifurcation in the neighborhood of interior equilibrium
point E* (x* , y* , z* ) using normal form and center manifold theorem, use the following transformation to system (9):
( )
)
( )
(
x
u
p11 0 p13
𝑦 = P v , where P = p21 p22 p23 and pij are given in Appendix E.
z
p31 p32 p33
w
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Using the above transformation, system (9) reduces to the form
√
( ) ( )
( . )
⎛ 0 − C2 0 ⎞ u
u.
𝑓1
√
⎟ v + 𝑓2 ,
v.
= ⎜ C2
0
0
⎟
⎜
𝑓3
w
0 −C1 ⎠ w
⎝ 0

(13)

where f1 , f2 , f3 are given in Appendix F.
Since one root is negative real and other two roots are complex conjugate with zero real part, hence the interior
equilibrium point is nonhyperbolic type. Hence, no conclusion can be done regarding the stability of the solution. We
shall use center manifold theorem here.
There exists a center manifold for (13) which can be represented in the following form:
Wc (0) = {(u,v,w) ∈ R3 : w = h(u,v),|u| < 𝛿 1 ,|v| < 𝛿 2 ,h(0,0) = 0,Dh(0,0) = 0} where 𝛿 1 ,𝛿 2 are sufficiently small, Dh is
the partial derivative of h with respect to u,v.
2
3
To compute the center manifold W c (0), we assume w = h(u,v) = b1 u2 + b√
2 v + b3 uv + o(|u| ).
√
1
1
Using the condition satisfied by h(u,v), we obtain b1 = C (B31 − b3 C2 ), b2 = C (B32 + b3 C2 ) and b3 =
√
C1 B34 +2 C2 (B31 −B32 )

1

1

.
Thus, (13) restricted to the center manifold is given by
4C2 +C1 2

√ )( ) (
(.) (
)
0 − C2
u
𝑓 (u, v)
u.
√
+
=
v
g (u, v) ,
v
C2
0

(14)

where
(
)
𝑓 (u, v) = B11 u2 + B12 v2 + B14 uv + B16 b1 u3 + B15 b2 v3 + (B15 b1 + B16 b3 ) u2 v + (B15 b3 + B16 b2 ) uv2 + O |u|4
(
)
g (u, v) = B21 u2 + B22 v2 + B24 uv + B26 b1 u3 + B25 b2 v3 + (B25 b1 + B26 b3 ) u2 v + (B25 b3 + B26 b2 ) uv2 + O |u|4 .
Now, we compute the first Lyapunov exponent 𝜎 at (0,0) which is defined below, sign of which will give the stability
or instability of the periodic orbit about the interior equilibrium point E* (x* , y* , z* ).42
1
1
{𝑓uuu + 𝑓uvv + guuv + gvvv } + √ {𝑓uv (𝑓uu + 𝑓vv ) − guv (guu + gvv ) − 𝑓uu guu + 𝑓vv gvv }
16
16 C2
1
=
{6B16 b1 + 2 (B15 b3 + B16 b2 ) + 2 (B25 b1 + B26 b3 ) + 6B25 b2 }
16
1
+ √ {2B14 (B11 + B12 ) − 2B24 (B21 + B22 ) − 4B11 B21 + 4B12 B22 }
16 C2

𝜎=

The periodic solution will be stable or unstable according to the conditions satisfied stated in the theorem. Hence,
the theorem is proved.

8

NUMERICAL SIMULATIONS

In this section, we shall give some numerical results by using MATLAB and MAPLE to justify our previous analytical
findings those were done in the previous section.
The Allee effect parameter 𝛽 and the growth rate parameter c of the generalist-type top predator play a crucial role on
the stability nature of the system. The dynamical behavior of the system is very much affected by these two parameters,
and with the changes of their values, the stability criterion of the system changes. That is why we discuss the nature of
stability of different equilibrium point and bifurcation analysis of the system in the upper half of 𝛽 − c plane.
First, we have considered a set of values of the parameters taken from existing published research articles39,43 as given
in Table 1.
a
0.85

a1
0.54

a2
0.6

𝜶1
3.93

𝜶3
0.3

𝜹
1.16

b1
0.21

b2
0.56

TABLE 1 The hypothetical values of the parameters of the model system (2)

12 of 23

DEBNATH ET AL.

