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Abstract The present novel coronavirus (SARS-

CoV-2) infection has created a global emergency sit-

uation by spreading all over the world in a large scale

within very short time period. But there is no vac-

cine, anti-viral medicine for such infection. So at this

moment, a major worldwide problem is that how we

can control this pandemic. On the other hand, India is

high population density country, where the coronavirus

infection disease (COVID-19) has started from 1 March

2020. Due to high population density, human to human

social contact rate is very high in India. So controlling

pandemic COVID-19 in early stage is very urgent and

challenging problem of India. Mathematical models are

employed to study the disease dynamics, identify the

influential parameters and access the proper prevention

strategies for reduction outbreak size. In this work, we

have formulated a deterministic compartmental model

to study the spreading of COVID-19 and estimated the

model parameters by fitting the model with reported

data of ongoing pandemic in India. Sensitivity analysis

has been done to identify the influential model parame-

ters. The basic reproduction number has been estimated

from actual data and the effective basic reproduction

number has been studied on the basis of reported cases.

Some effective preventive measures and their impact

S. K. Biswas

Sripat Singh College, Murshidabad, West Bengal, India

J. K. Ghosh · S. Sarkar · U. Ghosh (B)

Department of Applied Mathematics, University of

Calcutta, Kolkata, India

e-mail: uttam_math@yahoo.co.in

have also been studied. Prediction are given on the

future trends of the virus transmission under some con-

trol measures. Finally, the positive measures to control

the disease have been summarized in the conclusion

section.
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1 Introduction

The novel coronavirus disease (COVID-19) is a world-

wide infectious disease in the current time [1–5].

Including this year pandemic, world faces severe attack

by coronavirus several times, and some of those are

SARS-CoV [6], MERS-CoV [7–10] and SARS-CoV-

2 [11]. The symptom of all coronavirus patients is same;

they suffer with respiratory problem, fever, dry cough,

etc., but COVID-19 is more infectious compare to pre-

decessors [11]. Most of the countries throughout the

world are affected by this disease and its harmfulness is

increasing day to day. The disease is spreading among

different countries mainly through air-travel mode as

large number of people is travelling from one country

to another [12–14]. To control the disease spreading,

WHO provided an advisory to all the counties regard-
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ing screening of people at both ends: exit and the entry

of country [2,15].

After 5 April 2020, every countries have been suf-

fering seriously due to the corona infection. A large

number of people is confirmed as COVID-19 positive

as well as a large number of people is in quarantine

and also in asymptomatic stage. The exposed and the

asymptomatic persons are more harmful as a result a

large number of people is being infected every day.

The exposed class are being infectious at any time as its

incubation period is 2–14 days [16]. On the other hand,

the asymptomatic class is most dangerous compared to

any other class because the asymptomatic period is on

an average three days [13], because the asymptomatic

persons are not showing the symptoms of the disease as

a result the people interacting with them are not taking

any care about the disease so COVID-19 is spreading

rapidly among the people.

On the other hand due to large number of infected

cases and limited medical capacity in maximum coun-

tries, the diagnosis test of the exposed, asymptomatic

and quarantined classes for confirmation of COVID-

19 infection is low. This fact also promotes the num-

ber of the infected population [17]. The harmfulness of

COVID-19 is so high that upto 11 May 2020, nearly

forty two lakh people have been infected; among them,

2,87,131 are dead [16]. As the disease is spreading

through interaction and no proper medicine is available

till now, so minimizing the social distance and inter-

action among the people is only way to minimize the

spreading of disease. To maintain social distancing, the

China Government adopted the lockdown policy and is

able to control the spreading of the disease [17,18]. Fol-

lowing this policy, every country is adopting this policy

except some countries.

In highly populated countries like India, Bangladesh,

etc., a large number of people move from one place

to another place due to job, also a large number of

population came in these countries from the highly

infected countries. So these countries have high chance

of spreading this disease. To control and stop the

movement of the population, the Government of India

adopted lockdown policy for twenty one days in the

first phase, which starts from 25 March 2020, and it

also extended upto 17 May 2020.

The COVID-19 is highly infectious worldwide

spreading life-threatening disease. But there is no par-

ticular vaccine, medicine or anti-viral therapy to protect

or recover from this infection. So the present impor-

tant issue throughout the World is protecting the human

society from this infection. In this context, some pre-

ventive measures such as maintaining social distance,

wearing masks, frequently washing the hands with soap

and water, etc., can be employed to protect human

from this infection. Among the COVID-19 preventives,

maintaining social distance plays an crucial role to pro-

tect from the infection. Social distancing means keep-

ing a safe space among the peoples who are not their

house hold [19]. The measurement of this social dis-

tance should be at least six feet [19]. In real field, a por-

tion of the population always maintain social distance

to avoid infection in the endemic period due to their

awareness. In order to study the impact of this impor-

tant factor (social distance) on the disease dynamics,

we have incorporated it in our model.

Our main goal of this work is to study the disease

dynamics of COVID-2019 by studying a deterministic

compartmental model for Indian scenario and access

the preventive measures to control COVID-19 outbreak

in India. Using the daily reported cases of India, we

have estimated the model parameters, estimated the

effective reproduction number and make some predic-

tion about the prevalence of the disease.

Organization of the paper is as follows: In Sect. 2,

we have formulated the model. Basic properties and the

basic reproduction number are given in Sects. 3 and 4,

respectively. In Sect. 5, we study the steady state analy-

sis of the disease-free equilibrium point. Model fitting,

parameter estimation, model validation and prediction

are done in Sect. 6. Study of sensitivity analysis is done

in Sect. 7. Computation of basic reproduction num-

ber from initial growth rate and effective reproduction

number are described in Sect. 8. Some preventive mea-

sures are presented in Sect. 9. Finally, the concluding

remarks are given in Sect. 10.

2 Model formulation

In this work, we shall study the transmission mech-

anism of COVID-19 using a deterministic compart-

mental model. In order to formulate the model math-

ematically, we have divided total population N (t)

into seven mutually exclusive compartments on the

basis of their disease status namely: susceptible (S (t)),

exposed (E (t)), asymptomatic infected (A (t)), symp-

tomatic infected but not quarantined (I (t)), symp-

tomatic and quarantined infected (Q (t)), hospitalised
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and isolated infected (H (t)) and recovered (R (t))

population, so at any time t total population N (t) =

S (t) + E (t) + A (t) + I (t) + Q (t) + H (t) + R (t).

A susceptible person may be infected by the close con-

tact with a infected person. In general, the quarantined

and isolated persons are unable to transmit the virus

to other susceptible person, but practically we observe

that many staffs of quarantine and isolation centres such

as doctor, nurse and health staff have been infected by

such persons. Let proportions q1 and q2 of quarantine

and isolation individuals, respectively, obey the rules of

quarantine and isolation centre properly. So that a pro-

portions (1 − q1) and (1 − q2) of quarantine and isola-

tion individuals, respectively, does not obey the rules of

such centre properly and they are responsible to trans-

mit the virus among the staff of such centre. So, after

getting infection due to a individual from S-class with

interaction of any individuals of classes A, I, Q, H

move to the exposed class. Here, we consider the force

of infection in the form λ (S, E, A, I, Q, H, R) =
β {I + ρ A + (1 − q1) Q + (1 − q2) H}

N
,β is the trans-

mission rate of COVID-19 from symptomatic peo-

ple and ρ is the ratio of the transmission rate of

asymptomatic and symptomatic infected individuals.

A proportion d of susceptible population maintains a

safe distance from one another due to lockdown, per-

sonal awareness and different awareness programmes.

We have considered the constant recruitment rate π

in susceptible class and the natural death rate μ.

Exposed individuals move to three different compart-

ments: asymptomatic, symptomatic and quarantined

symptomatic class separately at the rate σa, σi , σq ,

respectively. Infected and quarantined infected indi-

viduals have been detected and hospitalised at the

rate ηi , ηq , respectively. Asymptomatic, symptomatic,

quarantined, hospitalised individuals recover from the

infection at a rate γa, γi , γq and γh , respectively, and

COVID-19-induced mortality rate is δ. Under the above

conditions, the flow diagram of the COVID-19 trans-

mission is given in Fig. 1.

Under the above conditions and flow diagram (Fig.

1), the transmission of the virus is governed by the

following system of nonlinear ODE:
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dS

dt
= π − (λ (S, E, A, I, Q, H, R) (1 − d) + μ) S

dE

dt
= λ (S, E, A, I, Q, H, R) (1 − d) S

−
(

σa + σi + σq + μ
)

E

dA

dt
= σa E − (γa + μ) A

dI

dt
= σi E − (ηi + γi + μ + δ) I

dQ

dt
= σq E −

(

ηq + γq + μ + δ
)

Q

dH

dt
= ηi I + ηq Q − (γh + μ + δ) H

dR

dt
= γa A + γi I + γq Q + γh H − μR

(1)

with the initial conditions S(0) > 0, E(0) ≥ 0, A(0) ≥

0, I (0) > 0, Q(0) ≥ 0, H(0) ≥ 0, R(0) ≥ 0 and

description of the state variables and the parameters

used in the model are presented in Table 1.

3 Positivity and boundedness of solutions

In this section, we shall study the basic properties of

the COVID-19 model (1). The model will be biolog-

ically meaningful if all the variables are non-negative

for t ≥ 0 in other words solution with non-negative

initial conditions will remain non-negative for all time,

which we shall study in the next lemma.

Lemma 1 Let us suppose F(t) = (S, E, A, I, Q, H, R)

along with the initial conditions F(0) ≥ 0 then the

solution F(t) of the COVID-19 model (1) are non-

negative for all t ≥ 0.

Proof Suppose t1 = sup {t > 0, F(t) > 0}, which is

a positive quantity. Now, multiplying the first equation

of (1) by its integrating factor exp
{

μt +
∫ t

0 λ(τ)dτ

}

and arranging the equation, we get

d

dt

[

S(t) exp

{

μt +

∫ t

0

λ(τ)dτ

}]

= π exp

{

μt +

∫ t

0

λ(τ)dτ

}
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Fig. 1 Flow diagram of

disease transmission of

COVID-19

or S(t1) exp

{

μt1 +

∫ t1

0

λ(τ)dτ

}

= S(0) + π

∫ t1

0

exp

{

μy +

∫ y

0

λ(τ)dτ

}

dy

or, S(t1)

=

{

S(0) + π

∫ t1

0

exp

{

μy +

∫ y

0

λ(τ)dτ

}

dy

}

{

exp

{

−μt1 −

∫ t1

0

λ(τ)dτ

}}

> 0

or, S(t1)

=

{

S(0) + π

∫ t1

0

exp

{

μy +

∫ y

0

λ(τ)dτ

}

dy

}

{

exp

{

−μt1 −

∫ t1

0

λ(τ)dτ

}}

> 0

Similarly, it can be established that E(t1) > 0, A(t1) >

0, I (t1) > 0, Q(t1) > 0, H(t1) > 0, R(t1) > 0.

Thus, F > 0 for all t > 0. ⊓⊔

The dynamical nature of the COVID-19 model (1) shall

be studied in the feasible closed region:

� =
{

(S, E, A, I, Q, H, R) ∈ R
7
+ : S + E

+A + I + Q + H + R ≤
π

μ

}

.

It will be established that the closed region � is a posi-

tively invariant and an attractor of all positive solutions

of the COVID-19 model (1).

Lemma 2 The closed region � is a positively invari-

ant set for the COVID-19 model (1) with non-negative

initial conditions in R+
7.

Proof Adding all the seven component equations of the

model (1) and using the relation N = S + E + A +

I + Q + H + R, we have

dN

dt
= π − δ(I + Q + H) − μN (2)

Using standard comparison theorem from [20], the

following inequality can be solved as,

dN

dt
≤ π − μN

or,

dN

dt
+ μN ≤ π

or,

N (t) ≤ N (0)e−μt +
π

μ
(1 − e−μt ). (3)

It is clear from (3) that N (t) ≤
π

μ
if N (0) ≤

π

μ
.