FIGURE 1 Schematic bifurcation
diagram of system (2) in 𝛽 − c plane with
values of the other parameters given in
Table 1. Saddle-node bifurcation curve
(blue line), bifurcation curve of arise or
diminished of one interior equilibrium
point (green line), curve of feasibility
criterion of the planner equilibrium point
(yellow line), and curve of feasibility
criterion of the interior equilibrium point
(red line)

In Figure 1, we have presented the bifurcation diagram in the 𝛽 − c plane considering the values of the other parameters
as given in Table 1. We have drawn the bifurcation line given by Equation (5), which is the saddle-node bifurcation line
and is represented by the blue line. We also have drawn the line along which one interior equilibrium point diminishes
or arises. For the strong Allee effect, this line is the line of Hopf bifurcation represented by the green line. The feasibility
criterion of the planner equilibrium point and the interior equilibrium points are presented by the yellow line and red
line respectively in Figure 1. Thus, we observe that the 𝛽 − c plane divides into eleven subregions (seven for strong Allee
effect and four for weak Allee effect). In different subregions, various number of equilibrium points exist. As we entered
from one subregion to another, we will observe that the number of equilibrium point is modified and interior or/and
planer equilibrium point will arise or diminish. We shall now discuss the nature of the equilibrium points in different
subregions associated with the strong and weak Allee effects, respectively.

8.1

The case of strong Allee effect

In the region R1, only the trivial and axial equilibrium points exist. The eigenvalues of the variational matrix at the axial
equilibrium point E1 are positive, including one zero and the eigenvalues of the variational matrix at the equilibrium point
E2 are one positive, one negative, and one zero. Hence, E1 is an unstable node and E2 is a saddle point. The eigenvalues of
the variational matrix at the trivial equilibrium point E0 are negative, including one zero. The stability condition derived
in Theorem 2 is satisfied by the trivial equilibrium point E0 . Hence, the trivial equilibrium point E0 is globally stable in
the region R1 as all other equilibrium points are unstable in this region. The phase portrait in Figure 2A justifies these
results graphically, where the red circles represent the unstable equilibrium point, and the solid green circle is for stable
equilibrium point.
Now, as we entered into the region R2 from R1, we observed that along with the trivial and axial equilibrium points,
a planer equilibrium point E3 arises. Here, the trivial equilibrium point E0 and second axial equilibrium point E2 do not
change their nature, but the first axial equilibrium point E1 becomes a saddle point. The eigenvalues of the variational
matrix at the planer equilibrium point E3 are zero and a pair of complex number with positive real part. Hence, E3 is an
unstable spiral. In this region, the trivial equilibrium point is also globally stable. These results are shown in Figure 2B
graphically.
The number and nature of equilibrium points in the region R3 are similar as in R1 and the change of the number of
equilibrium points and their nature when entered into the region R4 from R3 is similar as entered into R2 from R1.
As we entered in the region R5 from R4, we see that an interior equilibrium point E1∗ arises. The eigenvalues of the
variational matrix at the equilibrium point E1∗ are one negative and a pair of complex numbers with positive real part.
Hence, E1∗ is an unstable spiral. A stable limit cycle arises around the interior equilibrium point E1∗ . All solution curves
starting in the neighborhood of the interior equilibrium point E1∗ move spirally toward the limit cycle. All other equilibrium points have the similar nature as in region R4. These are shown in Figure 2C, where the red line represents the stable
limit cycle around the interior equilibrium point.
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(A)

(B)

(D)

(C)

(E)

FIGURE 2 The phase portrait of the system solution for the values of the parameters given in Table 1 in (A) region R1, (B) region R2,
(C) region R5, (D) region R6, and (E) region R7