That is � is a positively invariant set under the flow pre-

sented in the COVID-19 model (1). Further, if N (0) ≥
π

μ
, then N (t) again approaches to

π

μ
and the number

of infected population E, A, I, Q and H approach to

zero for larger t . So all solutions in R+
7 of the model

(1) eventually enters in � that is it is an attracting set.

⊓⊔

Thus, the COVID-19 model (1) is well-posed bio-

logically and mathematically in the invariant set � [21].

4 Basic reproduction number

The basic reproduction number plays important role

in controlling and spreading the disease. It is defined

as the number of secondary infection, i.e. the num-

ber of new infection spread by a single infected per-

son. Analytically, it can be found easily only when

the disease-free equilibrium of the system exists.

Hetchote [21], Diekmann et al. [22] and van den
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Table 1 Interpretations of the model parameters

State variables/parametersBiological meaning

S (t) Abundance of susceptible population

at time t

E (t) Abundance of exposed population at

time t

A (t) Abundance of asymptomatic infected

population at time t

I (t) Abundance of symptomatic infected

population but not quarantined at

time t

Q (t) Abundance of symptomatic infected

population and quarantined at time t

H (t) Abundance of hospitalised and

isolated infected population at time t

R (t) Abundance of recovered population at

time t

d (0 ≤ d ≤ 1) Proportion of susceptible population

who obey lockdown strictly

q1, q2 (0 ≤ q1, q2 ≤ 1) Proportion of quarantine and isolation

effect on effective contact rate,

respectively

ρ Ratio of the virus transmission rate to

infected population

β Virus transmission rate from

symptomatic infected to susceptible

population

σa, σi , σq Rate of conversion from exposed to

A, I and Q, respectively

ηi , ηq Rates of hospitalisation from

symptomatic and quarantined

infected populations, respectively

γa, γi , γq , γh Recovery rates from asymptomatic,

symptomatic, quarantined and

hospitalised infected populations,

respectively

π Recruitment rate of human

μ, δ Normal and disease-induced death rate

of human, respectively

Driessehe and Watmough [23] proposed a gener-

alized approach to determine the basic reproduc-

tion number which is known as the next generation

matrix approach. For the system (1), the disease-free

equilibrium point is E0(
π
μ
, 0, 0, 0, 0, 0, 0) and hence

basic reproduction number of the proposed problem

exists.

Here, we decompose the right hand side of the

system (1) corresponding to the infected compart-

ments E, A, I, Q, H as F − V , where

F =

⎛

⎜

⎜

⎜

⎜

⎝

β(ρ A+I+q1 Q+q2 H)(1−d)S
N

0

0

0

0

⎞

⎟

⎟

⎟

⎟

⎠

and

V =

⎛

⎜

⎜

⎜

⎜

⎝

k1 E

−(σa E − k2 A)

−(−k3 I + σi E)

−(−k4 Q + σq E)

−(−k5 H + ηi I + ηq Q)

⎞

⎟

⎟

⎟

⎟

⎠

where k1 = σa +

σi + σq + μ, k2 = γa + μ, k3 = ηi + γi +

μ + δ, k4 = ηq + γq + δ + μ, k5 = γh + δ +

μ.
Let us define

F =
∂F

∂x j

(E0)

=

⎛

⎜

⎜

⎜

⎜

⎝

0 βρ(1 − d) β(1 − d) β(1 − q1)(1 − d) β(1 − q2)(1 − d)

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

⎞

⎟

⎟

⎟

⎟

⎠

and

V =
∂V

∂x j

(E0)

=

⎛

⎜

⎜

⎜

⎜

⎝

−k1 βq1(1 − d) β(1 − d) βρ(1 − d) β2(1 − d)

σa 0 0 −a 0

σi 0 −k3 0 0

σq −k4 0 0 0

0 ηq ηi 0 −k5

⎞

⎟

⎟

⎟

⎟

⎠

.

for x j = E, A, I, Q, H . Since the basic reproduction

number is the spectral radius of the next generation

matrix FV −1. Hence, we have the basic reproduction

number for the considered model is

R0 =
βρ(1 − d)σa

k1k2
+

β(1 − d)σi

k1k3
+

β(1 − q1)σq (1 − d)

k1k4

+
β(1 − q2)(ηi k4σi + ηq k3σq )(1 − d)

k1k3k4k5

= R0A + R0I + R0Q + R0H (4)

where R0A, R0I , R0Q and R0H are the parts of basic

reproduction number contributed by asymptomatic

infected class, symptomatic but non-quarantined infected

class, symptomatic and quarantined infected class and

hospitalised infected class, respectively.
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5 Steady state analysis

In this section, we shall study the stability analysis of

the disease-free equilibrium point E0(
π
μ
, 0, 0, 0, 0, 0, 0)

whose stability has been investigated in the next theo-

rem.

Theorem 1 If R0 > 1, then the DFE E0 is unstable

and it is stable if R0 < 1.

Proof : The variational matrix corresponding to the

system (1) at DFE E0(π/μ, 0, 0, 0, 0, 0, 0) is

J (E0) =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

−μ 0 −βρ(1 − d) −β(1 − d) −β(1 − q1)(1 − d) −β(1 − q2)(1 − d) 0

0 −k1 βρ(1 − d) β(1 − d) β(1 − q1)(1 − d) β(1 − q2)(1 − d) 0

0 σa −k2 0 0 0 0

0 σi 0 −k3 0 0 0

0 σq 0 0 −k4 0 0

0 0 0 ηi ηq −k5 0

0 0 γa γi γq γh −μ

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

The eigenvalues of the variational matrix J (E0) are

−μ,−μ, λ1, λ2, λ3, λ4, λ5, whereλi (i = 1, 2, 3, 4, 5)

are the roots of the following equation:

P(λ) ≡
σaβρ(1 − d)

(k1 + λ)(k2 + λ)
+

σi β(1 − d)

(k1 + λ)(k3 + λ)

+
σqβ(1 − d)(1 − q1)

(k1 + λ)(k4 + λ)
+

ηqσqβ(1 − d)(1 − q2)

(k1 + λ)(k4 + λ)(k5 + λ)

+
ηi σi β(1 − d)(1 − q2)

(k1 + λ)(k3 + λ)(k5 + λ)
− 1 = 0.