Now, as we entered into R6 from R5, we observed that one more interior equilibrium point E2∗ arises. All eigenvalues
of the variational matrix at the interior equilibrium point E2∗ have positive real part. Hence, E2∗ is an unstable spiral.
Surprisingly, in this region, the interior equilibrium point E1∗ becomes a stable spiral. All other equilibrium points keep
their nature same as in the previous region. These results are shown in Figure 2D graphically.
Now, entering into the region R7 from R6, we observed that the planer equilibrium point E3 diminished. Here, the
eigenvalues of the variational matrix at the axial equilibrium point E1 are zero and positive. Hence, the axial equilibrium
point E1 becomes an unstable node. All other equilibrium points keep their nature same as in the previous region. These
are shown in Figure 2E.
Thus, we see that the regions R6 and R7 are biologically significant. In these regions, all the three species of the system
can survive with the positive density level, and the system becomes stable in nature. Thus, we can say that, for moderate
value of the top predator growth rate, there exist a set of values for the strong Allee parameter for which the system is
biologically significant.
From the above analysis, we can conclude that the top predator growth rate (c) and the Allee effect (𝛽) play an important
role on the sustainability of the system. For lower Allee effect, the system will collapse, if the top predator growth rate
is small. Then, if the growth rate of top predator increases, the system will become stable and all the three population
survives with positive density level, further increases of growth rate the system loses its stability, but the population density
of the three species varies periodically and for the large growth rate of the top predator, the system will go to extinction.
Again for the higher Allee effect, the system will go to extinction for small and larger value of growth rate of the top
predator; but for moderate values, the system becomes stable and all the population survive with positive density level.
We observed from Figure 1 and the corresponding discussions in different regions of Figure 2 that, when we entered
into the region R6 from region R2 or into the region R7 from region R1, two coincident interior equilibrium point arise and
then two distinct interior equilibrium points (among them, one is stable and other is unstable) arise. Hence, the system
will experience a saddle-node bifurcation, and in the 𝛽 − c plane of strong Allee effect, the boundary line of region R2 and
R6 or R1 and R7(blue line in Figure 1) represents the saddle-node bifurcation line. Therefore, the system goes through a
saddle-node bifurcation as it crosses the blue line in Figure 1 for 𝛽 > 0.
In Figure 3, we have presented the bifurcation diagram of the x-components of the trivial, axial, planer, and interior
equilibrium points with respect to the top predator growth rate c with values of the other parameters given in Table 1
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0.8

0.6

0.4
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0
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0.45
c

0.5

0.55

z(t)

z(t)

FIGURE 3 The schematic bifurcation diagram of the prey
population with respect to the top predator growth rate (c), for
𝛽 = 0.312358 and values of the other parameter given in Table 1. The
blue line represents the locus of stable equilibria and the red line is
the unstable one

1.2

1.2

1

1.1

0.8
0.2

1
0.15

1

0.95

0.1

0.95

0.05
0.9

0.05
y(t)

1
0.1

0

0.85

(A)

0.9
x(t)

y(t)

0

0.85

x(t)

(B)

FIGURE 4 A, Limit cycle behavior of the solution trajectories around E1∗ for values of the parameter given in Table 1 with
c = 0.464795, 𝛽 = 0.25; B, Stable behavior of the solution trajectories around E1∗ for values of the parameter given in Table 1 with
c = 0.464795, 𝛽 = 0.35

and 𝛽 = 0.312358. Here, the blue line corresponds to the stable equilibrium point and the red line corresponds to the
unstable equilibrium point. For c > c[SN] = 0.384324, there exists two interior equilibrium point and the two interior
equilibrium point coincide at c = c[SN] and for c < c[SN] , there does not exist any interior equilibrium point. Hence, the
system experiences saddle-node bifurcation with respect to the parameter c, which is clear from Figure 3 (the parabolic
shaped line).
In addition, we have observed from Figure 1, 2C, 2D and the corresponding discussions in regions R5 and R6 that,
when we entered into the region R6 from region R5, an unstable spiral interior equilibrium point around, which a stable
limit cycle exists, becomes a stable spiral. Hence, the system will experience a Hopf bifurcation in the 𝛽 − c plane for the
strong Allee effect. In the region R5, the interior equilibrium point E1∗ is an unstable spiral and the solution curve in the
neighborhood of this equilibrium point moves away spirally to the limit cycle, which arises around the equilibrium point
E1∗ . Then, in the region R6, the equilibrium point E1∗ becomes a stable spiral. Hence, the boundary line of region R5 and
R6 (green line in Figure 1) represents the Hopf bifurcation line. Therefore, the system goes through a Hopf bifurcation as
it crosses the green line in Figure 1 for 𝛽 > 0. In Figure 4A, we have presented limit cycle behavior the solution trajectories
of system (2) in the neighborhood of the interior equilibrium point E1∗ in the region R5 with values of the other parameters
given in Table 1 and c = 0.464795, 𝛽 = 0.25. Figure 4B shows the stable behavior of the solution trajectories of the system
in the neighborhood of the interior equilibrium point E1∗ in the region R6 with c = 0.464795, 𝛽 = 0.35. Hence, the system
experiences a subcritical Hopf bifurcation with respect to the parameter 𝛽 as we entered into the region R6 from the region
R5, and the critical value is 𝛽 c = 0.312358 when c = 0.464795.
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The case of weak Allee effect

In the region R8, the trivial, an axial, and a planer equilibrium point exist. The eigenvalues of the variational matrix at the
trivial equilibrium point E0 and at the axial equilibrium point E2 are one negative, one positive, and zero. Hence, both the
equilibrium points are saddle point in the region R8. The eigenvalues of the variational matrix at the planer equilibrium
point E3 are zero and a pair of complex number with positive real part. Hence, E3 is an unstable spiral and a limit cycle
arises in the xy-plane around this equilibrium point. Since all the equilibrium points in this region are unstable in nature,
hence for the persistence of the system solution, all the solutions curve must go to the limit cycle, and the limit cycle
will become stable in nature. The solution curves starting from inside or outside the limit cycle move spirally toward the
limit cycle. The phase portrait in Figure 5A justifies these results graphically, where the red circles represent the unstable
equilibrium point, and the stable limit cycle around the equilibrium point is represented by the red line. Thus, for low
values of birth rate of the top predator, it goes to extinction, whereas the prey and the intermediate predator population
exist, and they will oscillate periodically.
We have the similar discussion in the region R9. Now, we entered into the region R10 from R9, we see that an interior
equilibrium point E1∗ arises. The eigenvalues of the variational matrix at the equilibrium point E1∗ are one negative and
a pair of complex numbers with positive real part. Hence, E1∗ is an unstable spiral. Another limit cycle arises around the
interior equilibrium point E1∗ . The solution curves starting from very near to the interior equilibrium point E1∗ moves away
spirally to the limit cycle that arises here, and the limit cycle becomes stable in nature. The other equilibrium points have
the similar nature as in R9. In this region, two stable limit cycle arise with the different region of attractor, which are
shown in Figure 5B. Thus, there exists a separatrix that divides the first octant of the R3 space into two sections, and the
solution curve starting from different section goes to different limit cycle. Hence, in this region, we can find the values of
the parameters 𝛽 and c for which all the three species can survive with the positive density level, although their density
varies periodically with time.
Now, as we entered into R11 from R10, we observed that one more interior equilibrium point E2∗ arises. The eigenvalues
of the variational matrix at the interior equilibrium point E2∗ are one positive and a pair of complex number with positive
real part. Hence, E2∗ is an unstable spiral. Surprisingly, in this region, the stable limit cycle that arose previously around
the interior equilibrium point E1∗ coincides with the limit cycle that arises around the planer equilibrium point E3 . The
solution curves starting from any point in the first octant of the R3 space move spirally toward the limit cycle, and the
limit cycle becomes stable in nature. Thus, in this region, for any initial value of the top predator, it goes to extinction
and the other two-species population oscillates periodically. All other equilibrium points keep their nature same in this
region as in the region R10. These results are justified in Figure 5C graphically.
Thus, we can conclude that, for weak Allee effect, the system never collapse nor becomes stable at any growth rate of
the top predator. If the growth rate of the top predator is small, then the prey and the intermediate predator can survive
with the positive density level but the population density varies periodically with time, and the top predator population
goes to extinct. We observed similar nature of the system for the large growth rate of the top predator. However, for the
intermediate growth rate of the top predator, all the three population can survive with the positive density level but the
population density varies periodically with time.

(A)

(B)

(C)

FIGURE 5 The phase portrait of the system solution for the values of the parameters given in Table 1 in the (A) region R8, (B) region R10,
and (C) region R11

16 of 23

DEBNATH ET AL.

TABLE 2 Number and nature of equilibrium points in
different regions

Region
Strong R1
Allee
R2
Effect
R3
R4

Weak
Allee
Effect

Equilibrium points
E0 , E 1 , E 2
E0 , E 1 , E 2 , E 3
E0 , E 1 , E 2
E0 , E 1 , E 2 , E 3