Then, P(0) = R0 − 1. There are two cases.

Case I Suppose R0 > 1. Then, P(0) > 0. Again, P(λ)

tends to −1 as λ tends to ∞. Since P(λ) is a continuous

function of λ, hence the Bolzano theorem on continu-

ous function implies that P(λi ) = 0 for some λi > 0.

Thus, at least one eigenvalue of the variational matrix

must be positive. Therefore, in this case the DFE E0 is

unstable.

Case II Suppose R0 < 1. Then, P(0) < 0.

If possible let us assume that P(λ) = 0 has a root of

the form x + iy, where x, y ∈ R and x ≥ 0. Then,

P(x + iy) = 0.

Again, |P(x+iy)+1| ≤
σaβρ(1−d)

|k1+λ||k2+λ|
+

σi β(1−d)
|k1+λ||k3+λ|

+

σqβ(1−d)(1−q1)

|k1+λ||k4+λ|
+

ηqσqβ(1−d)(1−q2)

|k1+λ||k4+λ||k5+λ|
+

ηi σi β(1−d)(1−q2)
|k1+λ||k3+λ||k5+λ|

≤
σaβρ(1−d)

(k1+x)(k2+x)
+

σi β(1−d)
(k1+x)(k3+x)

+
σqβ(1−d)(1−q1)

(k1+x)(k4+x)
+

ηqσqβ(1−d)(1−q2)

(k1+x)(k4+x)(k5+x)
+

ηi σi β(1−d)(1−q2)
(k1+x)(k3+x)(k5+x)

≤
σaβρ(1−d)

k1k2
+

σi β(1−d)
k1k3

+
σqβ(1−d)(1−q1)

k1k4
+

ηqσqβ(1−d)(1−q2)

k1k4k5
+

ηi σi β(1−d)(1−q2)
k1k3k5

= R0 < 1, which implies that 1 < 1.

This is clearly a contradiction. Hence, all the roots of

the equation P(λ) = 0 have the form x + iy, where

x, y ∈ R and x < 0. Thus, in this case the DFE is

stable.

Hence, the theorem is proved. ⊓⊔

6 Model fitting-parameter estimation and model

validation

In this section, we shall estimate the model parameters

using COVID-19 reported real data. It has been spread

all over the World at a high alarming rate. So the control

of the transmission of this virus as early as possible is

very essential for the existence of human civilization.

On the other hand, the natural history and dynamics

of the novel coronavirus is unknown till date. In this

context, parameter estimation is an important task to

study its dynamics.

6.1 Model fitting and parameter estimation

We have estimated the key model parameters connected

to COVID-2019 by fitting the reported cases of the

ongoing COVID-19 pandemic in India. Although this

data set is incomplete as the pandemic is ongoing,

but we shall use it for controlling this pandemic after

studying its early dynamics. Actually, the COVID-19

outbreak starts in India from 1 March 2020, as from

that date the new infected cases are reported contin-

uously. On the other hand, a major preventive mea-

sure was taken by the Government of India by imple-

menting a countrywide lockdown from 25 March 2020

and which has been continuing upto 17 May 2020 and
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Fig. 2 a Model simulation

to the cumulative reported

cases from 1 March to 24

April 2020 in India, the red

dots denote the reported

infected cases and blue line

presents the model

predicted infected cases b
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corresponding data fitting
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may continue further if necessary. So we consider two

sets of data: first one (set-1) is the collection of the

cases reported during the period 1 March to 24 April

of 2020. But before the implementation of lockdown

(25 March 2020) many, exposed, symptomatic as well

as asymptomatic infected person come in India from

other COVID-19 pandemic countries, who are neither

detected nor reported properly. So there remain uncer-

tainty among the data reported during the period 1

March to 24 March 2020. Thus, we consider the second

set (set-2) of data reported during the period 25 March

to 24 April 2020 by avoiding the data reported in above

said period. We have fitted the model to both the sets of

data. The fitting to the first set is presented in Fig. 2a, b,

and the estimated parameters are summarised in Table

2, whereas the fitting of the second set is presented in

Fig. 3a, b, and the corresponding parameters are put in

Table 3. The results show that the second one is best fit

and we shall use this set for model prediction.

We have fitted the model to cumulative cases of

India, which are obtained from [16]. Our model pre-

dicted cumulative new infected cases (q(t)) satisfy the

following equation:

q(t,
) = q(0) +

∫ t

0

(ηi I (τ ) + ηq Q(τ ))dτ (5)

We solve the model equations numerically and use the

solutions to determine the best-fit model parameters

by using a nonlinear least squares regression technique

which minimizes the sum of the squared residuals:

R(
) =

n
∑

J=1

(

qt j
(
) − q t j

)2

where
 = (β, σa, σi , σq , γa, γi , γq , γh, ηi , ηq , δ, ρ, d)

is a set of model parameters to be estimated. qt j
(
)

and q t j
are cumulative number of infected population

accordingly by model prediction and by reported data,

respectively. Here, n denotes the total number of data

points available for the fitting process.

In order to fit the model with the reported cases of

India, we have total population in India is 1,352,642,280

[24] considered as susceptible for COVID-19 that the

initial number of susceptible S(0) = 1,352,642,280.The

birth rate is 18.2/1000 per year [24]. So the daily

recruitment rate in India is 67,446.82. The average life

span of India is 69.7 [24] years, and hence, the death

rate is 0.000039074.