R5

E0 , E1 , E2 , E3 , E1∗

R6

E0 , E1 , E2 , E3 , E1∗ , E2∗

R7

E0 , E1 , E2 , E1∗ , E2∗

R8
R9
R10

E0 , E 2 , E 3
E0 , E 2 , E 3
E0 , E2 , E3 , E1∗

R11

E0 , E2 , E3 , E1∗ , E2∗

Nature of equilibrium points
Stable, Unstable Node, Saddle
Stable, Saddle, Saddle, Unstable
Spiral
Stable, Unstable Node, Saddle
Stable, Saddle, Saddle, Unstable
Spiral
Stable, Saddle, Saddle, Unstable
Spiral, Unstable Spiral
Stable, Saddle, Saddle, Unstable
Spiral, Unstable Spiral, Stable
Spiral
Stable, Unstable Node, Saddle,
Unstable Spiral, Stable Spiral
Saddle, Saddle, Unstable Spiral
Saddle, Saddle, Unstable Spiral
Saddle, Saddle, Unstable Spiral
Unstable Spiral
Saddle, Saddle, Unstable Spiral,
Unstable Spiral, Unstable Spiral

1.8
x(t)
y(t)
z(t)

1.6
1.4

1.6

1.2
x(t)−y(t)−z(t)

1.8

z(t)

1.4
1.2

1
0.8
0.6

1

0.4

0.8
0.4

1
0.3

0.95

0.2
0.9

0.1
y(t)

0

0.85

0.2
0

0

500

x(t)

(A)

1000
Time

1500

2000

(B)

FIGURE 6 A, The phase portrait of the stable steady-state solution of the system; B, The time series of the three species at the stable steady
state of the system for the values of the parameters given in Table 1 with 𝛽 = − 0.5, c = 0.4 at b2 = 0.01

In the following Table 2, we have presented the stability of different equilibrium point in various region that we were
obtained in the previous discussion.
Now, the solution of system (2) goes through different situation if we increase b2 for values of the other parameters
given in Table 1 with 𝛽 = − 0.5, c = 0.4. As we increase b2 , the solution trajectories of the system go through different
stability states, such as the stable steady-state situation, limit cycle, period doubling, and finally the chaotic behavior of the
system. For b2 ∈ (0.0,0.05), the solution of the system is stable and the system remains in the stable steady-state situation.
Figure 6 depicts the stable steady-state solution of the system and the time-series solution of the three species of the system
for b2 = 0.01. Then, if we increase b2 , the system lose its stability and become periodic. In the range b2 ∈ (0.05,0.595),
the solution trajectories of the system remain periodic. Figure 7 depicts the one periodic solution of the system and the
time-series solution of all the species of the system for b2 = 0.56. Now, if we increase b2 again, the solution trajectories
enter into two periodic limit cycle oscillations from one periodic limit cycle oscillation. For b2 ∈ (0.595,0.757), the solution
trajectories of the system show period doubling situation, which is depicted in Figure 8. Furthermore, the system enters
into the chaotic situation from the period doubling situation if we again increase b2 . In Figure 9, we have presented the
phase portrait and time series of the system for b2 = 0.88 which shows the chaotic behavior of the system.
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(A)

(B)

FIGURE 7 A, The phase portrait of the one periodic solution trajectories of the system; B, The time series of the three species at one
periodic state of the system for the values of the parameters given in Table 1 with 𝛽 = − 0.5, c = 0.4 at b2 = 0.56

(A)

(B)

FIGURE 8 A, The phase portrait of the two periodic solution trajectories of the system; B, The time series of the three species at two
periodic states of the system for the values of the parameters given in Table 1 with 𝛽 = − 0.5, c = 0.4 at b2 = 0.62

(A)

(B)

FIGURE 9 A, The phase portrait of the chaotic solution trajectories of the system; B, T he time series of the three species at chaotic state of
the system for the values of the parameters given in Table 1 with 𝛽 = − 0.5, c = 0.4 at b2 = 0.88
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CO NCLUDING REMARKS

In this paper, we have made an attempt to discuss the behavior of a more realistic modified prey-predator food chain model
where we have taken one prey and two predators of which the top predator is of sexually reproductive type. Here, the prey
growth function incorporates the Allee effect; intermediate predator has prey-dependent functional response and the top
predator feed upon the intermediate predator by Crowley-Martin senses functional response. The model system is positive
and bounded. From the analytical findings and the numerical simulations, it is evidence that our proposed model can have
at most five biologically feasible equilibrium points. The trivial equilibrium point, where all the three populations are at
zero density level is unstable in the case of weak Allee effect but conditionally stable for the case of strong Allee effect. The
first axial equilibrium point, where the prey exists and the predators are at zero density level, exists only for the case of
strong Allee effect and is always unstable. The second axial equilibrium point, where the prey population is at its highest
density level and the predators are at zero density level, is conditionally stable. The planer equilibrium point, where the
prey and the intermediate predator exist but the top predator is at zero level population density, is conditionally exists and
the equilibrium point is conditionally stable. Finally, the interior equilibrium point, where the all three population exist
at the positive density level, exists conditionally. For a set of biologically feasible parameters value, there exist at most two
interior equilibrium points. In the case of strong Allee effect, among the two interior equilibrium points, one is stable and
the other is unstable. However, when only one interior equilibrium point exists, it is unstable in nature. In weak Allee
effect, the interior equilibrium point is an unstable and stable limit cycle arises around the equilibrium point. The system
goes through saddle-node bifurcation in the 𝛽 − c plane for biologically feasible values of the parameters about the interior
equilibrium point. In addition, the system exhibits Hopf bifurcation around E1∗ in the case of strong Allee effect.
The conditional stability of the axial and the planer equilibrium point ecologically refers that either the predators or
the top predator respectively cannot survive for the chosen feasible values of the parameters. That means their death
rate is fast enough compared to their growth rate. The stability of the interior equilibrium point has biologically great
significance. All the species survive in positive density level for biologically feasible parameter value. In the case of weak
Allee effect, the planer and the interior equilibrium points are unstable for certain values of the parameters and arises a
stable limit cycle. As the stable limit cycle arises around the planer and the interior equilibrium points, therefore, for the
planer equilibrium point, the prey and the intermediate predator and for the interior equilibrium point, all the species can
survive in positive density level but their population density varies periodically with time. The values of the parameters
for which the system solution is stable and experiences different kinds of bifurcation are taken from existing published
research articles. The biological and the ecological significance of this research article is that, here, we introduce Allee
effect to the prey population growth rate, and the top predator is taken sexually reproductive type, which makes the model
more realistic. It will be more helpful to the experimental ecologists, who are performing their works with understanding
the ecological phenomena of nature of the real situation in near future. It will also help them to produce richer dynamics
for several more realistic model problems in which the natural parameter values varied quantitatively with time and show
stable or bifurcating behavior.
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APPENDIX A
The first two equations of system (1) are standard. By contrast,(the third equation)is absolutely not standard. The system
k 𝑦
obtained by replacing the third equation by Equation dz
= z 1+k 𝑦+k1 z+k yz − k5 . That is, a system in which x(t) is the
dt
2
3
4
number of prey population, y(t) is the number of Holling type II intermediate predator, and z(t) is the number of generalist predator with Crowley-Martin senses functional response has been studied by many authors.44-46 The system we
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study here is different due to this third equation. Indeed, an interesting
for the predator dynamics given by
)
( formulation

Leslie47 and discussed by Leslie and Gower48 and Pielou49 is dz
= cz 1 − s z𝑦 , where c and s1 are model parameters. In
dt
1
this formulation, the growth of the predator population is of logistic form (ie, dz/dt = cz(1 − (z/k)), but the conventional k,
which measures the carrying capacity set by the
resources, is k = s1 y, proportional to the prey abundance.
)
( environmental

Thus, the logistic equation becomes dz
= cz 1 − s +sz 𝑦 , the additional constant s2 , appearing in the denominator, nordt
2
1
malizes the residual reduction in the predator population z(t) because of severe scarcity of the favorite food. We then get
the following equation:
⎛ 2 ⎞
𝛼 z2
z ⎟
dz
c
= cz − ⎜ s2
= cz − 3 .
s1 ⎜ + 𝑦 ⎟
a2 + 𝑦
dt
⎝ s1
⎠
Finally, we get the third equation of system (1):
𝛼 z2
dz
= cz2 − 3 ,
a2 + 𝑦
dt
in which the square term cz2 signifies the fact that mating frequency is directly proportional to the numbers of males as
well as to that of females.50,51 This third equation says that, in the absence of the intermediate predator (y = 0, but the
Leslie-Gower formulation of predator-prey breaks down in such a case), the top predator z goes extinct if ca2 < 𝛼 3 and
grows unboundedly if the opposite, which of course, is biologically not acceptable. In fact, throughout this paper, we,
anyway, assume that the above condition holds.

APPENDIX B
Let 𝛼 be a positive double root of Equation (4). Then, f(𝛼) = 0 and f ′ (𝛼) = 0.
Therefore, 𝛼 3 + 3a1 𝛼 2 + 3a2 𝛼 + a3 = 0 and 𝛼 2 + 2a1 𝛼 + a2 = 0. By using a very simple calculation, we get 𝛼 =
2(a1 a3 −a2 2 )
a1 a2 −a3
=
> 0. Hence, the condition of existing a positive root with multiplicity two is
2
2(a2 −a1 )
a1 a2 −a3
4(a1 a3 − a2 2 )(a2 − a1 2 ) = (a1 a2 − a3 )2 .