For the first data set initially that is on the 1 March

2020 the reported cumulative infected cases were 3,

which number of cases has been considered as initial

hospitalise cases and initial cumulative cases that is

H(0) = 3 and q(0) = 3. There are no available infor-

mation about the initial number of exposed, asymp-

tomatic infected and symptomatic but non-quarantined

(that is non-reported) infected which are estimated that

is E(0), A(0), I (0) are estimated for the both data set

and assume that q1 = 0.94, q2 = 0.90. Using the

above initial conditions, recruitment rate and normal

death rate, we have fitted our model (Fig. 2a) with

the reported data [16] whose corresponding residu-

als are presented in Fig. 2b, and we have estimated

all other key parameters including the basic reproduc-

tion number. According to our estimation, E(0) =

111, A(0) = 16, I (0) = 10 and the value of the

basic reproduction is R0 = 2.397448679 among which

the contribution of the asymptomatic infected class is

R0A = 1.317554127. Similarly, the contribution of

the symptomatic but non-quarantined infected class,
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Table 2 List of the model

parameters and their

sensitivity indices for

COVID-19 pandemic in

India, estimated from the

data from 1st March to 24th

April 2020

Parameters Values Source Sensitivity indices

π 67446.82054 day−1 [16] –

μ 0.0000391 day−1 [16] −0.00076

β 1.11525 day−1 Estimated 1.000000000

σa 0.08275 day−1 Estimated 0.44301

σi 0.35872 day−1 Estimated −0.08026

σq 0.33511 day−1 Estimated −0.36270

γa 0.03435 day−1 Estimated −0.54894

γi 0.01496 day−1 Estimated −0.01794

γq 0.05481 day−1 Estimated −0.00619

γh 0.09310 day−1 Estimated −0.08415

ηi 0.26190 day−1 Estimated −0.25181

ηq 0.51323 day−1 Estimated 0.00152

δ 0.04142 day−1 Estimated −0.09177

q1 0.94 Assumed −0.14651

q2 0.90 Assumed −1.09464

ρ 0.80576 Estimated 0.54957

d 0.52674 Estimated −1.11299

R0 2.39745 Estimated 1.00000

Table 3 List of the model

parameters and their

sensitivity indices for

COVID-19 pandemic in

India estimated from the

data from 25 March to 24

April 2020

Parameters Values Source Sensitivity indices

π 67446.82054 day−1 [16] –

μ 0.0000391 day−1 [16] −0.00065

β 0.88689 day−1 Estimated 1.0000

σa 0.24176 day−1 Estimated 0.44295

σi 0.24757 day−1 Estimated −0.13547

σq 0.26556 day−1 Estimated −0.30743

γa 0.05311 day−1 Estimated −0.76262

γi 0.05090 day−1 Estimated −0.02561

γq 0.05071 day−1 Estimated −0.00435

γh 0.07048 day−1 Estimated −0.03394

ηi 0.26267 day−1 Estimated −0.10165

ηq 0.39787 day−1 Estimated 0.00255

δ 0.06891 day−1 Estimated −0.07377

q1 0.94 Assumed −0.12070

q2 0.90 Assumed −0.60436

ρ 0.67047 Estimated 0.76318

d 0.48576 Estimated −0.94461

R0 2.41419 Estimated 1.00000
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Fig. 3 a Model simulation

to the cumulative reported

cases from 25 March to 24

April 2020 in India, the red

dots denote the reported

infected cases and blue line

presents the model

predicted infected cases b

Residuals of the

corresponding data fitting
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symptomatic and quarantined infected class and hospi-

talised infected class are R0I = 0.7658798290, R0Q =

0.02241962187, R0H = 0.2915951005, respectively.

As the contribution of the asymptomatic infected class

(R0A) is larger in comparison with the other part, so we

have to focus on the reduction in R0A in a prevention

strategies, which will be discussed in detail in preven-

tion section.

For the second data set initially that is on date

25 March, cumulative number of infected population

q(0) = 657, H(0) = 657, S(0) = 1352642280 and

we assume Q(0) = 647, the other initial conditions,

i.e. E(0), A(0), I (0) are estimated. Under the above

initial condition, the model fitting with the second set

of data is presented in Fig. 3a and the corresponding

residuals are presented in Fig. 3b. According to our esti-

mation, E(0) = 1131, A(0) = 506, I (0) = 482 and

the basic reproduction is R0 = 2.414190966 among

which the contributions of different infected classes are

R0A = 1.842473415, R0I = 0.3910030945, R0Q =

0.01860012179, R0H = 0.1621143316. In both Figs.

2a, b and 3a, b, we have presented the cumulative num-

ber of real cases and the model predicted case and resid-

ual plot for the data set-1 and set-2, respectively. The

randomness in the residue for both cases suggest that

the fitness is good for each case.

6.2 Model validation and prediction

In this part, we validate the model by comparing the

model predictions with the reported data which are not

used for fitting process using both sets of parameters.

We have compared the model predicted daily cases

with the reported daily cases with the help of a bar

diagram of daily cases reported in India from 25 April

to 10 May 2020 with the model predicted daily cases.

The model predicted cases estimated from first set of

parameters are given in Fig. 4a, whereas the prediction

estimated from second set of parameters is given in Fig.

4b. Here, the blue colour bar denotes predicted daily

new cases and red colour bar denotes reported cases.

From Fig. 4a and b, it is clear that the second one gives

more perfect estimation compared to the first one.

The best estimator also can be justified from the

standard error of the two cases. The standard error cor-

responding to the model fitting to the first set of param-

eters is 2.8264954×107, and the error for the fitting to

the second set is 1.630582 × 107. So the second set is

the best fitting compared to the first set. Secondly, many

exposed, asymptomatic infected, symptomatic infected

persons came to India before on 25 March 2020 (before

the lockdown) from other COVID-19 affected countries

which are not detected properly. So there is uncertainty

in reported data before 25 March 2020. So, we are not

considering the data which reported before on that date.

Thirdly from Fig. 4a and b, it is clear that the predic-

tion based on second set of parameters is more perfect

compared to the first one. For the above said reason, we

shall choose the second set of parametric values which

are estimated from the data reported from 25 March to

24 April 2020 to study the future trend of the outbreak

and for model prediction.