APPENDIX C
The coefficients of various exponents of x, y, z are given by
a11 = (1 − x1 ) (x1 − 𝛽) + (1 + 𝛽 − 2x1 ) x1 −

a15 = −

a23 = −

a27 = −

a28 =

a37 =

ay1
2

(a + x1 )

, a12 = −

ay1
x1
,
, a13 = 0, a14 = 1 + 𝛽 − 3x1 +
a + x1
(a + x1 )3

z1 (1 + b1 z1 )
a𝛼1 𝑦1
𝛼x
a
, a16 = a17 = a18 = 0, a21 =
, a22 = 1 1 − 𝛿 −
,
2
2
a
+
x
1
(a + x1 )
(a + x1 )
(1 + a1 𝑦1 + b1 z1 + b2 𝑦1 z1 )2
𝑦1 (1 + a1 𝑦1 )
(1 + a1 𝑦1 + b1 z1 + b2 𝑦1 z1 )

2

, a24 = −

a𝛼1 𝑦1
3

(a + x1 )

, a25 =

z1 (1 + b1 z1 ) (a1 + b2 z1 )
a𝛼1
, a26 =
,
2
(a + x)
(1 + a1 𝑦1 + b1 z1 + b2 𝑦1 z1 )3

b2 𝑦1 z1 + 𝑦1 (a1 + b2 z1 ) + z1 (b1 + b2 𝑦1 ) 2𝑦1 z1 (a1 + b2 z1 ) (b1 + b2 𝑦1 )
1
−
,
+
(1 + a1 𝑦1 + b1 z1 + b2 𝑦1 z1 )
(1 + a1 𝑦1 + b1 z1 + b2 𝑦1 z1 )2
(1 + a1 𝑦1 + b1 z1 + b2 𝑦1 z1 )3
𝑦1 (1 + a1 𝑦1 ) (b1 + b2 𝑦1 )
3

(1 + a1 𝑦1 + b1 z1 + b2 𝑦1 z1 )
2𝛼3 z1
(a2 + 𝑦1 )2

, a38 = c −

, a31 = 0, a32 =

𝛼3
.
(a2 + 𝑦1 )

𝛼 3 z1 2
(a2 + 𝑦1 )

2

, a33 = 0, a34 = a35 = 0, a36 = −

𝛼 3 z1 2
(a2 + 𝑦1 )3

,
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APPENDIX D
A Hopf bifurcation of the system at the interior equilibrium point E* (x* , y* , z* ) is expected for some values of 𝛽, where
C1 C2 − C3 = 0 with Ci > 0, i = 1,2,3 and let this occurs at 𝛽 = 𝛽 c . Then, we must have from (7)
(

)
𝜆2 + C2 (𝜆 + C1 ) = 0.

√
Solving we have the roots 𝜆 = −C1 , ±i C2 .
Thus, for 𝜀 > 0, however small, there exists an interval (𝛽 c − 𝜀, 𝛽 c + 𝜀), such that for 𝛽 ∈ (𝛽 c − 𝜀, 𝛽 c + 𝜀), the roots are in
general of the form
𝑦1 (𝛽) = 𝛼0 (𝛽) + i𝛽0 (𝛽) , 𝑦2 (𝛽) = 𝛼0 (𝛽) − i𝛽0 (𝛽) , 𝑦3 (𝛽) = −C1 (𝛽) .
[ ]
dy
To apply Hopf bifurcation theorem, we need to verify the condition of transversality Re 𝑑𝛽i ≠ 0, i = 1, 2 since y1 is a
root of Equation (7), hence
𝑦31 + C1 𝑦21 + C2 𝑦1 + C3 = 0.
Comparing real and imaginary parts we have
𝛼03 − 3𝛼0 𝛽02 + C1 𝛼02 − C1 𝛽02 + C2 𝛼0 + C3 = 0
−𝛽03 + 3𝛼02 𝛽0 + 2C1 𝛼0 𝛽0 + C2 𝛽0 = 0
Differentiating with respect to ′ 𝛽 ′ , we get
A (𝛽) 𝛼0′ (𝛽) − B (𝛽) 𝛽0′ (𝛽) + C (𝛽) = 0