In order to study the future trend of outbreak and

predict from the model, we find the time series for the

cumulative infected number of population in Fig. 5a

and for different infected classes in Fig. 5b using the

same initial conditions used in data fitting process and
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Fig. 4 Bar diagram of the

daily infected cases where

red bar denotes the reported

case and blue bar denotes

the model predicted case

from a set-1 parameter

values b set-2 parameter

values, for 25th April to

10th May 2020
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Fig. 5 Time series for the a

cumulative number of

infected population and b

different infected population

using the estimated

parametric values and same

initial condition
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estimated parameter values for one year that is for 365

days from 25 March 2020. From Fig. 5a, it is clear that

at that time total number of infected population will

be 6.345 × 108. Fig. 5b indicates that the number of

symptomatic infected population will be maximum on

around 146th day starting from 25 March 2020, i.e. on

around 17 August 2020, the hospitalised case will be

maximum on around 23 August 2020 and the asymp-

tomatic case will be maximum on 27 August 2020. The

model also predicts that the disease will be fully con-

trolled after 365 days.

7 Sensitivity analysis

Novel coronavirus has been spreading globally at a high

alarming rate, and it is a threat for human civilization.

So prevention and control of this viral disease is very

important task at this moment. In this context, first of all

we have to identify and quantify the influential model

parameters. In order to determine such parameters, we

shall estimate sensitivity index of the basic reproduc-

tion number with respect to different parameters. Using

the normalized forward sensitivity method [25,26], we

have obtained sensitivity index Sα =
∂ R0

∂α

α

R0
, where α

is the characteristic parameter whose sensitivity on R0

has to be determined. The calculated sensitivity indices

with respect to each of the model parameters using both

sets of parametric values have been presented in the

last column of Tables 2 and 3, respectively. The sig-

nificance of this index is that the index with higher

in magnitude is more sensitive parameter on R0. The

significance of the positive (or negative) sign of the sen-

sitivity index is that R0 increases (or decreases) as the

parameter α increases. Our findings show that the most

influential parameters are lockdown factor (d), virus

transmission rate (β), ratio of the virus transmission

rate of asymptomatic and symptomatic infected popu-

lation (ρ), recovery rate from asymptomatic infection

class (γa), disease-induced death rate (δ), transmission

rate from exposed to asymptomatic infection class (σa)

and recovery rate from hospitalised infected class (γh).

Such indices can be guided to identify and quantify the

effective control and prevention strategies.

123



COVID-19 pandemic in India: a mathematical model study 547

8 Basic reproduction number of the COVID-19

outbreak in India

In this section, we shall estimate the basic reproduction

number from the actual data and study the effective

basic reproduction number for the outbreak in India.

8.1 Estimation of R0 from actual data of COVID-19

outbreak in India

There are several mathematical as well as statistical

techniques to compute the basic reproduction number

(R0) for infectious diseases from the actual pandemic

data [27]. In this section, we estimate the basic repro-

duction number R0 from initial growth phase of the

COVID-19 epidemic in India [28]. We assume that

at the early stage of pandemic the cumulative num-

ber of cases q(t) varies as exp(�t) [29], i.e. q(t) ∝

exp(�t) where � is the force of infection. Similarly, the

number of exposed, asymptomatic, symptomatic but

non-quarantined, symptomatic and quarantined, hos-

pitalised infected population varies with exp(�t). So

we have

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

E ∼ E0 exp(�t)

A ∼ A0 exp(�t)

I ∼ I0 exp(�t)

Q ∼ Q0 exp(�t)

H ∼ H0 exp(�t)

(6)

where E0, A0, I0, Q0 and H0 are constant. Again, we

assume that the number of non-susceptible population

for COVID-19 in India be negligible, i.e. S(t) = π/μ.

Now, substituting (6) into the model equation (1), we

have:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

(� + k1)E0 = β(1 − d) {I0 + ρ A0

+(1 − q1)Q0 + (1 − q2)H0}

(� + k2)A0 = σa E0

(� + k3)I0 = σi E0

(� + k4)Q0 = σq E0

(� + k5)H0 = ηi I0 + ηq Q0

(7)

Using the Eq. (7) in the expression R0 given in (4), we

have the following relation between the basic repro-

duction number (R0) and the force of infection (�)

R0 =
� + k1

k1

σi

k3
+

ρσa

k2
+

(1 − q1)σq

k4
+

(1 − q2)(ηi k4σi + ηqk3σq)

k3k4k5

σi

� + k3
+

ρσa

� + k2
+

(1 − q1)σq

� + k4
+

(1 − q2)

(� + k5)
(

ηiσi

� + k3
+

ηqσq

� + k4
)

(8)

In order to estimate the basic reproduction number

R0 from the expression (8), we have to estimate the

force of infection � and the estimated others param-

eter are given in Table 2. According to [29], the daily

number of new cases and the number of cumulative

cases q(t) connected by the relation: the daily num-

ber of new cases ∼ �q(t). So we estimate � by plot-

ting the number of daily new cases verses the num-

ber of cumulative cases q(t), the phase of exponential

growth of the cumulative number of cases is evidenced

by a linear growth of the curve the slope of which is

the force of infection (�). This linear growth of the

curve computes by a least-square linear fit [29]. For the

reported data from 1 March to 24 April 2020, COVID-

19 outbreak in India presents in Fig. 6a. Now, on the

basis of the slope of the line presents in Fig. 6b we

have � = 0.069929435282024±0.007427261807510

day−1. Using the expression (7) along with the above

estimated � and other parameter presented in Table 2,

we have the estimateR0 = 2.095744073 with lower

and upper values are 1.990274890 and 2.200561243,

respectively.

8.2 Effective reproduction number

We know that the basic reproduction number plays

important role in controlling the disease spreading. It is

the average number of secondary infection during the

infection period. Since when R0 < 1, then the average
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Fig. 6 (a) The time series

of new cases of COVID-19

and (b) the daily number of

cases against the cumulative

number of cases
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number of secondary infection in the infection period

is less than one and consequently the disease is easy

to control. But as the number of secondary infection is

changing time to time for COVID-19 infection persons.

As a result to control number of secondary infection

consequently the reproduction number for each day.

In this section, we shall describe the effective repro-

duction number is denoted by R(t) and defined as the

number of secondary infections affected by a single pri-

mary infection at the t th day. Then, the quantity R(t)

will give the information about the necessary steps to

control the COVID-19 in India. The estimation of R(t)

can be done using the following renewal equation [30–

32]

R(t) =
b(t)

∫ ∞

τ=0 b(t − τ)h(τ )dτ

where b(t) is the number of new cases at t th day

and h(τ ) is the generation interval distribution for

the COVID-19 disease. It is the probability distribu-

tion function of time from infection of a person to

the secondary infection case by that person. Let the

leaving rate of the infected class from the correspond-

ing compartments are m1 = σa + σi + σq + μ,

m2 = γa + μ, m3 = ηi + γi + μ + δ, m4 =

ηq + γq + μ + δ and m5 = γh + μ + δ. Therefore, the

function will be combination of the five exponential

functions m1e−m1t , m2e−m2t , m3e−m3t , m4e−m4t and

m5e−m5t in the following form

h(t) =

5
∑

i=1

m1m2m3m4m5e−mi t

∏5
j=1 j �=i (m j − mi )

with mean of the distribution is T = 1
m1

+ 1
m2

+ 1
m3

+
1

m4
+ 1

m5
and τ > 0. The above relation is valid when the
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Fig. 7 Effective reproduction number

force of infection ζ > min {−m1,−m2,−m3,−m4,

−m5}. Using the model estimated parameters, we have

calculated the effective reproduction numbers and pre-

sented them in Fig. 7. It is clear from the figure that the

effective reproduction number oscillate, but its value is

above two upto the considered date except one day. To

control the disease, we have to decrease its value lower

than one.

9 Model prediction and some preventive measures

In this part, we shall explore the model prediction

in Indian aspect and seek the preventive measure to

control COVID-19 in India. The model parameter d

denotes the proportion of population who maintain the

social distance from other (or stay at home in safe).

According to our estimation, 67.38% of the population
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Fig. 8 a Total outbreak size

and b Peak prevalence

during the pandemic

predicted by the model for

the prevention programs on

reducing proportion of

social distance among

human
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maintain the social distance from other people in the

lockdown period.

In Fig. 8, we presented the model predicted total

out break size and the peak prevalence during the pan-

demic varying the value of d for the entire time period

of prevalence. It is clear from the figures that if 80%

people follow the lockdown Model effect, the disease is

easy to control. Thus, to control the disease the admin-

istration should be strict to impose the lockdown prop-

erly. Since, as per our model prediction only 20% or

less people does not follow the lockdown then disease

may be controlled. So only the administrative, food and

medicine supply persons may go outside breaking the

lockdown.

9.1 Programme for maintain safe distance among

human and successful lockdown

(i) A part of population maintain social distance or safe

distance from each other to protect the virus transmis-

sion. In the model, this part or fraction is denoted by

the parameter d. In order to find the possible impact of

the parameter d on the total outbreak and peak preva-

lence, we have plotted total outbreak with respect to d

in Fig. 8a and the peak prevalence with respect to d in

Fig. 8b. According to our model, the total outbreak size

(q(t,
)) is given in the relation 5.

Our finding shows that due to increasing of d (pro-

portion of population who maintain social distance)

upto 0.77 the total outbreak size reduces from 100% to

13% (Fig. 8a) and the peak prevalence reduces from

37.77 to 0.28%, i.e. at a negligible level (Fig. 8b).

The parameter d can be increased by awareness pro-

gramme through public media like T.V. programme,

mobile message or broadcasting through any local

media. The information regarding the infection like

number of infected population number of COVID-19-

related death in the local area should be provide in

proper time regularly and repeatedly. Such informa-

tion will increase the consciousness of the people in

the affected area and they maintained the social dis-

tance from each other and increased the value of d. On

the other hand, the wrong information can misguide the

people and they do not maintain the safe distance from

each other as a result d will be decreased.

India is a high population density country. Many

people gather in market, ration shop to collect dif-

ferent food item, and they do not maintain minimum

distance from each other as a result d decreases. In

order to solve this problem, self-help group can be

used for home delivery of different food item and

other necessary requirements instead of cost or with-

out cost (for poor citizen). Formation of self-help

group and their instant training in each local area

can be done with the help of local government like

as panchayat, municipality corporation, etc. In this

way, the supply of necessary requirements can be

done in a systematic way and the parameter d can be

decreased in a significant amount even after lockdown

period.

Another notable factor is that a major portion Indian

use the public vehicles like train, bus and air trans-

port. It is impossible to maintain safe distance among

such vehicles passengers and the parameter d will

decrease. A susceptible man may be infected by an

infectious person when they travel using same vehi-

cle without maintaining the safe distance. In this

way, the virus infection spread from infected area to

uninfected area. So our proposal is that the pub-
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Fig. 9 a Total outbreak size

and b Peak prevalence

during the pandemic

predicted by the model for

the prevention programs on

reducing proportion of

social distance among

human
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lic vehicles should be closed in entire pandemic

period.

9.2 Prevention measure on asymptomatic class

Due to high population density, in general human to

human contact rate is high in India. On the other

hand, an asymptomatic infected human has no symp-

tom, but he/ she is able to transmit the virus to

other susceptible human. So susceptible person will

not take or take in late (after diagnostic test) pre-

vention measure to protect from the virus transmis-

sion from an asymptomatic infected person. In this

context, our finding shows that approximately 45%

of the infected population are asymptomatic. The

time series of different infected populations (see Fig.

5b) show that the number of daily asymptomatic

infected population is larger than other infected pop-

ulation. The contribution on basic reproduction num-

ber of asymptomatic infected class is larger than other

compartment. So protection of the virus transmis-

sion from asymptomatic infected class is a challeng-

ing problem for India like highly populated coun-

try.

In order to solve this problem, we propose a

prevention policy that reduces contact rate between

asymptomatic infected human and susceptible human.

In this context, first of all we have to identify the

asymptomatic infected human among the popula-

tion and then keep them in quarantine. To identify

asymptomatic infected human, we have to focus on

the diagnostic test among major portion of popula-

tion, specially in the affected area and quarantine

them.