(D1)

B (𝛽) 𝛼0′ (𝛽) + A (𝛽) 𝛽0′ (𝛽) + D (𝛽) = 0,

(D2)

where
A (𝛽) = 3𝛼02 (𝛽) + 2C1 (𝛽) 𝛼0 (𝛽) + C2 (𝛽) − 3𝛽02 (𝛽)
B (𝛽) = 6𝛼0 (𝛽) 𝛽0 (𝛽) + 2C1 (𝛽) 𝛽0 (𝛽)
C (𝛽) = C1′ (𝛽) 𝛼02 (𝛽) + C2′ (𝛽) 𝛼0 (𝛽) + C3′ (𝛽) − C1′ (𝛽) 𝛽02 (𝛽)
D (𝛽) = 2C1′ (𝛽) 𝛼0 (𝛽) 𝛽0 (𝛽) + C2′ (𝛽) 𝛽0 (𝛽) .
.
From Equation (D1) and (D2), we get 𝛼0′ (𝛽) = − BD+AC
A2 +B2
√
Since at 𝛽 = 𝛽 c , 𝛼0 (𝛽) = 0, 𝛽0 (𝛽) = C2 , hence
(
)]
[
B (𝛽c ) D (𝛽c ) + A (𝛽c ) C (𝛽c ) = 2C2 C1 C2′ + C1′ C2 − C3′ 𝛽=𝛽 ≠ 0,
c

(D3)

where Ci′ denotes the derivative with respect to 𝛽.

APPENDIX E
The elements of the matrix P are given by
p11 = 1, p13 = 1, p21

√
C2
(a11 + C1 ) a32
a
a a
a + C1
a11
, p22 =
, p23 = − 11
, p31 = 32 , p32 = 11√32 , p33 =
.
=−
a12
a12
a12
a12
a12 C1
a12 C2

)
s11 s12 s13
s21 s22 s23 , where s11 = p22 p33 −p23 p32 , s12 = p13 p32 , s13 = − p13 p22 , s33 = p11 p22 , s21 = − p21 p33 −p23 p31 , s22 =
Let P =
|P|
|p|
|P|
|P|
|P|
s31 s32 s33
p p −p p
p p −p p
p p
p11 p33 −p13 p31
, s23 = − 11 23|P| 13 21 , s31 = 21 32|P| 22 31 , s32 = − 11|P|32 , where |P| denotes the determinant value of P.
|P|
(

−1
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APPENDIX F
The expression of fi 's are given by
𝑓1 = B11 u2 + B12 v2 + B13 w2 + B14 uv + B15 vw + B16 wu
𝑓2 = B21 u2 + B22 v2 + B23 w2 + B24 uv + B25 vw + B26 wu
𝑓3 = B31 u2 + B32 v2 + B33 w2 + B34 uv + B35 vw + B36 wu
with
B11 = A11 p211 + A12 p11 p21 + A13 p221 + A14 p21 p31 + A15 p231
B12 = A13 p222 + A14 p22 p32 + A15 p232 ,
B13 = A11 p213 + A12 p13 p23 + A13 p223 + A14 p23 p33 + A15 p233
B14 = A12 p11 p22 + 2A13 p21 p22 + A14 (p21 p32 + p22 p31 ) + 2A15 p31 p32
B15 = A12 p13 p22 + 2A13 p22 p23 + A14 (p22 p33 + p23 p32 ) + 2A15 p32 p33
B16 = 2A11 p11 p13 + A12 (p11 p23 + p13 p21 ) + 2A13 p21 p23 + A14 (p21 p33 + p23 p31 ) + 2A15 p31 p33 .
Similar expression for B2i and B3i will be obtained only replacing A1j by A2j and A3j , respectively, where
A11 = s11 a14 + s12 a24 , A12 = s11 a15 + s12 a25 , A13 = s12 a26 + s13 a36 , A14 = s12 a27 + s13 a37 , A15 = s12 a28 , A21 = s21 a14 + s22 a24 ,
A22 = s21 a15 + s22 a25 , A23 = s22 a26 + s23 a36 , A24 = s22 a27 + s23 a37 , A25 = s22 a28 , A31 = s31 a14 + 32 a24 , A32 = s31 a15 + s32 a25 ,
A33 = s32 a26 + s33 a36 , A34 = s32 a27 + s33 a37 , A35 = s32 a28 .