Let p with 0 ≤ p ≤ 1 be an effectiveness of

this prevention policy ( that is the reduction in con-

tact rate among asymptomatic infected human and

susceptible human ), applying such policy causes

the following transformation in the model: ρ →

(1 − p)ρ. The impact of such prevention (p) on

total outbreak size presents in Fig. 9a, and impact

on peak prevalence presents in Fig. 9b. Our find-

ing suggests that enhancing p by at least 72% the

total outbreak size will be reduced from 94.65% to

nearly 2.772%, whereas the peak prevalence reduces

by 18%.

9.3 Prevention programme quarantined, isolation and

rapid hospitalisation

In the real field of Indian scenario, we have observed

that many staffs of quarantine and isolation centre

(hospital) are infected by the quarantined and isolated

infected person. In the model, q1 and q2 represent the

effectiveness of quarantine and isolation, respectively.

For perfect quarantine and isolation, q1 = 1 and q2 = 1

but real information suggests that q1 < 1, q2 < 1. So

we have to focus on perfect quarantine and isolation and

our model suggests that by increasing q1 from 0.94 to

1.0 and q2 from 0.9 to 1.0 simultaneously the total out-

break size reduces by 2.19% and this fact is presented

graphically in Fig. 10a.

Our another observation is that according to our esti-

mation the rate of hospitalisation from non-quarantine

infected (ηi ) and quarantine infected classesηq are 0.26

and 0.40, respectively. We have to increase these rate

to control the COVID-19 outbreak. If we increase these

rates up to 0.5 and 1.0, respectively, then the total num-
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Fig. 10 Time series of total

outbreak size for a original

parameter (solid line) and

increase values (dash line)

of q1 and q2 and b original

parameter (solid line) and

increase values (dash line)

of η1 and η2
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Fig. 11 Time series for a

cumulative number of

infected population due to

control apply from 25 April

2020 (blue dash line) b time

series of infected classes

due to control apply from 25

April 2020 (dash line)
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ber of infected population will be decreased by 2%

whose graphical presentation is given in Fig. 10b. By

both the above said preventions, the outbreak can also

be delayed.

In order to control this outbreak, we have to apply

above said prevention programmes simultaneously.

In this case, we increase the values of parameters

d, p, q1, q2, ηi and ηq from the estimated values (Table

3) to the values d = 0.2, p = 0.5, q1 = 1, q2 =

1, ηi = 0.5, ηq = 1 and the other parameters remain

same (Table 3). Now, using the above changed para-

metric values we continue the time series of cumulative

number of infected population with the previous series

from 24 April 2020 for the next 311 days in Fig. 11a.

In Figure, red solid line denotes the real scenario (gen-

erates for the estimated parameter values) for the time

period 25 March to 24 April 2020 and the dash blue line

presents the proposed time series generated due to con-

trol. Under the above control, the number of cumulative

infected population will be 4.194×104 and the disease

will be dead after a short-time period. The effect of the

above said control on the various infected classes is

presented in Fig. 11b; here, solid line denotes the time

series for the estimated parameter for the first 31 days

after implement of lockdown, and then, we apply the

control and the corresponding time series is denoted by

dash line. Under the above control, the prevalence will

be maximum around on 27 April 2020 and the disease

will be dead around on 31 August 2020.

10 Conclusions

In this work, we have formulated a deterministic com-

partmental model to study the dynamics and future

trend of COVID-19 outbreak in India and to give pre-

diction on the future outbreak. First, we study the basic

properties of the model and find the expression of the

basic reproduction number and different contributory

part contributed by different infected classes. We inves-

tigate the local stability of the disease-free equilibrium
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point, which is locally asymptotically stable for R0 < 1

and unstable for R0 > 1.

To fit the proposed model to the reported cumu-

lative data of COVID-19 outbreak in India, we have

estimated the model parameters. In this connection,

we consider two sets of data. The first set contains

the cases reported during the period 1 March to 24

April 2020. On the other hand before the implementa-

tion of lockdown (25 March 2020), many symptomatic

as well as asymptomatic infected person came into

India from other COVID-19 pandemic country which

are neither detected nor reported properly. So there

remain uncertainty among the data reported during the

period 1 March to 24 March 2020. Thus, we consider

the second set of data reported during the period 25

March to 24 April 2020 by avoiding the data reported

in above said period. We have fitted the model to the

both sets of data and estimate two sets of parameters.

Using the estimated parameter (from set-2), we com-

pute the average basic reproduction number which is

R0 = 2.414190966 among which the contributions

of asymptomatic, symptomatic, quarantine, hospitalise

infected classes are R0A = 1.842473415, R0I =

0.3910030945, R0Q = 0.01860012179, R0H = 0.162

1143316, respectively. According to our sensitivity

analysis, the virus transmission rate (β), lockdown

effect (d), proportion of infection rate of asymptomatic

class in compare to symptomatic class (ρ), recovery

rate from asymptomatic class (γa) are the most influ-

ential parameter. The basic reproduction number cal-

culated from actual data lies between 1.99 and 2.10.

The study of the effective basic reproduction number

shows that it declines from 6.91 to 1.995.

Our findings show that the outbreak size and peak

prevalence can be reduced from 100 to 13% and from

37.77 to 0.28%, respectively, by increasing the propor-

tion of the people who maintain the safe distance from

each other (d) by 0.77. The findings show that increas-

ing the proportion of asymptomatic infected popula-

tion detected and isolated (p) by at least 72% the total

outbreak size will be reduced from 94.65% to nearly

2.772%, whereas the peak prevalence reduces by 18%.

Our findings suggest that the dramatical reduction in

total outbreak size and peak prevalence is possible by

increasing d (the proportion of number of population

who maintain safe distance from each other) in a certain

level and p (the proportion of number of asymptomatic

population who are detected and isolated from the other

susceptible population) in a certain level. We also have

to increase the detection (on the basis of diagnostic

test)and hospitalize rate (ηi , ηq ) to a certain level.
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